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1. Solutions for some problems from
Octogon Mathematical Magazine

By D.M. Bitinetu-Giurgiu, Neculai Stanciu and Titu Zvonaru

PP.21776. Let x,y,z be positive real numbers, Show that

n+2

1
1 X + yn+2 X2y2 5 - )
il L7 > holds for any positive integer.
6(2 Xn+yn J H(X2+y2 yp 9

Solution. We have:
Xn+2 +yn+2 S 2X2y2
Xn + yn - X2 + y2
x* —y? has the same sign. By AM-GM inequality we obtain:

1
n+2 n+2 2,2 2,2 \3
l(z&jzé( 2x7y JZH[ Xy j , and we are done.

6 X" +y" X% +y? X% +y?

< (X" —y™)(x? —y?) >0, true because x"* —y™? and

PP.21777. Let a,b,c be three positive real numbers. Prove that
1

a b c
+ + > =
2b+7-Yab® 2c+7-4bc® 2a+7-Yca® 3

Solution. Applying first AM-GM inequality and than the inequality of Harald Bergstrom we
obtain:

a b c
+ + >
2b+7-3Yab® 2c+7-ibc® 2a+7-%cad
a b c

c+3a

a+3b+ ‘b+30Jr

2c+7 2a+7

2b+7-

a b c
(7a+ 29 7b+29c 70+29aj
2 2 2 a 2
7a’+29ab 7b%+29%bc  7c? +29ac 7> a?+29) ab
and it remains to show that
1200 a)* 27> a’ +29) ab«<>5) a* >5) ab, which is true, and we are done.
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PP.21780. Let a,b,c be positive real numbers such thata+b+c = 3. Prove that

1 1 1 1 1
= + + >,
3(a(b+c)5 b(c +a)° c(a+b)5j 32

2 2
PP. 21861. If x,y,z>0, then ZX—Z;XY T3 S BEON .
2(>" %) 2x+y+z D xy
Solution. We use the identities

2> a*-2> ab=> (a—h)* and
1) _g_y@=b°
Za(2i]-e-x O
Because 4(2 x)z Z(Zx + Yy + 2) the given inequality becomes successively

22X -2 (2x+y+z))(z;)—9sm—9

Z(Z } 2X+Yy+2 D xy
ZX R Z(2x+y+z—x—2y+z)2 <3(ZX2—ZXY)
Z(Z ) (2X+y+2)(x+2y+2) > xy

Z(x y)? LY (x—Y)? S x-y)’
4(2) x+y+2)(x+2y+2) 2> xy
It suffices to show that
(x-y)* (x=y)* _3(x—y)’
4(2 ) (2x+y+z)(x+2y+z)_ 2> xy

If x =y, we have equality; if x %y we must to show that
1 3 1

S - 1
@x+y+2)(x+2y+2) 2%y 43 x)
(2X+y+2)(X+2y+2) > (X+y+2)° > Sny , it suffices to prove that

= 14(2 x)2 > 32xy , true. The proof is complete.

and because

(a=b)* _2(a+b)(7a+5h) _3(2a+h)’

PP. 21863. If a,b >0, then < .
2(2a +b)? (a+b)(3a+b) a(a+ 2b)

Solution. With AM-GM inequality we have
Ja+b)@a+2b) < 3(a2+ b) & (a+b)? =

4(2a +b)(a + 2b)

, and then
9
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2(2a+b)(7a+5b)(a+b) _ 9(2a+b)(7a+5b)(a+b) _ 9(a+b)(7a-+5b)

(a+b)*(3a+hb) ~ 2(2a+b)(a+2b)Ba+b) 2(a+2b)(Ba+b)’
Because
3(2a+b)® 9(a+b)(7a+5b)
a(a+2b) 2(a+2b)3a+h)
_ 6(2a+b)*(3a+b)-9a(a+b)(7a+5b)
- 2a(a +2b)(3a +b) B
9a® -12a’b—3ab® +6b°
2a(a+2b)(3a+bh)
_ 3(a+b)*(3a+2b)
" 2a(a+2b)(Ba+b)’
the inequality from the statement becomes
(a—h)? c3@- b)?(3a + 2b)
2(2a+b)? ~ 2a(a+2b)(3a+b)
If a =D, we have equality; if a = b it remains to show that
3(3a+2b)(2a+b)*> > a(a+2b)(3a+b),
or using the fact that 3a+2b > 3a+b it suffices to prove that
3(2a+b)* > a(a+2b) <> 11a”* +10ab+3b* >0, true.

The proof is complete.

a >3\/§

e

PP. 21874. If a,b,c>0, then )
\/3(b2 +cz)+;bc

Solution. By Hélder’s inequality we obtain

D a 3 a (Za[B(bz +cz)+gbc]j2

\/3(b2+c2)+;bc \/3(b2+cz)+;bc

> (a+b+c)?, and it suffices to show that

af o

Za[3(b2+c2)+;bc] 25

< 25) a’+75) a’h+75) ab’ +150abc>81) a’h+81> ab® +18%bc
<25 a*>6) a’h+6) ab®+39abc, (1).
By Muirhead’s inequality we have

2> a*=>a’h+ Y ab’, (2).

By AM-GM inequality we have
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> a’>3abc, (3).

By adding 6 times (2) with 13 times (3) yields (1), and we are done.
Remark. Other proof for (2) is given in solution of PP. 22273.

PP. 21884. In all triangle ABC holds 3> a“ +64s°Rr > 5(s* + r* +4Rr)?.

Solution. We think there is a typo.
Because 64s’Rr=8abcd a and s®+r?+4Rr =) abthe inequality from the statement is

written

3) a* +8abcy a>5(> ab) <33 a* >5% a?h? +2abcy a.
If we take a=b=c=1, we obtain 9>15+6, false!
The inequality is true if instead of 3 a* we consider 7Y a*, because

SZa4 > SZazb2 and ZZa“ > 2acha. We are done.

PP. 21886. In all triangle ABC holds > a’m;m? > 27s*R*r?.

Solution. Because a’b®c® =16s°R*r? and 16m’m’ = (2a* +2c* —b?)(2a® + 2b* —c?)
the inequality to prove is written successively
D a*(2a® +2c” -b*)(2a* + 2b* —c?) > 27a’h*c?
< a’(4a’ —2b* —2c* +2a%h® +2a’c? +5b’c?) > 27a’h%c?
o4y a®-2> a’h' -2> a'h*+2> a’b® +2> a’h* +15a’b*c’ > 27a’h*c’
<> a®=>"a’h’c?, which is true by AM-GM inequality.
We are done.

PP. 21896. If a, >0(k =12,...,n), then

Y
oo
g
D

%;;(al +a,)(V5a, +a,)

Solution. The inequality from the statement yields by
x° . Bx—y
(x+y)Bx+y) 8
which is written successively
8x° = (x+ Y)(VBx + y)(v/5x—Y)
< 8x° > (x+ y)(5x* —y?)
< 3% +xy? =5x’y +y* >0 < (x—y)*(3x+y) =0, which is true, and we are done.
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Note. We make the correction of typo from the statement, i.e. "'>"" instead of "'<"

A-B
cos
PP. 21899. In all triangle ABC holds ) ——&—>12.
sin? —
2
Solution. We shall use AM-GM inequality. We have
s’=(s—a+s—-b+s—-c)®>27(s—a)(s—b)(s—c) andthen

- A B A . B
oS 5 cosEcos— smzsmE
2 =X (Dot
sin? — sin? — sin? —
2 2 2
,A_,B_,C ,A_ ,B ,C
cos Ecos Ecos > sin? Esm Esm 5
> . .
#3905 ¢ "33 LA LB .,C
sin? Zsin? —sin? = sin? —sin? —sin? —
2 2 2 2 2 2
3 s*(s—a)(s—h)(s—¢) a’b?c? B
a’b?c? (s—a)’(s—b)’(s—c)?
3
=33 > +323§/§+3:12,andwearedone.
(s—a)(s—b)(s-c)

PP. 21913. If a,b,c> 0, then (Za%Z%) > (Za(ZiJ .

Solution. Using the inequality x* +y? + 2% > xy + yz + zx, we have
a’? b®> ¢®_ab bc ca a b c
—t+t S+t —+——+——=—+—+—and
b c a bc ca ab c¢c a b
a’? b> ¢> . ab bc ca b ¢ a
T T T e T s S
C a b ca ab bc ¢c a b
Yields
1 a’ b?> ¢ a® b* ¢?
(Zaz(2¥j=3+—2+—2+? C—2+¥+b—2_
b ¢ a 1
>23+—+—+—+—+—+—=() a =
c a c a b (Z {Za)

Then, we obtain

b20 PIEREINIEY DI RD PIESEN B g HEE
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n 1 1
Remark. By induction yields (Zaz IZ j 2 (Z a{z EJ ,neN.

a?

a 9
> .
3b® +2bc+3c® 8(a+b+c)

PP.21937. If a,b,c>0, then )

Solution. By H. Bergstrom’ s inequality we obtain
2 2
v .y & ., [d
3b? + 2bc + 3c? 3ab’ +2abc+3ac’  3) ab® +6abc+3) ab?
and it suffices to prove that
Xaf .9
3> ab®+6abc+3)> ab>  8(a+b+c)

<8 a’+24> a’h+24) ab® +48abc>27) a’h+27) ab’ +54abc

<8 a’>3> a’h+3> ab® +6abc, which yields by (2) and (3) from solution of PP. 21874
The proof is complete.

PP. 21942. Solve in Z the equation 2x* —3x*y +3xy* —2y® =0.

Solution. The equation is written as (x — y)(2x* +2y? —xy) =0; which the solution (k,k),
with ke Z .

It remains to solve the equation 2x* +2y?* = xy.

If X,y have different signs, then LHS is positive and RHS is negative;

If x,yhave the same signs we can consider both positive (thus we take x'=-x,y’=-yand we
obtain the same equation).

In this case we have 2x* +2y? > 4xy and we do not obtain solutions.

The proof is complete.

PP. 21949, IfXE(O,%),then 8 3 >14.

sin?2x  sin*x+cos* x

. . . . 1.
Solution. We have sin* x +cos* x = (sin® x +cos® x)? — 2sin” xcos® x :1—53|n2 2X.

We denote sin? 2x =t > 0, then the inequality to prove becomes

§+zit214@8—4t+3t214t—7t2 & Tt° —15t+8>0

< (t-1D(7t—8) >0, true for t € (0,1) . The proof is complete.

7
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az+by

PP.21954. If x,y,z>0and x+y+z=1,then >
X

+ Yz

Solution. Because x+ yz = X(X+Yy+2)+yz = (Xx+y)(X+2z) the inequality to prove is written
successively

az +by ax -+ bx
Z(x+ y)(X +2) ZZ(x+ y)(X +2) <

< (az+by)(y+2) =D (ax+bx)(y +2)
cay yz+ay 22 +bY y* +bY yz>a) xy+a) xz+bd xy+b> xz
< (a+b)> x* +(@a+b)d xy=2(a+b)> xy

< (a+b)) x> =(a+b)D xy < > x* = > xy, true and we are done.
Remark. We observe that the inequality is true in weaker condition a+b>0.

a(2a+3b+3c)
(b+c)(2a+b+c)

PP. 21958. If a,b,c>0,then )

Solution. We use the identities
a _3_ Z&
b+c 2 2(b+c)(c+a)

ZL_EZ_Z (a—b)
2a+b+c 4 4(2a+b+c)(a+2b+c)
Indeed

Z Z 1 Za—b+a—c:
2a+b+c 4 2a+b+c 4 4(2a+b+c

a—=C
z4(2a+b+c) z4(2a+b+c)=

b-—a
z4(2a+b+c) Z4(a+2b+c):

:Za b( 1 B 1 ):_Z (a-b)

4 \2a+b+c a+2b+c 4(2a+b+c)@a+2b+c)

The inequality from the statement becomes successively
Za(2a+b+c)+a(2b+2c) S

(b+c)(2a+b+c)
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a 3 3 a
b+c 2 2 2a+b+c

y_@b s (a-b) |
2(b+c)(c+a) 4(2a+b+c)(@a+2b+c)
So, it suffices to show that
(a-b)* _  (a-by’
(b+c)(c+a) (2a+b+c)a+2b+c)’
If a=Db we have equality; if a = b it remains to prove that
(2a+b+c)(a+2b+c)>(b+c)(c+a), true because

2a+b+c>b+cand a+2b+c>c+a.
The proof is complete.

Solution. By Hélder’s inequality we obtain:

1 4 , 6
(ZWJ@(MC)) (Za(b“))Z[Z\/ ab+ )5 -(b+c) -a(b+c)J
1 . 3
Q(ZMJ o 2L ab)23 Qza(bm) 25Zab

Therefore it remalns to show that

9 . .
— < Y ab<3<e3) ab< which is true, and the proof is complete.
32y, ab” 32 2 Yab<(3a), P P

PP.21784. Let a,b,c be three positive real numbers. Prove that
Yoy
3(a+b)+2c

cyclic 23. + b +C cyclic

Solution. We have:

2
C%‘12a+b+c %;2a+3(b+c) C%:‘3(2a+b+c 2a+3(b+c)]_

=Z b+c-2a =z b-a N
(2a+b+c)(2a+3b+3c) (2a+b+c)(2a+3b+3c)

+Z c—-a :Z b-a N
(2a+b+c)(2a+3b+3c) (2a+b+c)(2a+3b+3c)

+> a-b -
(2b+a+c)(2b+3a+3c)
_y (a—b)[(2a+b+c)(2a+3b+3c) — (2b+a+c)(2b +3a +3c)]
(2a+b+c)(2a+3b+3c)(2b+a+c)(2b+3a+3c) '

9
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But (2a+b+c)(2a+3b+3c)—(2b+a+c)(2b+3a+3c) =
=a’—-b?+2ac—2bc=(a—b)(a+b+2c).

1 2
Then:  —MM—  —— — =
C%;:2a+b+c C%;Za+3(b+c)

>0, and we are done.

-y (a—b)*(a+b+2c)
~ “~(2a+b+c)(2a+30+3c)(2b+a+c)(2b+3a+3c)

10



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - OCTOMBRIE 2015 RWANE1gi{sR o)

2. TEHNICI SI METODE DE REZOLVARE A UNOR INEGALITATI
GEOMETRICE PENTRU LICEU

Prof. Andrei Octavian Dobre,
Colegiul National “Nichita Stinescu” Ploiesti

2.1. INEGALITATI GEOMETRICE REZOLVATE CU AJUTORUL NUMERELOR
COMPLEXE

P.2.1.1. Sa se arate ca intr-un patrulater convex exista relatia: AC -BD < AB-CD + AD -BC..
(Inegalitatea lui Ptolemeu)

Solutie:

Fie z,,z;,2.,2, afixele punctelor A, B, C, D. Atunci

(zc —2,) (25 = 25) + (25 —2,) (2 —Zp) +

+(ZD_ZA)‘(ZB_ZC)=0:>

(Zc - ZA)'(ZD - ZB) = (ZB - ZA) : (ZD - Zc)"’

+(2p = 2,) (2c — 25)

Prin trecere la modul =

|2c —2,|-|2p — 25| <|25 — 24|25 — 2| +|2p — Z4||2c —25| = AC-BD< AB-CD+AD-BC.

P.2.1.2.Fie ABC un triunghi echilateral si M un punct nesituat pe cercul ccircumscris. Sa se
arate ca se poate forma un triunghi cu segmentele [MA], [MB], [MC] (teorema D. Pompei).

Solutie:

Fie A(a),B(b),C(c), M(z) cele patru puncte in planul complex.

Are loc inegalitatea

(z-a)(b-c)+(z-b)(c-a)+(z-c)(a-b)=0 ( se demonstreaza prin calcul direct)
De aici

(z-a)(b-c)=-(z-b)(c-a)-(z-c)(a-b)

Luand modului aici avem

|z-a][b-c|=|(z-b)(c-a)+(z-c)(a-b)| < |(z-b)(c-a)|+|(z-c)(a-b)|

Din AB=BC=AC rezulta ca |a-b|=|b-c|=|c-a|

inmultim prin |b-c| si rezulta

|z-a| <|z-b]+|z-c|.

In aceasti inegalitate avem egalitate daca M apartine cercului circumscris triunghiului ABC , caz
in care patrulaterul ABMC este inscriptibil si are loc teorema lui Ptolemeu
AM -BC = AB-MC + AC - MB, adica AM = MC + MB

11
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Cum M nu apartine cercului in inegalitate nu avem egalitate.

Din simetria relaitiei (1) se deduc inegalitatile MB<MA+MC, MC<MA+MB ceea ce arata ca
segmentele [MA],[MB],[MC] determina un triunghi.

P.2.1.3 . Fie un triunghi ABC, A1,B1,Cimijloacele laturilor (BC),(AC), respectiv (AC) si H
ortocentrul triunghiului. Atunci HA;. BC< HB;- BC+HC;- AB.

Solutie:

Se considera ca origine centrul O al cercului circumscris triunghiului ABC si M=H ortocentru
triunghiului ABC.

Afixul H in acest caz este z=a+b+c si relatia |z-a||b-c| < |(z-b)(c-a)|+|(z-c)(a-b)|devine
|b+c||b-c| < |c+alc-al+|a+b||a-b] (1)

Daca tinem cont ca afixele punctelor A;,B;,C;isunt b ; ¢ , ¢ er a , 8 ; a atunci relatia (1) devine

HA -BC <HB, - AC +HC, - AB unde H este ortocentrul triunghiului ABC.

P.2.1.4. Daca M este un punct din planul triunghiuli ABC, atunci
AM?sin A+ BM?sin B+CM?sinC > 2S,unde S este ariatriunghiului.

Solutie:

Daca x,y,ze C , atunci se poate demonstra usor urmatoarea egalitate

XAy —2) +y* (2= X) +2° (x—2) = (X~ Y)(x~2)(y—2)
Aplicand inegalitatea modulului obtinem

Ixyllz-xlly-z1 < DClly-zl+1y?llz-x +12°l Ix-y1. (2)
Fie m afixul lui M si a,b,c, afixele punctelor. Inlocuind a,b,c in relatia (2) si simplificam prin 2R

obtinem AM?sin A+ BM?sinB+CM?sinC > 2S

P.2.1.5. Fie M un punct d in planul triunghiului ABC si G centrul sau de greutate, atunci avem
inegalitatea AM*sin A+ BM?®sinB+CM?sinC >6MG-S

Solutie:

Daca x,y,ze C , atunci se poate demonstra usor urmatoarea egalitate
X*(y—12)+ Y (z— X) + 2°(X— 2) = (X— Y)(X—2)(Y— 2)(X+ y+Z) de unde
(Y =2) [+ Y’ @) | +| 2 (x=2) R x=y ly-zllz= x| x+y+z|  (3)

12
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Fie a,b,c,m afixele punctelor A,B,C respectiv M si x=m-a, y=m-b, z=m-c
a+b+c

Inlocuind x,y,z in (3) si tinand cont ca afixul lui G este , obtinem

AM?3sin A+ BM3®sinB+CM?3sinC >6MG-S

P.2.1.6. Fie O; si O, mijloacele diagonalelor AC si BD ale unui patrulater ABCD si M
intersectia diagonalelor. Atinci S,g., > 4-S; 0,

Solutie:

Fie m,ab,c,d afixele punctelor M,A,B,C,D. Exprimand diagonalele in functie de afixele
varfurilor, avem BD-AC =(|m—-a|+|m—c|)(m-b|+|m-d|).
Tinand cont de inegalitatea modulelor obtinem:

((m—a|+|m-c[)(m—b|+|m—d |)24|m—a;rc||m—b;d |, de unde deducem ca

BD- AC >4MO, - MO,
Inmultind relatia cu sina (« fiind unghiul dintre diagonale) obtinem inegalitatea din enunt.

P.2.1.7. Fie ABCD, O;, O, mijloacele diagonalelor AC si BD , un patrulater inscris inr-un cerc
de raza R si r raza cercului circumscris triunghiului O1MO,. Sa se arate ca R>2r.

Solutie:

Fie ab,c,d afixele varfurilor AB,C,D, atunci |a-b|b-c||c-a|+|c-d||d-a||a-c|=4RSascp de unde

rezulti 2|c—a|/d—b|| ¥_% < 4RS, ., i deci AB-CD-00, <2RS o,

Tinand cont cd S, = w,undea =m(£0,,MO0,)

obtinem2r <R

P.2.1.8.Fie ABCD un paralelogram si M un punct in planul sau. Sa se arate ca
MA-MC+ MB-MD > AB - BC.
Solutie:

Fie a, b, c, d afixele varfurilor A, B, C, D fata de un reper arbitrar,a + ¢ =b + d.

Avem: MA-MC+MB -MD=|m-a|] -Im—c|+|m-Db| - Im—d| > |(m—a)(m—c)— (m—b)(m
—d)|=|ac—bd|=|a-b| - |c-b|] =AB - BC.

P.2.1.9. Daca ABC si MNP sunt doua triunghiuri echilaterale din acelasi plan la fel orientate,
sa se arate cd se poate forma un triunghi cu segmentele AM, BN, CP.

13
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Solutie::

-~ Z,-1
AABC ~ AMNP < fA~%8 _ fa"%c () —25)(Zy —2p) = (2 — 23 )25 —2.) &
Zu —2Zn Iy —Zp

2y (e —25)+2y (2, —2.)+2,(25 —2,)=0.Cum

2,(2c —25)+25(z5 —2.)+ 2. (25 —2,) =0 , prin scaderea
celor doua egalitdti =

(zy —z2 )2 —25) +(zyy —Z5)(Zp —20) + *)

(zp —2c)(z5 —2,) =0

iar prin trecere la modul =

|(ZM - ZA)| '|(Zc - ZB)| < |(ZN - ZB)| '|(ZA - Zc)| +

|(ZP - Zc)| '|(ZB - ZA)| <
AM -BC <BN-AC +CP-AB . Triunghiul ABC este echilateral (AB=AC=BC) =

AM < BN +CP. Din relatia (*) pot fi scrise si celelalte doua inegalitati ceea ce implica faptul ca
AM, BN si CP pot fi laturile unui triunghi.

P.2.1.10. Fie ABC un triunghi si P un punct arbitrar in planul sau. Daca
aPB-PC + SPC-PA+yPA-PB>afA ,unde a, S, 4 sunt lungimile laturilor triunghiului ABC.

Solutie:

Fie a,b,c afixele varfurilor A,B, respectiv C.
bc ac ab
n + + =1=
(a—b)(a-c) (b-c)(b—c) (c—a)(c—h)
[blfel  falle] _ [allb] >1 ()
|la—b|la-c| |b-c]|/lb—-a| |c—a|lc-b]

Di

|al=PA;|b|=PB;|c|=PCsi
|b—cl=a;|a-bl=fi|b-cl=1
PB-PC PC-PA PA-PB
+ + >
P Ala af
aPB-PC+ SPC-PA+ yPA-PB > af

Din relatia (*) avem le

14
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P.2.1.11. Fie G centrul de greutate al triunghiului ABC si R1,R2,R3 razele cercurilor
circumscrise triunghiurilor GBC, GCA respectiv GAB. Atunci R;+R,+R3> 3R unde R este raza
cercului circumscris triunghiului ABC.

Solutie:

Din problema P.2.1.10. avem aGB-GC + SGC-GA+ yGA-GB > a4 , unde «, 3,4 sunt
lungimile laturilor triunghiului ABC.

a-GB-GC = 4R1 ) AAGBC = 4R1 .%AAABC

p-GC-GA=4R, -%AAABC

ﬁ-GC-GB:4R2-%AAABC

4
E(Ri + Rz + Rs) : AAABC >4R- AAABC

R +R,+R;>24R

2..2. INEGALITATI GEOMETRICE REZOLVATE CU AJUTORUL SUBSTITUTIILOR
RAVI

Propozitia 2.2.1. Numerele a,b,c sunt lungimile laturilor unui triunghi daca si numai daca
exista X,Y,Z >0 astfel incit a=y+z,b=z2+X,c=X+Y.

Demonstratie. Daca a,b,c sunt lungimile laturilor unui triunghi, luam
x=p—-a>0,y=p-b>0,z=p-c>0. Avem y+z=p—b+ p—-c=a sianaloagele.
Reciproc, daca a=y+z,b=z+Xx,c=x+Y, atunci 2x=b+c—a >0, adica a<b+c si
analoagele, relatii ce arata ca se poate forma un triunghi de laturi a,b,c.

In concluzie daca a,b,c sunt lungimile laturilor unui triunghi atunci pentru orice inegalitate
geometricd existd o inegalitate algebrica de forma F (X, Y, z) >0 sau (S, >, < 0). Substitutiile
a=Yy+2zb=2z+XcC=X+Y sunt cunoscute sub denumirea de substitutiile Ravi.

P.2.2.1. Fie a,b,c lungimile laturilor unui triunghi. Aratati ca:
3 S 2 b C

—< + <2
2 b+c c+a a+b

15
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Solutie::

Stim ca a+b>c
2(at+b)>a+b+c

a+b>s, unde s este semiperimetrul triunghiului

b+c>s
a+c>s
a b c a b ¢
+ <—4+—4+—-=2
b+c a+c a+b s s s

Notam b+c=x, at+c=y, a+b=z

_Z4+Yy-X

’b=z+x—y’C=x+y—z
2 2 2
C a b C 1z y_ z X
si obtinem + + =—(—+=+—+— X X +——3)> (2+2+2 3)——
b+c a+c b+a 2 'x x y y z X

Observatie: Inegalitatea din partea dreapta se numeste Inegalitatea Nesbitt’s

P.2.2.2. Fie a,b,c lungimile laturilor unui triunghi. Demonstrati ca
(a+b—-c)(b+c—a)(c+a—b)<abc

Solutie:

Fie a=x+y,b=y+z,c=z+x,undex,y,z>0

Atunci inegalitatea devine

(X+y)(y+2z)(z+x)=>8xyz

Cum m, >m_ avem (X+y)(y+2z)(z+X) > 2\/@-2@- 2J2x =8xyz

Egalitatea este adevarata daca x=y=z. adica a=b=c

P.2.2.3. Fie a,b,c lungimile leturilor unui triunghi. Aratati ca a® +b” +¢® < 2(ab +bc +ca).
Solutie:

Fie a=x+yb=y+z,c=z+xundex,y,z>0

Atunci avem (X+Y)? +(y+2)> +(z+X)? <2((x+ Y)Y+ 2)+) Yy + 2)(2+ X) + (2 + X)(X + Y))

Care este echivalent cu xy + yz + zx > 0, ceea ce este adevatat.

P.2.2.4. Fie a,b,c lungimile laturilor unui triunghi. Demonstrati ca daca este adevarata

egalitatea 2(ab”+bc® +ca’) =a’b+b’c+c?a+3abc , atunci triunghiul este echilateral.

16
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Solutie:

Stimcd a’b +b’c +c’a+3abc > 2(ab® +bc® +ca®), cu egalitate doar daca a=b=c
Utilizam substitutii Ravi, iar inegalitatea devine

Y+ 22+ Xy + Y2+ 22X > 2(XPz + yPx+ 2%Y)

Cum m, 2m,

XX+ 2°x>2x°2, P} + X7y > 2y%z, 7% + y*z > 27%y

Dupa ce adunam aceste inecuatii obfinem

AV + 22+ Xy + Y2+ 27X > 2(XP2 + yPX + 27Y).

Egalitatea este adevarata pentru x=y=z , adica a=b=c, ceea ce trebuia sa demonstram.

P.2.2.5. Fie a,b,c lungimile laturilor unui triunghi. Demonstrati inegalitatea

Ja+b—c++c+a-b+vb+c—a<Ja+b+c

Solutie:

Fie a=x+y,b=y+z,c=z+x,undex,y,z>0

Atunci inegalitatea este echivalenta cu

V2x+2y +42z < [x+y +Jy+ 2 +4z+%,x,y,2>0
Cum m, >m, avem x+y2\/;+\/y:> x+y2M
P V2 2 J2

Analog obtinem \/y +z 2%, JZ+X 2%

Adunam relatiile si obtinem v2x +2y +v2z < [x+y +\[y+z +/z+x,%y,2>0

P.2.2.6. (Hadwinger-Finsler) Fie a,b,c lungimile laturilor unui triunghi. Demonstrafi
inehalitatea a%+b? +¢? > 43+ (a—b)? + (b—c)? + (c—a)?

Solutie:

Inegalitatea data este echivalenta cu 2(ab+bc+ca)—(a’® +b* +¢?) > 43P

Utilizand substitutiile Ravi a=x+y,b=y+2z,c=z+Xx,undeX,y,z >0 inecuatia devine

Xy + Yz +2X > \/3xyz(x +Y+12) ceea ce este adevarat datorita faptului ca

17
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)= ¥ yz)® +(yz = 2X)° + (2x = Xy)°*

(Xy + Yz +2X)* =3xyz(X+ y +2) = 5

Egaliatea este adevarata daca z=y=z, adica a=b=c.

Folosind propozitia Propozitia 2.2.1. vom scrie in functie de X, Y,z unele relatii cunoscute din

geometria triunghiului.

a+b+c
. p:T=x+y+z

- S=/p(p—-a)p-b)p-c)= /X[ Tx

_ abc _ H(X+ y)
4,/i2xini

EIE
p VX
s XTI
[ r‘a—
p-a X
vsin?_ J@ b)(p—c) J y2
2 (x+y)x+2)

) COS Y : Ft))c : \/ x+X%(:xX+ z)
,wé_J@ b)(p —c) J
plp-a) VXXX

In continuare vom demonstra céteva inegalititi geometrice folosind substitutiile Ravi si

inegalitati algebrice clasice. Notatiile sunt cele obisnuite intr-un triunghi iar unele enunturi vor fi

usor modificate.

P.2.2.7. Sa se arate ca in orice triunghi are loc inegalitatea
[T, -2r)<r?
Marius Olteanu, Arhimede nr. 9-10, 2003

25 2,/‘ E XiHXi

Solutie: Sa exprimam h, in functie de x,y,z. Avem h, = — = si analoagele.
a y+z

Atunci inegalitatea din enunt se scrie succesiv

18
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I o 03
o 8[[—— <t [J(x+y)=8]]x

Ultima inegalitate se obtine din aplicarea inegalitatii mediilor MA-MG, mai exact avem

Vy+12

X+Y=2Xy,y+2>2,yz,Z+X>2+2zX siinmultind aceste inegalititi obtinem

[Tx+y)=8[ Ix.

P.2.2.8. Demonstrati ca in orice triunghi are loc inegalitatea

2

lga’ , r
2-bc R
LV. Maftei si P.G. Popescu, La Gaceta de la Real Sociedad Matematica Espanola
2
2r
Solutie: Avem Z— >2-— Z— oz 4. Ultima inegalitate se scrie succesiv
bc

SIS
(x+ylx+z)  J[(x+y) x+y)(x+z) H(x+y)
41/iixini

Q%(yxtrzy) I_ngy >4 (y+z) +8][ [x=4[J(x+y)

dupi care folosind identitatile > (y+2)° =23 x* +3> xy(x +y) si

TT(x+y)=>xy(x+y)+2] [ x ultima inegalitate se scrie echivalent

22 +3> xy(x+y)+8[ [x= 4> xy(x+y)+8[ [x = 2> x* = > xy(x+y) (1)
Aratim ¢ X° +y® > xy(x+y). Avem
X +y° 2 X2y + y2x o (x— y)\x? —y? )< (x—y)(x+y) > 0 ce evident are loc. Similar,

yi+2°>y?z+yz?si x* +2° > x%*z+ xz?, iar dupa suma acestor inegalitati rezulta (1).

P.2.2.9. . Aratati ca in orice triunghi are loc inegalitatea
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z(zra{z%a]zgp

D.M. Batinetu-Giurgiu, Gazeta Matematica nr. 4, 2005

Solutie: Inegalitatea din enunt se scrie succesiv

{z@xmj[zmm}g&@z S

(y+z)

il gt

unde am folosit identitatile ( X{Za =>xy si > x(y+2)=2>"xy. Ultima inegalitate

rezultd usor aplicand inegalitatea mediilor MH-MA pentru numerele xy, yz, zx.

P.2.2.9. Demonstrati ca in orice triunghi au loc inegalitatile

E~4r_RS,/ip—bip—cis%

2 R

A. Rosianu,The American Mathematical Monthly, 2007

Solutie: Inegalitatea din dreapta se scrie \/ﬁ <Y*Z care este tocmai inegalitatea mediilor MA-

MG pentru numerele y si z. Inegalitatea din stinga o scriem succesiv

[1x (x+y)
y+z \/; \/W <y e y+z 16HX HX+Y vz
[T(x+y) [Tx+y)
41/i2xini
S 16[ [x-[(x+y)<2(x+y)x+z)fyz < 16] [ x < ( x+y)(x+z)(2 yz+y+z)

Folosind inegalitatea mediilor MA-MG, avem y+2z > Zﬁ si analoagele.

Atunci

(x+y)x+ z)(2 yz +y+z)2 2\/xy - 2v/xz - 4fyz =16] [ x

si solutia se incheie.
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P.2.2.10. . Sa se arate ca in orice triunghi are loc inegalitatea

PAARE

Viorel Gh. Voda, Vraja geometriei demodate, pag. 215

Solutie: Pentru inceput sa gasim o inegalitate in functie de X,y si z pentru I,. Avem

2bc A _ 2bC p(p-a) _ 2./bc
b+c 2 b+c bc b+c

. . . 2~/bc .
inegalitatea mediilor MA-MG: <1,deci I, £,/x> X sianalo
9 b+c 2% 3 ¢

s\/ny,lc Z\/ZZX. Avem
IS e S ) SR B X R M

zZ .. . +Z
si identitatea ZyT = Z X.

a

-Jp(p-a)</p(p-a), unde am folosit

unde am folosit inegalitatea mediilor MA-MG: ,/yz < ¥

2.3. INEGALITATI GEOMETRICE REZOLVATE CU AJUTORUL UNOR
SUBSTITUTII TRIGONOMETRICE

in acest capitol vom expune o metodi generald de demonstare a unor inegalititi geometrice si
vom rezolva prin intermediul ei cateva teoreme foarte importante cum ar fi Gerrestel si Blundon.
Aceasta metoda este una destul de complicata si necesita conostinte foarte bune de trigonometrie.
Metoda consta 1n transformarea prin calcul trigonometric a inegalitatii enuntate intr-0 inegalitate
care depinde numai de unghiurile unui tritunghi de forma f(A,B,C)>0 .

B+C B+C

Prin justificarea acestei inegalitati vom intercala expresia f (A, B ) , astfel ca
demonstrarea inegalitatii se face in doua etape.
1) Demonstrarea inegalitatii f (A,B,C)> f (A, B+C , B er C)

B+C B+C

2) Demonstrarea inegalitatii f (A, ) >0 cu egalitate pentru B=C.
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Pentru inceput vom demonstra , cu ajutorul acestei metode, inegalitatea Gerretsen.

2.3.1. Teorema (Gerretsen)
Sd se demonstraze cd in orice triunghi are loc inegalitatea a* +b® +c* <8R* +4r?.
Demontratie:
Vom considera f :A > R,A={(A B,C)e(0;7)*/ A+B+C =r}
A=min{A B,C}
Deoarece r =4Rsin ésin Esing
2 2 2
Inegalitatea din enunt se scrie sub forma

echivalentasin? A+sin® B+sin?C <2 +16sin? gsin2 gsin2 ¢

Vom considera f(A,B,C)=2+16sin’ gsin2 %sin2 %—sin2 A—sin®B—sin’C,

B+C B+C
"2

) =16sin? é(s,in2 Esin2 E—sin4 B+C
2 2 2

A=f(AB,C)- f (A )—

B-C

—sin?B-sin?C +2cos’ gz 2(2cos A—1)(1-cos? %) +85in3§(1—cos )

Dar A=min{A, B,C}, rezulta As%<:> cosA2%:> A>0

Aratam ca f (A, B;C , B;C)ZO<:>

>0

4 ﬁ—sinz A—sin? B+C

<:>2+16$in2§sin

B+C

& 2+4sin? g(l—cos )? —4sin® g(l—sin2 g) —2(1—sin? g)

Notam siné =t.
2
B+C B+C
2 12
=2t°(2t+1)* > 0.

f(A, )=2+4t7(1-1)% —4t?(1-t ) —2(1-t?) =

22
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2.3.2. Teorema (Blundon)

Sa se demonstreze ca in orice triunghi are loc inegalitatea p <2R+ (3\/§ —4).

Demonstratie:

Consideram A=min{A, B,C}.
. . . . . . . A. B.C
Inegalitatea este echivalenta cu sin A+sinB+sinC <2+ 4(3\@—4)sm Esm Esm >

Definim functia: f:A—>R,A={(A B,C)e(0;7)*/ A+B+C =x}

f(AB,C)= 2+4+(3J§ —4)sin§sin %sin%—sinA—sinB—sinC.

B+C B+C
2 2

— 4(3,/3—4) s,ini;(singsin%—sin2 B+C

=2(3/3 —4)sin g‘ (cos B-

Calculam: A= f (A, B,C) - f (A,

)=

)+Zcos§—sin B—sinC

C—1)+Zcos—(1 cosB C)

=2(1-cos B ; ¢ ) [cos A (343 -4)sin g} .

A A 1
Aratam ca: cos-- 3J3-4)sin= >0 <> tg— .
( ) 2 3 3J§—4
Dar: A <Z Rezulta: tgé <——= !
2 6 J’ NN

Ne mai ramane sa demonstram ca:

f (A, B;C B+C)>O<:>2+4(3J_ 4)sm§sm B+

sin? Y n? —2p(cos—+ﬁcosi)n+ p®sin’ Bo.
2 2 2 2 2

¢ —sin A—2sin B+C >0

& 2+4(3\/§—4)sin§(1—sing)—sin A—2cos§ >0.

Notam: sin g =t.

Inegalitatea de demonstrat devine:

2+2(3V3-AtA-1) 2 WI-T (1+1) =1+ @SB -4t ] 2

> (1—t?)(t +1)% < (43— 24+/3)t? + (43— 24/3)t* — (86 — 48/3)t° + (64/3 —8)t —
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- (6+/3 —8)t2 > t*+2t-2 13 <> (44-24/3 ) t3 +(48+/3 -84) t2+(51-30 /3 )t+
+6/3-10>0 < [(44—24J§n2 +(36+/3-62) t+ 20—12\/5} (t —%) >0

S4(t- %) 2 [(11— 6\/§)t + (6\/5 —10)]] > 0,ceea ce incheie demonstratia.
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