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1. in legituri cu Inequality in triangle-2213
Romanian Mathematical Magazine 11/2020

Marin Chirciut

Art 1808
Articolul prezinta o modalitatea unitard de demonstrare a unor relatii n triunghi folosind o
inegalitatea algebrica.
Lema.
Dacax,y >0, atunci

Demonstratie.
Inegalitatea se scrie echivalent:

3
(X * y)e’ <4 (X + y)(x— y)2 >0, evident cu egalitate daca si numai dacax=Yy.

X} +y
Tn continuare folosind Lema de mai sus rezolvam o clasi de probleme.
1) In AABC
1 (b+c)’ 1
Z_z( 3 )3 <7
a“ b’+c® r
George Apostolopoulos, Greece, RMM 11/2020
Solutie.
Avem
b+C o1 1@ 1 1
Ms —4=4)» —<4.—=—=Md,
Z a b3 Z aZ Z a2 4r2 r2
(b+c)” ) 2 11
unde (1) < e <4< (b+c)(b-c) 20, iar (2) < Z—SF.
a r
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.
In aceeasi clasa de probleme.
2) In AABC
3
¥ 1 (b+c) . 4p
ab’+c® 3Rr
Marin Chirciu
Solutie.
Avem
(b+c) (1) 1 () _4p
Ms < 4=4 —=Md,
Za b* + 3 Z Z Rr ~ 3Rr
unde (1) < M£4 & (b+c)(b-c)* >0, iar (2) Z
b*+c® a 3Rr
3) In AABC

1 Profesor, Colegiul National ,, Zinca Golescu”, Pitesti
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(b+c) -
<8
Za b®+c P
Marin Chirciu
Solutie.
()
Ms=>a Sjc <>a-4=4%a=4-2p=8p=Md,
3
unde (1) < %34 = (b+c)(b—c)2 >0.
+
4) In AABC
ZaS (b+C)3 <32p(R2 _r2)
b®+c¢® ~ '
Marin Chirciu
Solutie.
Tsitsifas
Ms = Za Za 4=4%"3a’ < 4-8p(R*-r*)=32p(R*-r*)=Md,
3
unde (1) < %34 =N (b+c)(b—c)2 >0.
+
5) In AABC
3
3 a? (;1?3 4(2R? +12)
Marin Chirciu
Solutie.
Ms = Za Za 44yt < 4-4(2R7+1?)=4(2R? +r?)=Md,
3
unde (1) < (:3+Cc)3 <4 (b+c)(b—c)2 >0.
+
6) In AABC
3
D yza’ (bkli(;)s <12R’p
Marin Chirciu
Solutie.

3
MS—Zyza (:+ Zyza 4= 4Zyza <4 (x+y+z) 2_Md,

3
unde (1) < (:;‘FC)S <4 (b+c)(b—c)2 >0si (2) & Y yza® <(x+ y+z)2 R?,
+C

(Math.Magazin,48/1975, M.S.Klamkin, Canada).
7) In AABC

Za(p—a)(

Marin Chirciu
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3(1)
Ms=>a(p-a (;HC) <> a(p-a)-4=4> a(p- a)<4 9Rr =36Rr =Md ,
unde (1) < (b c)3 <4< (b+c)(b- c) >0si(2) < Y a(p-a)=2r(4R+r)<9Rr.
+
8) In AABC
et (p-a) B cromep
b®+c® '
Marin Chirciu
Solutie.

(b+c) Ve |, , ) , ,
Ms=>a’(p-a)‘5—% e —<> a’(p-a)-4=4) a’(p-a)<4-3R°p=12R’p=Md,
(b+c)3 2 , , ,
unde (1) < W£4<:> (b+c)(b-c) >0si(2) & > a*(p-a)=4pr(R+r)<3R%p.

9) In AABC
(b+c)
b®+c

Y a’(p-a) <4abcp.
Marin Chirciu
Solutie.

(b+C) ® @)
Ms=>a’(p- a)b3 —<> a’(p-a)-4=4) a’(p—a)<4-abcp =4abcp = Md ,

3
unde (1) < %34@ (b+c)(b—c)2 >0si (2) <
+

>a’(p-a)=p’ (4Rr+6r2)—2r2 (4R+ r)2 <abep, (AMM, 1952, J.Andersson).

10) In AABC
b+c)
ZbC(b3+c) <36(R+r)
Marin Chirciu
Solutie.
Avem
Ms = Zbc Zbc 4=4%bc < 4-4R?=36(R+r)’ =Md,
3
unde (1) < %34 = (b+c)(b—c)2 >0.
11) In AABC
Z(b—c)z(b+c)3<32R(R 2r)
b®+c
Marin Chirciu
Solutie.
2 (b+C)3 ® 2 , Gerretsen
Ms=>(b-c) —<> (b-c)-4=4>(b-c)” < 4-8R(R-2r)=

b®+c
=32R(R-2r)=Md,
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3
unde (1) < %34@ (b+c)(b—c)2 >0
+

12) In AABC
3
y M. (b+¢) 6R
h, b*+c® r
Marin Chirciu

Solutie.
Avem

Ms=3 e AL, ()Z 2.4= 4Zma(<)4 ﬁ—ﬁ — Md

h, b3+c3 - r ’

unde (1) < (b )3 <4< (b+c)(b- c) >0, iar 2) < :_SZEr (L.Panaitopol).

13) In AABC

Marin Chirciu
Solutie.

a(b+c)® a® 3R_6R
Ms beg 3_2 4=4> = L <o r=—-=Md,

3
unde (1) < %34@ (b+c)(b—c)* >0, iar (2) = Za<ﬁ ,(V.Bandila, M.Lascu).
+

14) *In AABC

salbro) ap’

b b*+c®  r(4R+r)

Marin Chirciu
Solutie.
Avem

b+C p’ 4p®
Ms < 4=4 <4 = =Md,
Zb b® + 3 Z Z 4R+r) r(4R+r)

2

unde (1) < (b )3 <4 (b+c)(b—c)2 >0, iar (2) Z%Sp— ,(C.Mateescu).

r(4R+r)
15) In AABC
(b c)(b+c)3 12R
Z_"'_ P
c b/b’+c r
Marin Chirciu
Solutie.
b c)(b+c)® (b j ( jm R 12R
Ms=Y"| 2+ |F—L < 4=4 <4.3=="2"-Md,
z(c bjb3+c3 2 c 2 rr

3
unde (1) < (b+c) <4 (b+c)(b—c)2 >0,iar 2) %+%£$,(V.Be‘mdilé).

b®+c®
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16) In AABC
1(b+c)” 1
= < -
Za b®+c®  Rr
Marin Chirciu
Solutie.
1(b+c)2 1 (b+c o 1 1 @ 1
Ms=)>» — = < -4=4 <4. =
> Za b®+c? Z:a(b+c) b®+c? Za(b+c) Z:a(b+c) 4ARr
:i: Md ,
Rr
unde (1) <:>( ) <4 < (b+c)(b—c) 20, iar (2) <:>Z <1
b®+c? b+c) ARr
17) In AABC
(b+c) <4 ( j
< 1.
Zbc b®+c? r
Marin Chirciu
Solutie.
b+c) &)

a’ a~® (2R
Ms Zbcbe’—SZE 4_4ZE<4(T_j Md

unde(1)<:>(b )Ss (b+c)(b—c)2zo,iar(2)@Z§<$—1 (V.Nicula).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

18) In AABC
3
3 bc (b+c) SlOSRZl
p-a b®+c? p
Marin Chirciu
Solutie.
(b+c)’® @, 2 2
Ms=3 bc 3+c) SZ bc 4 42 bc @ 27R® _108R _Md,
p—a b®+c? p p
2
unde (1) < (b )33 < (b+c)(b- c) be _27R ,(Vezi Lema).
a
Lema
19) In AABC
2
Z bc S27R .
p-a p
Demonstratie.
5 be _ p?+(4R+r)’ gertten 27R2_
p-a p p
20) In AABC
3
IR B Y
p—a b®+c? r
Marin Chirciu

6
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Solutie.
b+c *w a a 2R 2R
Ms < 4=4%-2 4.2 28 1|=8[ " _1]=Md,
Zp ab3+c Zp—a Zp—a (r j (r j

3
unde (1) < (:j—clg@ (b+c)(b—c)’ >0.
+C

21) In AABC
3
3 1 (b+c) S8R
p-—ab’+c® S
Marin Chirciu
Solutie.
1 (b+c)'® 4 AR+TEr18R 18R
Ms < 4 4 =Md,
2p a b*+c® Z Z pr pr S
(b+C)3 2
unde (1) < Ws4<r> (b+c)(b—c) >0.
+
22) In AABC
3 1 (b+c) _R?
a(p-a) b*+c® ~ 2r*’
Marin Chirciu
Solutie.
1 (b+c)® 1 1 @ R R
Ms = < 4=4 <4.—="_=Md,
° Za(p—a) b* +c? a(p-a) Za(p—a) 8r* 2r*
(b+C)3 2 .
unde (1) < ~-—=%-<4 < (b+c)(b-c) >0si
b*+c
2 2 2 2
(2)@2 1 p +(4R:'r) _ 1 1+ AR +r SR_4
a(p- a) 4Rrp ARr P 8r
23) In AABC
b+c)
Z(p_a)(b3+c)3 <3.
Marin Chirciu
Solutie.
b+c c) 0 p-a p—a® 3
Ms = — < 4=4% ——<4.—=3=Md,
s=2.(p-a b3+c Z:b+c b3+c3 b+c Zb+c 4

3
unde (1) < (:+—C)g4@ (b+c)(b—c)’ > 0si
+ct

2) < Z p—a_ p’+5r’+8Rr Gefztse“B
b+c 2(p*+r*+Rr) ~ 4

24) In AABC
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Marin Chirciu
Solutie.
(p—a)z(b+c31 (p— a) p a) &) or
Ms = < 4=4 =4(1-Z |=Md,
=2 bc b’+c? 2 bc 2 R
(b+C)3 2 .
unde (1) < Ws4<:> (b+c)(b-c)” =0si
+
(p—a)2 2r .
(2) < Zb—: 1—E , (RMT 1936, C.lonescu-Tiu).
c
25) In AABC
5 1 (b+c)5S32Rp.
p—a b®+c? r
Marin Chirciu
Solutie.
1 (b+c) (b+c)’ (b+c)’ ® (b+c (b+c)’®@ 8Rp
Ms = = < 4=4 <4. =
° Zp—a b*+c? 2 p—a b’+c® 2 Z r
:@:Md nde(1)<:>(b )Ss (b+c)(b—c)220§i
2) o Z (b+c) :4p(R+2r)E%er8Rpl
r r
26)In AABC
(b+C)2<15(Rj2
2.(p+a) b*+c® 4 lr
Marin Chirciu
Solutie.
(b+c)’ p+a(b+c) (1> p+a p+a® 15(Rj
Ms = < 4=4» ——<4. =
° Z(p+a b3+c Zb+c b3+c Zb+c Zb+c 16
2 3
:%?j —Md , unde (1) @%S4@(b+c)(b—c)220§.i
_+_
3 3 2—['2 erretsen 2
2)<:>zp+a: (p ) th E(E)
b+c  2(p®+r’+Rr) 16\ r
27) In AABC
6Rp
z\/b+ )3 -
Marin Chirciu

Solutie.

s 3B e 2t S a- i bve e [0 g,

3
unde (1) < (bb3+_c)s4<:> (b+c)(b—c)2 > 0si
+

CS
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CBS

(2) © D \b+c <
28) In AABC
4
s1(b+e)’ 128
ab*+ct r
Marin Chirciu
Solutie.
b+c b+c(b+c)’® b+c b+c®, 3R _12R
Za b®+ Z a b*+c? Z a Z r r
( ) 2 . b+c
unde (1) < e <4< (b+c)(b-c) >0,iar (2) & Z—<— (vezi Lema).
Lema
29) In AABC
Zb+c S3_R
a r
Solutie.
Zb+c _pP+r’—2Rr Gerztsen4R2+4Rr+3r2+r2—2Rr _4R*+2Rr+4r*
a 2Rr B 2Rr 2Rr
_2R*+Rr+2r? ElieVB_R
Rr Tor
30) In AABC
2
Za(b+c) 33—R.
b®+c®  r
Marin Chirciu
Solutie.
b+c) a (b+c)0< a a ® 3R _ 3R
Ms=) a = < 4=4Y —<4.—=—=Md,
Z b® + Zb+c b®+c? Zb+c b+c 4r  r

3
unde (1) < (t?;r—c)3§4 & (b+c)(b-c)* >0, iar (2) Z_<i ,(vezi Lema).
+C

Lema
2
b+c 4r
Demonstratie.
2(p?~r*-Rr
Folosimz a _ (f - )
b+c p°+r°+2Rr

—r’—Rr)o
Obtinem >"—2 = (p )<§ unde (2) <
brc p?+r?+2Rr ~ 4r’

2(p®-r*-Rr) 3R
£2+r2+2Rr)<E©8r(p —r*—Rr)<3R(p’+r’+2Rr)
& p*(3R-8r)+r(6R* +11Rr +8r*)>0.

Distingem cazurile.

~
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Cazul 1). Dacd (3R —8r) >0, inegalitatea este evidenta.
Cazul 2). Dacd (3R —-8r) <0, inegalitatea se rescrie:
r(6R?+11Rr +8r”) > p* (8r —3R), care rezult din inegalitatea lui Gerretsen:

p? <4R’ +4Rr +3r?si inegalitatea lui Euler R > 2r .
Réamaéne sa aratdm ca:
r(6R* +11Rr +8r?) > (4R® +4Rr +3r’)(8r —3R) < 6R° —7R’r —6Rr’ -8r° >0 <
& (R-2r)(6R*+5Rr+4r*)>0.
31) In AABC
2
Z(b+c) SQ.

b*+c®  3Rr

Marin Chirciu
Solutie.

2 3
Ms=z(b+c) -y 1 (b+c) 22 1 4=aY 1 24. p _2p _Md.

b®+¢? b+c b®+¢? b+c b+c 6Rr 3Rr

unde (1) < (b+c) <4< (b+c)(b- c) >0, iar (2) & Z—<6? (vezi Lema).

b®+¢? b+c
Lema
B
b+c 6Rr
Demonstratie.
2 2
Folosimz 1 _ 5p°+r°+4Rr

b+c 2p(p2+r2+2Rr)'

®
Obtlnemz _ 5P +ri+dRr <P ,unde (3) <
b+c 2p(p +r?+2Rr) 6Rr

5p”+r?+4Rr P
2p(p*+r?+2Rr) 6Rr

& 3Rr(5p +r° +4Rr)< p?(p*+r° +2Rr) <

o p? ( p°+r?-12 Rr) >3Rr? (4R +r), care rezulta din inegalitatea lui Gerretsen:
p? >16Rr —5r?si inegalitatea lui Euler R > 2r .
Ramane sd ardtam ca:
(16Rr —5r?)(16Rr —5r” +r* ~13Rr) 2 3Rr* (4R +r) < (16R—5r)(3R—4r) > 3R(4R+T)
< (R-2r)(18R-5r)>0.
32) In AABC

Marin Chirciu
Solutie.

Ms = Zr b3 S_Zr 4=43"r, <4 ——18R Md ,

10
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3
unde (1) < %34@ (b+c)(b—c)* >0, iar (2) = > _4R+r<%
+
33) In AABC
b+c)’
Z(rb+r°)(b3+c) <9R.
Marin Chirciu
Solutie.
(b+ c) &) @ 1 4
Ms:z:(rb+rc)b3 (r,+1,)-4=4>"(r,+r1,) 34 F:F:Md’
unde (1) < (b )3 <4 (b+c)(b—c)220,
jar (2) < > (r,+r,) :ZZra:2(4R+r)32-%=9R.
34) In AABC
z 1 (b+c)3 <g
L+r b+c® T r
Marin Chirciu
Solutie.
b+c) ® @ 1 2
Ms:z:(rb+rc)(b3+c)3 <Y (n+1,)-4=4> (1, +1,)<4- E:?:Md'

unde (1) = 29 40 (b+c)(b-c)?20, iar (2)

b®+¢?

2 2
oLl R e )y GRe) L Ryl 2R
rL+r. 4R p 4R r(4R+r) 4R r 4R r 2r
R+r
35)In AABC
b+c)’
Do, (b3+c)3 <4p?
Marin Chirciu
Solutie.
Zrbrc ZrbrC 4= 4Zbc C4 p?=4p?’=Md,
(b+C)3 2 . 2
unde (1) < W34 < (b+c)(b—c) 20, iar (2) & D rr.=p
+
36) In AABC
3
Zr_a(b+c) SE.
ab®+c® p
Marin Chirciu

Solutie.

11
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b+c o r(2> 27R _ 27R
Ms Zabs _Za4 42 - =Md,

unde (1) < (b )3 <4 < (b+c)(b-c) >0,

p +(4R+r) Gerretsen 27R

2
jar (2) < Z prom TR
37) In AABC
a (b+c)’ _36R
r. b®+c®  p
Marin Chirciu
Solutie.
b+C a 9R 36R
Ms 3424y 224 R 3R,
Zr b3+c Zr Zra p p
unde (1) < (b )3 <4 (b+c)(b—c)220,
. 4R+r) Euler QR
ar e » —=—— 2 < 2,
Zra p p
38) In AABC
Z_b+_c 12R.
Marin Chirciu
Solutie.
o
Ms Zr b3 _Z? 4= 4z—<4 3R=12R=Md,
unde (1) < (b )3 <4 (b+c)(b—c)220,
iar (2) = Z 2 (R+r) < 3R.
39) In AABC
1(b+c) 4
- <=,
Zr{;l b*+c® T r
Marin Chirciu
Solutie.
(1) 1 1@ 1 4
Ms B SRV, SIS VI
Zr b3+c3 Zra Zra rr

unde (1) < (:3+C) <4 (b+c)(b—c)220, jar(2) & > ==

+c?

1
r

= |

40) In AABC

12
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Marin Chirciu
Solutie.
b+C (1) 1 1@ 1 4
Ms S 4=4y T =4.-="—Mmd,
Zh b3+c Zh Zha ror
unde (1) < (b )3 <4 < (b+c)(b—c) 20, iar (2) = Z t. L
41) In AABC
i(b+c) sﬂ
m, b*+c® " r
Marin Chirciu
Solutie.
b+c (1) 1@ 1 4
Ms Zm e 3_ — 4= 4Z_<4_:F Md
unde (1) < (b )3 <4 (b+c)(b—c)220, jar 2) Zmiszhi=%
+ a a
42) In AABC
i(b+c) 4
w, b*+c® r
Marin Chirciu
Solutie.
b+c o 1® 1 4
Ms < 4=4Y - <4=-=Md,
-y O iy lasgp il
unde (1) <:>M<4<:>(b+c)(b—c)2>0 r@ ey eyl
b®+c® o w, “~h r
43)In AABC
w, (b+c)’ 2R
- <2, [—.
Zha b®+c? r
Marin Chirciu

Solutie.
b+c
M Zh b3+03_za4 4Za<4\/7 \/7 Md

unde (1) < (b )3 <4 (brc)(b-c) 20, iar (2) < ‘;]V—s\/; (vezi Lema),

Lema.
In AABC

13
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W, / R
— < |—.
h, 2r
Demonstratie.
Folosindw, = _ 2be cos é sih = _3 obtinem:
+C 2 a

2bc A 2bc [p(p-a)

W b2 brol be 26 o a Ak Ja(p-a)_
25 28 b+c 2pr rp  b+c

J4Rrp m \/7 m o \/7 m \/7

r\/_ (b+c-a)+a (2p-2a)+a ~ 5 2p 2a
44) In AABC
b+c)’
> 1A(b3 )Bss(5+1]
sin = +C r
2
Marin Chirciu
Solutie.
Avem
1 (b+C3(1) 1 1 @ R R

= < 4 = <A4. . — o —

Ms Z A b3+C3 —Z A 4 42 ] A—4 2([‘ +1j 8([‘ +1] Md , Unde (1)
Sin — S”‘]E Slr]E

3
= Ms4 & (b+c)(b—c)’20,iar (2) & > 32(E+1j,(vezi Lema).
b’ +c sin 2 r

Lema.
45) InAABC

> . 32(5+1J.
. A r
sin —
2
Demonstratie.

Cu inegalitatea CBS obtinem:
2
2

1 B < c
ZQ—Z(pb)(pc) [Z,—pbpc]ZbZ vy

bc
Gerretsen 1 1
=(p2+r2+4Rr)r—2 < (4R2+4Rr+3r2+r2+4Rr)F:(4R2+8Rr+4r2)r—2:
:4(R+r)2r—12,deundezsmAsz(?uj.
2

46) In AABC

14
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1 (b+c)’ 18R
<=
2 Ab’+c® S

coS —
2
Marin Chirciu
Solutie
b+c) ® 2 2
Ms = 1A(3 )SSZ . 4=4%" L g R IR _Md, unde (1) =
coS b +c COS — C0S — 25
b+c 2 )
(3 )3 <4 < (b+c)(b—c) 20, iar (2) = > <R ,(vezi Lema).
b°+c cos 2
Lema.
47) In AABC
1 a® +b? + ¢? Leibniz gR?
2 A= 2S = 2S
coS —
2
Demonstratie.
bc-2sin Acos A
1 bcsin A ’ P} A,
= = = —<
AvemZSZ i z A y ZZbcsm 2_a +b? +c?,
cosE cosE cosE

unde (1) < 22bcsin§£&12+b2+c2 = az—ZZbcsin§+b2+c2 >0 <
, Cc . B ., L A o
& a“-2a bSIn—+CS|nE +b“+c —2bCS|nEZO,carerezultad1n:
2

A=4 bsin9+csinE -4 b2+cz—2bcsiné =

2 2 2

@ 2
=4 —bZCOSZE—CZCOSZE-l-ZbC siné+sinEsinE =—4 bcosg—ccosE <0,
2 2 2 2 2 2 2
unde (2) < cosEcosgzsinéHin—sin—.
2 2 2 2 2

1 a? +b? + ¢? Leibniz gR?
Z < < .
A 2S 2S

cosE
48) In AABC
2
Z w, (b+C) SG—R
h, ) b°+c® r
Marin Chirciu
Solutie.
2
W, (b+c) & 3R _6R
Ms = -4 < 4=4 < =Md,
Z(haj b®+¢? Z( J Z( J T

15
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b+c)’ . i :
unde (1) < %34 = (b+c)(b—c)2 >0, iar (2) & > Yo sﬁ ,(vezi Lema).
b +c h, 2r
Lema.
InAABC
Z W, i 3R
h, 2r
Demonstratie.
Folosind cos 2—C > %r si COS B-C zgob‘ginem:
w

a

2 2 2
£=cosB_Cz /2 de unde he 2£<:> Wa gi,deundez Wa _ﬁ.
W, 2 R W, R h, 2r h, 2r

49) In AABC

Marin Chirciu
Solutie.

2 ) ? o) 2
Mszz(:'—aJ MSZ[%} -4:42“'—&} s4-(2+23—;+%j=Md,

b°+c

unde (1) < (:+C) <4 (b+c)(b—c)2 >0,iar 2) < Z(%} s? ,(vezi Lema).

Sy
Lema.
h P’ +r? + 2Rr + 4R?* Gerretsen - 3p 2
D= = > < 24—+—5.
L 4R 2R R
Demonstratie.
()
Z(g] _y a z (b+c)’ 1 Zbc(b+c)2_
- 2 2122 2 =
, 2bc Cosé b sz A 16R* < p(p-a)
b+c 2 2
2 2 2
=L 4(p?+rt2Rr+aR?) - EEC TAROHARD
16R 4R
> h, i _ P+’ +2Rr+4R’ Gerretsen4R2+4Rr+3r +r*+2Rr+4R* _8R’+6Rr+4r° _
l, 4R’ 4R? 4R?
4R? +3Rr + 2r? ar r?
= 2 :2+_+—2.
2R 2R R
50) In AABC
oo+’ _, (5)2_1
w, b*+c® r
Marin Chirciu
Solutie.

16
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(b+c)’ @

I I r, RY’
Ms=)» 2 <> 2.4=4 —<4 -1{=Md,
w, b®+c’ ZWa Zw [(rj J

3 2
unde (1) < (:3+_c)3 <4 (b+c)(b—c)>0,iar () & Y= 3(5) ~1,(vezi Lema).
+C w, \r

Lema.
In AABC

2
Zr—as R ~1.
Wa
Demonstratie.

: r,?(RY .« 2R
Folosind h, <w, avemz Zh—as —1, unde (2) rezulta din Zh—a=——151
a a r a

r
2 2
Zr—s(R] -le §_1<(Rj —-1< R>2r, (Euler).

W, r r r
51) In AABC
w1 (b+c < 4p?
A S '
Marin Chirciu
Solutie.
Avem

3
Ms =Y w,r )g(s)z w,r-4=4>"wr, <4.p*=4p’=Md,

aa —

3
unde (1) < %34 =N (b+c)(b—c)2 >0, iar (2) < Y w,r, <p®(vezi Lema).
+

Lema.
In AABC
waragﬁ.
2
Demonstratie.
Folosind w, <,/p(p-a)sir, = . aob;inem:
p(p—a)-\p(p—a)(p-b)(p-c AM-GM
w,r, < p(p_a) :\/ ( )\/ ( )( )( ):p (p—b)(p—c) <
p-a p-a
AM;M p.(p—b);(p—c) :%, cu egalitate pentrub =c.
ZwarasZ%:EZazg-Zp:pz
52) In AABC
3
%(b+c) £4(B+L+lj.
w, b®+c? r R 2
Marin Chirciu
Solutie.

17
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Avem
b+c r 1 R r 1
Ms Me 4-4 +—+=|=4| —+—+=|=Md,
ZW b3+c Z Z ( R 2) (r R 2)
b+c)3 2 . m R r 1 :
unde (1 <:>(—£4<:> b+c)(b—c) >0,iar (2) & » —2<—+—+=(vezi Lema).
@) b®+c? (b+c)(b-c) @ ZWa r R 2( )
Lema.
In AABC
Z&< p®>+r2—2Rr
w,  4Rr
Demonstratie.
Din ordinea liniilor importante in triunghih, <s, <w, <m_si s, = bz—zmafolosim:
+C
2 2
S, W, & 22bc2 m, <W, < %3 b”+c , (inegalitatea lui G. Tsintsifas, 1975).
+C W
Obtinem:

2 2 2 2
Zﬂszb +CT_pi4r —2Rr.
W, 2bc 4Rr

Zg _ P’ +1? —2Rr Gen AR 4 AR +3r° +1° —2Rr _ 4R’ + 2R +4r° _

w, 4Rr B 4Rr - 4Rr
2R®+Rr+2r> R r 1
= =—+—+—.
2Rr r R 2
53) In AABC
a(b+c)’ 2R r
Z_ T St
b b°+c r R
Marin Chirciu
Solutie.
Avem

a<2 r 2R r
Ms zb < 3_2 4= 42 ( 2Rj 2(—+Ej=Md,

r r

unde (1) @%34@(b+c)(b ) >0, iar (2) & > — <—+2L (Vezi Lema).
+

Lema

In AABC
Egsz—r2—4Rr.

3Rr
Solution.

a+b+c)(a*+b?+c?

a, b ¢ ( )( )<f> (a+b+c)(a2+b2+c2)23(ab2+bcz+ca2)<f>
b c a 3abc
< a +b3+c3+a2b+bzc+c2a22(ab2+bc2+ca2) PENIPEN

(a3 +ac’ —2a2c)+(b3 + azb—2ab2)+(c3 +bzc—2bc2)2 0 <

18
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< a(a- ) +b(b- a) +c(c—b)220.
Equality occurs if and only ifa=b=c.
By identitiesa+b+c=2s ,abc =4Rrs, a’+b’ +c¢” = 2(s* - r’ — 4Rr ) the inequality

a+b+c)(a?+b%+c? 2s-2(s?>—r*—4Rr
E b Cs( )( )isrewrite§+9+£s ( )
b ¢ a 3abc b ¢ a 3-4Rrs
a b c s’—r>—4Rr
& 4
b ¢ a 3Rr
a b c sz—r2—4Rr69f2tse”4R2+4Rr+3r2—r2—4Rr_4R2+2r2_2R2+r2_B r
c a 3Rr - ARr ARr 2Rr r 2R’
54) In AABC
b+c)
23(3 )334[1+5j
b b°+c r
Marin Chirciu
Solutie.

I
<
o

b+c <1) a a® R
Ms Zb e ZE 4_4ZBS4'[1+?j

3
unde (1) < (bb3+_c)<4 & (b+c)(b-c)" >0, iar (2) zg§1+$ ,( Shan-He Wu).
+

¢t
In AABC
E+ b +— ¢ <1+E
c a r
Shan-He Wu Inequality
Demonstratie.
a c p’
Se foloseste inegalitatea Mateescu — + —+ — < ———.
b ¢ a r(4R+r)
2w
Obtmema+ b+£<p—§1+_,
b ¢ a r(4R+r) r
2
unde (1) < S §1+E & p? <4R*+5Rr+r?, care rezultd din inegalitatea lui
r(4R+r) r

Gerretsen p> <4R” +4Rr +3r2.
Riamane sa ardtim cd4R* + 4Rr +3r° <4R* +5Rr +r*> < R > 2r, (inegalitatea lui Euler).

55) In AABC
Z_ b+c . (R L j
r, b’+ r R
Marin Chirciu

Solutie.
Avem

b+c(1)m m, @ R r 1 R r 1
Ms < 2.4=4 24| —+—+= =4 —+—+=|=Md,

Zra b3+c3 Zra Zra (r R 2} (r R 2)

19
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b+c)
unde (1) < (b3—)3£ < (b+c)(b- c) >0, iar 2) Z—a< R+ I; +=,(vezi Lema).
+c W, r
Lema.
InAABC
2 2
Z&S pe+r —8Rr.
r, 4r?
Solutie.
Folosind inegalitatea lui Panaitopol r:_ < 25 (vezi GM 11/1982), obtinem:
r
R
h,-—
My o 7 2r _R Ny , de unde
r, 2r
Z Z h, _Zg_ﬁ p?+r?—8Rr p®+r’—8Rr
or T, r,o2r 2Rr 4r® ’
2, 02
care rezultd din identitatea cunoscutd in triunghi ZE :%SFU.
; r
Z% < p?+r? —8Rr Gerrtsen 4R? +4Rr +3r® +r* —8Rr _4R*—4Rr+4r? _
r, 4r? B 4Rr 4Rr
R°—Rr+r> R r
R ¥
Rr r R
56) In AABC
b+c)
Z%(?‘—3£4(B+L—lj
r, b’+c r R
Marin Chirciu
Solutie.
Avem

b+c

m, D4Ry 1)
Ms zr_bs 3_2 4=4y 2 <4( = Zj_4(r+R+2j—Md,

a

unde (1) < (b+ )3 <4 (brc)(b-c) 20 iar @) o S Te <R L1 L ez Lema).
b® + w, r R 2
Lema.
1) InAABC
m, m R
2y 2 < —
m,_ m, r
Adil Abdullayev, Baku, Azerbaijan
Solutie.
Demonstram rezultatele ajutatoare:
Lema 1.
2) InAABC
M M5 M
mb ma hc
Solutie.
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2 2
Folosind inegalitatea lui Tereshinm, >

obtinem succesiv:

2 2
m, > b 4R-m, >a’+b’* < ﬁ-mc >a’+b’ < a_bc'mc >a’+b* <
4R S S
2 2
<:>£-mczaer = c>a+E (1).
S ab S b
Folosind principiul dualitatii, aphcam inegalitatea (1) in triunghiul cu laturile de lungimi
2m, 2m, 2m S c ..
a. ,—= s1 implicit arie — si mediane —,—,— obtinem
3 3 3 3 2 22
2m, ¢ 2m, 2m,
8 2, 38 . 3 @C.m°2%+%c>2~ﬂ2&+ﬂ.
§ 2£ Zma S b ma hc b ma
3 3 3
Lema 2.
3) InAABC
m R
—2<—,
h, 2r
GM 11/1982, Laurentiu Panaitopol
Demonstratie.

Folosim rezultatul cunoscut in triunghi:
In orice triunghi are loc inegalitatea normala:

Re;

Max(m, sin A,m, sinB,m_sinC) < 5

Intr-adevar:
Fie A’ mijlocul laturii (BC), iar M, N proiectiile lui A’pe AB, AC respectiv.

Fie apoi P,Q simetricele lui A’ fatd de AB, AC respectiv.
Deoarece m( AMA') =m ( ANA') =90 rezulta cd penctele A,M, A, N se afld pe cercul de

diametru [ AA].

Obtinem:

MN =%PQ = AA'sin A=m,_sin A, de unde PQ =2m, sin A.

Daca B',C’ sunt respectiv mijloacele laturilor[ AC],[ AB] lungimea liniei poligonale PC'B'Q

este p si ea majoreazd lungimea segmentului [PQ].

De aici rezulta ca 2m_ sin A< psi deci Max(m, sin A,m, sin B,m_sinC) <

l\)|'D

Din 2m,sin A< prezulta :
masinASEQ m, -— a <£c>m a<Rpc>%<5
2R 2 h, 2r

a
Sa trecem la rezolvarea problemei din enunt.
Folosind Lemele obtinem:

m m Lemal m Lema2 R
M,=—2+—2 < 2.—£& < 2.—=M,,
m, m h 2r

a C
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Folosind Lemele de mai sus rezulta:
m r‘nb Lemal m Lema?2 R R

24 0L 2. <2 —=—
m, m, h. 2r r
57) In AABC
3
ZE(b+C) SE
a b’+c’ p
Marin Chirciu
Solutie.
Avem
b+c *w r,®@ 27R 27R
Ms <) 2.4=4 <4.—= =Md,
Za b3+c Za Z P
(b+c)” c)’ 27R
unde (1) < e <4< (b+c)(b- c) >0, iar (2) « > 2 fa <4—p ,(vezi Lema).
Lema.
In AABC
r 27R
lacstht
2%
Demonstratie.
2
2 4 (4R +1)? Gerretsen Rz(iF::rr) +(4R+r) AR+T
Avemy o PPH(AR<r) eizen 2(2R-r) _ERr) R
a 4Rp 4Rp 4Rp | 2(2R-r)
2 2 2
:(4R+r) _BR-2r E%er(4R+r) _ﬂ_(4R+r) Eusler27R
4Rp  2(2R-r) 4Rp 3 3Rp 4p
58) In AABC
3
a(btc) 36R
r, b°+c® p
Marin Chirciu
Solutie.
Avem
b+c a a” 9R 36R
Ms 2424y 2<4. 2220 o d
Zr b3+c Zra Zra p p
(b+C)3 2 . a 9R .
unde (1) < W34 < (b+c)(b—c) =0,iar (2) & Zr—sT,(vem Lema).
+ a
Lema.
In AABC
a R
L, p
Demonstratie.
Avengz—z(A'RJrr)Egerg—R.
r p p
59) In AABC
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2(b+c
2 (3 L <24R.
r, b’+c
Marin Chirciu
Solutie.
Avem
(b+c) o)
Ms Z b3 _Z 4= 4Z—<46R 24R=Md,
r, r

a a

(b+C)3 2 . a2 .

unde (1) < W34 < (b+c)(b—c) =0,iar (2) & Zr—§6R ,(vezi Lema).
+ a

Lema.

In AABC

2
Z?— <6R.

a
Demonstratie

Avem Y % C_4(R+1)6R.

a

60) In AABC
1 (b+c 4
Z_ —<—.
nLr, b+c”  3r
Marin Chirciu
Solutie.
Avem
(b+c) <> 1 1@ 1 4
Ms —4=4y =<4 —=—=Md,
ZrbrC b3+c Z:rbrc Zrbrc 3t 3rf

3
unde (1) < (:;r—c)334 & (b+c)(b-c)* >0, iar (2) Z—<3 ,(vezi Lema).
+C r

C

Lema.
In AABC
1 1
—<—.
nr. 3r’
Demonstratie
4R +r Gerresten 1
Avem  — = < —.
Z L rp® 3r?
61) In AABC
b+c
23( ") <8R
r, b>+c
Marin Chirciu
Solutie.
Avem
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a(b+c) (b+c) ;Z (b+c) 4:4ZM<4 12R = 48R = Md
r b®+c? r, r

a a

b+c
Ms -
325

b+c)’ b C
unde (1) < (b3+ ) cae pro)b-cf 20 iar @ o A0 _1or,
+C r,
62) In AABC
Zrb+r (b+c) _4p
a bP+c® " r
Marin Chirciu
Solutie.
Avem
b+c ® @
Ms Zrb+r )Sszrb+r 4o 4Zrb+r s4£=4—p=Md,
a a ror
(b+c)3 rb+r p
unde (1) @Ws4®(b+c)(b c)’ >0 Jar(2) & Y ==,
+c r
63) In AABC
b+c)’
Zracoszé(3 lsﬂ
2 b’+c 2
Marin Chirciu
Solutie.
Avem
b+c o 0]
Ms =>"r, cos’ 3_Zr cos® 4 43", cos §<4 NTR=272R Md ,

3
unde (1) < %34 & (b+c)(b—c)2 >0, iar (2) < >r, coszgg? ,(vezi Lema).
+

Lema.
In AABC
> cos? 2 < 2R
8
Demonstratie.
27R?
2 Mitrinovic —,
Avem racoszé:p— 4 2R
2 2R 2R 8
64) In AABC
S sin’ A(b+c)’ 2(8R*—14Rr+5r?)
8 2 b®+c? R
Marin Chirciu
Solutie.
A(b+c) <1> A® 8R?-14Rr +5r?
Ms=>r sin*— <y'r sin? 4 4 'r sin? =<4. =
Z 2 b3+C3 Z Z 2 2R
2(8R? —14Rr +5r b+c)’
= ( = ):Md,unde(l)<:>(ba—)334<:>(b+c)(b—c)220,iar(2)
+C
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r 2
= ZrasinzéSSR 14Rr +51 ,(vezi Lema).
2 2R
Lema.
In AABC
) A 8R? —14Rr +5r?
Zr sin
2R
Demonstratie.
2 2 Gerretsen 2 _ 2 2 _ 2
AveersmzA 8R*+2Rr—p < 8R* +2Rr —16Rr +5r :8R 14Rr +5r .
2 2R 2R 2R
65) In AABC
b+c 2
Z:thA ] ) _2RY
2 b®+c? r
Marin Chirciu
Solutie.
(1) 2) 2 Mltrlnowc 2
Ms_Zr cotZA 5 _Zr cot? = 4 4Zr cot? é<4 P 4.2IR
2 r r 4
2
_ 27R _Md,

r

3
unde (1) < (bc) <4 < (b+c)(b—c) 20, iar (2) < Zracotzgzp_.

b® +¢? r
66) In AABC
szﬁ 3
Z 2 (b+C) SE.
rr b*+c® R
Marin Chirciu
Solutie.
sin’ 5 (b sin? 2 sin® =
+c) 2 2 1 2
Ms = < 4=4 <4.—=-Z-Md,
Z r, b*+c® Z r, Z r, 2R
P02
b+c)3 , . sin® 4
unde (1 <:>(—£4<:> b+c)(b-c) =0,iar (2) =—.
( ) b3+c3 ( )( ) ( ) Z ra 2R
67) In AABC
2
Ccos *(b+c)3 2 r
Z TS| 2 5
r, b’+c r R
Marin Chirciu
Solutie.
cos’ — 5 (b cos? 2 coszA()
+c) 2 2 2R-r 2 r
Ms = < 4=4 <4. =Z|l2-—|=Md,
Z r, b*+c? Z r, Z r, 2Rr r( j
(b )3 coszé
+C 2 : 2 _2R-r
unde (1) <4< (b+c)(b-c) =0, iar (2) =
@ b®+¢? ( ) ) @) Z r 2Rr
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68) In AABC
A
2
tan® - (b+c 2R
Z 3 S_
r, bP+c®  3r’
Marin Chirciu
Solutie
A A A
tan? — 3 tan? — tan? —
2 (b+c) @ 2 2 4R+r1 2R
Ms = < 4=4 <a. =Md,
Z r, b*+c? z r, Z r, p’ ~3r2
(b+c) 2 ta”Z/; 4R+
unde(1)©W34<:>(b+c)(b—c) >0, (2) & Y, T , iar (3) rezulta
+c A
din inegalitatea lui Eulerr < g si inegalitatea lui Mitrinovic p? > 27r?.
69) In AABC
as (b+C)3
— <16Rp.
r, b*+c® P
Marin Chirciu
Solutie.
(b+c) (> a’® abc (3> 4Rrp
Ms 4=4y <42 ~16Rp=Md ,
Zr b3+c Z Z r P=
unde (1) <:>( ) <4< (b+c)(b- C) >0, (2) & Z:Anderssona—m iar (3) rezulta din
b®+c® T oor
abc =4Rrp.
70) In AABC
3
ZrbrC (b+c) <9
bc b®*+c?
Marin Chirciu
Solutie.
rr (l)
Ms bc < 4=4 "o <4 —9=Md,
Zbc b3+c Z Z
b+c)’
unde (1) < %34 o (b+c)(b—c)2 >0, (2) & Y0k
b°+c bc 4
71) In AABC
b+c R
52 b )
rLr. b’+c r
Marin Chirciu
Solutie.
2 (b+c) @
Ms = a—(3+—3 Z a=4y L —4-4(5—1j:16(5— j:Md,
rr. b°+c rr, . r r
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unde(1)<:>(b )Sg & (bre)b-cf20, @) = ¥ —4(5— j

r

72) In AABC
r (b+C3 4
Z 2a 3 3 S—
2r;+rr. b°+c®  3r
Marin Chirciu
Solutie.
r, (b+c)® r ro@ 1 4
Ms = a < 244y —2 <4 =" -Md,
Z2raz+rbrc b®+c? Z2raz+rbrc Z2r‘,f+rbrC 3r 3r
b+c)3 1
unde (1 <:>(—S4<:> b+c)(b-c) =20, (2) —<—.
@) b®+¢? ( ) ) @) Z2r +rr o 3r
73)In AABC
1 (b+c) 4
Z 3 3 S_2'
2r’+rr. b*+c® 9
Marin Chirciu
Solutie.
1 (b+c)3(1) (2 1 4
Ms = < = =——=Md,
Z2raz+rbrC b®+¢? Z2r +rbrc Z2r +rr 9r2 or?
b+c)3 1
unde (1 <:>(—£4<:> b+c)(b-c) =0, (2) —<—.
@ e G sae pro)o-c20, @ o Tt ok
74) In AABC
Z 1 (b+c) £§
r+r, b>+c® r
Marin Chirciu
Solutie.
1 (b+c)'® @ 3 3
Ms < 4=4 <4.2 =2 Md,
Zr+r b®+¢? Zr+r Zr+r 4r r
3
unde1<:>( )S b+c)(b-c <—.
@ b®+¢? ad ) ) r+r, 4r
75) In AABC
Z\/_ b+c
" b3+c =
Marin Chirciu
Solutie.
(b+c) <1>
Ms_z«/rr o <Y i, 4= 42«/rr 4 p=4p=Md,
+c?

unde (1) < (:3+_C)334® (b+c)(b-c)’ 20, (2) & Y.\, <

+C
76) In AABC
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<41+
p?+r? b*+c’ R
Marin Chirciu
Solutie.
b+c) ® p®—r( r r
Ms = < 4=4 a—4 41+ — |=Md,
Zp+r b®+¢? Zp+r Z r? ( Rj ( Rj

unde (1) < (b )3 <4 (b+c)(b—c)’ 20, (2) & Zp r{ —1+— (GM 1940,

Emilian Mereuta).

77)In AABC
3
3 r, (b+c Y
pP+r2 b*+c® r
Marin Chirciu
Solutie.
r (b+c) &) 1 1
Ms = a < —==-=Md,
Zp2+ra b*+c® Zp +r’ 4r r
b+C)3 2 I 1
unde (1 <:>(—£4<:> b+c)(b-c) =0, (2) a__<—
@) U0 <46 (bro)(b-c)' 20, ) zpzﬂaz )
78) In AABC
Z b+c
b3+c =
Marin Chirciu

Solutie.

a4y [a2,3 [ \E_
Ms = Z(buc Z\/:4_4Z\/:s42\/:—6 - =Md,

unde(l)@(:—c)<4@(b+c)(b ¢ 20, (2)@2\/E<—\/7(GM1964

+c?
I.1.Cristea).
79) In AABC
(r+r) (b+c - [ Rj
<16|1+—|.
2 e b’+c’ +r
Marin Chirciu
Solutie.
(rb+rc) (b+ ) O (r+r) (hL+r,) @ R R
Ms=>" sz 4= 42 _4-4 1+—|=16|1+— [=Md,
. b*+c? rr r r

unde (1) < %34 & (b+c)(b—c)’ 20, (2) & Z%:{uﬂj.

80) In AABC
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PINE! b+C <4(4R+r)
2 b3+c '
Marin Chirciu
Solutie.

Ms=>.|a 3 :3“:3 (i)z/ 4=4%" a—<4 (4R+r)=Md,

unde (1) < %34@ (b+c)(b—c)* >0, (2) = > a~5_4R+r,(Crux
+

Math.17/1991, George Tsitsifas, Greece).

81) In AABC
(b+c)
b*+c’

> J(b+c)p

Marin Chirciu
Solutie.

(1)
Ms=>\(b+c)p b+C J(b+c)p-4=4>" J(b+c) p<4 2(4R+r1)=Md,
3
unde (1) < %34@ (b+c)(b—c)* >0, (2) & > \J(b+c)p=2(4R+r).

82) In AABC
3
Zrb+rc (b+c) s@.
a b*+c® r
Marin Chirciu
Solutie.
r+r, (b+c) o) r,+r, rL+r.@® p
Ms < 4=4 c<4.L=Md,
Z a b3+c Z a Z r
83) In AABC
3
Z 1 (b+c) Sg
L+r b*+c® " r
Marin Chirciu
Solutie.
1 b+c)3<1> @ 1 2
Ms < A=4 <4.—=Z-Md,
Zr+r b®+¢3 Zr+r Zr+r 2r r
(b+C)3 2
unde (1) @W§4<:>(b+c)(b—c) >0, (2)
+C
2] 2
AR +r Gerretsen AR +r
lei1+4R+r :i1+( J;) Si1u:
rL+r. 4R p 4R p 4R (4R+r)
R+r
Euler
SR L A
4R r 4R r 2r
84) In AABC
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y o (bre >‘°g4(5_3

nL+r. b*+c r
Marin Chirciu
Solutie.
B r, (b+c)3 &) r, R 1)
MS_Zrb+rc b®+c? SZrb+rC 4.(?_§j_Md’
(b+c)’ 2 R 1
unde (1) < *5—=%<4 < (b+c)(b—-c) 20, (2) D <~ (GM7-8/1997,
b”+c +r,r
Marian Ursarescu, Roman), Vezi Lema.
Lema
85) In AABC
r, R 1
Y
GM 7-8/1997, Marian Ursarescu, Roman
Demonstratie.

2 2
=2 Er =%{r—8R+(4R+r)wre?eni r_8R+ (4R T)RET) |
bl p 4R r(4R+r)
R+r
:i{r—8R+(4R+r)—R+r}=i4R2 3Rr+2r2EUIerE_E
R r 4R r r 2
86) In AABC
r+r (b+c) (2R
2 r, b*+c’ SS(T_j
Marin Chirciu

Solutie.

o @ _
Ms Zr +r, b+cs_zrb:rC.4:4zrb:rc 34.Z(ZI? r):8($_ JMd

a

L+r _2(2R-r)

unde (1) <:>(t?+—c)<4<:>(b+c)(b ) >0, (2) >

Sy r, r
87) In AABC
Z2R—ra(b+c3'<g
bc b¥+c® R’
Marin Chirciu
Solutie.
2R-r, (b+c) ® 2R r, 2R—r<2> 1 2
Ms = a < 4=4 <4.—=—=Md,
Z bc b*+c? Z Z 2R R

30


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — WWw.mateinfo.ro
DECEMBRIE 2020 ' '

unde(1)<:>(b+c)3<4<:>(b+c)(b c)2 L
b®+c® - 2R’
88) In AABC
¥ 1 (b+c)’ .3
r+r, b>+c® r
Marin Chirciu
Solutie.
1 (b+c)'® @ 3 3
Ms < 4=4 <4.=-=_Nd,
Zr+r b®+¢? Zr+r Zr+r 4r r
b+c)3 3 )
unde (1 <:>( <4< (b+c)(b-c) =0, (2 <—,vezi Lema.
@) b®+¢? ( ) ) ()Zr+r 4r
Lema
89) In AABC
> 1 si.
r+r, A4r
Demonstratie.
2 2 erretsen
@Z B p+5r+8RrG£t i
r+r, 2r(p2+r2+2Rr) 4r
90) In AABC
2 2
Z r? (b+c) P
r+r, b>+c®* r
Marin Chirciu
Solutie.
I,.2 (b+C)3 o) r.2 2 (2) p2 2
Ms = a < a_.4=4 =—=Md,
Zr+r b®+¢? Zr+r Zr+r ar

unde (1) < (b )3 <4 & (b+c)(b—c) 20, (2) Z%SZ (Kazahstan, 2012).
+ a

91) In AABC

Sar (b+c)3

A <8p(2R-).

Marin Chirciu
Solutie.

Ms = Zara

3
unde (1) < (:;r—c)334<:> (b+c)(b—c)220, (2) D ar,=2p(2R-T).
+C
92) In AABC

‘o
1Zar 4= 4Zar 42p (2R-r)=8p(2R-r)=Md,
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Marin Chirciu

Solutie.

(1) a
Ms zr b3+c Zr—4 4Z—a<4 4(R+r)=16(R+r)=Md,

a

unde (1) < (b ) <4 < (b+c)(b—c) 20, (2) 2%2:4(R+r).

3
a

93) In AABC

n(bre) (2 1)
bc b®*+c® ~ \r R
Marin Chirciu

Solutie.

(b+c)’ ® a?®@ 2R-r 2(2R-r) 2 1
Ms PR a.4=4 <4. = =2|——-—|=Md,
Zbc b+ Zbc ra 2Rr Rr (r Rj

_2R-r

bc 2Rr

unde (1) < %S4@ (b+c)(b—c)* >0, (2) Z
94) In AABC

E(b—S—6(R2—Rr+r2).

r, b®+c® " r
Marin Chirciu

Solutie.

bc b+C (1) bc @ 16
Vs Zr b3+c3_ A 4Z_<4 ( Rr+r2)=T(R2—Rr+r2)::|\/|d,

unde (1) < (t:HC) <4 (b+c)(b—c)220, (2)

ycd
bc _ p?+r®—8Rrcermsn 4R® + 4Rr +3r” +1° —8Rr _ 4(R? —Rr+r2)
r r N r - r '

) 95) |n AABC
rbrc b3 + C r

Marin Chirciu

Solutie.

(b+c) ‘o R R
Ms Z 3_2 4= 42&& ( rj_4(2+?j__|v|d,

Lr. b3+c nr

unde (1) < %34@ (b+c)(b—c)2 >0, (2) &
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2 2
Zbc =1+w6 L (4R+r)2 _ Rer_, R
R+r
96) In AABC

3 1 (b+c):gi2(ﬁ j

rr. b+c®  p’lr

Marin Chirciu
Solutie.
b+c <) AR +r 4 (4R
> —| —+1(Md,
b, b3 3 Zrbrc [rp j pz(r j
b-+c)’ 1 4R+r
unde(l)@%34@(b+c)(b—c)220, (Z)C}Zrbrc: —
97) In AABC
a (b+c)’ 8(2R j
= <218 g,
ZraZ b3+c3 p r
Marin Chirciu
Solutie.
a() 2(2R-r) 8(2R-r) 8(2R
Ms Z 2 b3+C3 —Z_ 4= 42 pr = or ZE(T— J Md,
b+c)’ a 2(2R—r
unde () @%sw(mc)(b—cho, @ = 252000,
98) In AABC
3
rr. (b+c) - ( rj
£ <20 4+—|.
Zbc b® +¢3 +R
Marin Chirciu
Solutie.
1LY O< Lk L 4R +r 2(4R+r) r
M bc < bc4 4 bc<4 :24—:Md,
Zbc b3+c Z 2 R ( +Rj
(b+c)’ , tr AR+r
unde (1) @Ws4<:>(b+c)(b—c) >0, (2) @Zﬁ:?_
99) In AABC
2 (b+c)’ [R j
2 <16| ——
Zr,DrC b®+c? r
Marin Chirciu
Solutie.
(b+c) o) 2(> 4(R-r) 16(R-r) R
o b3 = _Zrbrc — = =16(?—j:Md,
(b+c) 2 a® 4(R-r)
unde(l)cws4<:>(b+c)(b c) 20, (2) & Zrbl’c_ —
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100)  In AABC
rb+rc(b+c)3<ﬂ
2 a b*+c® " r
Marin Chirciu
Solutie.
r+r, (b+c) (1> r+r, L+r.® p 4p
Ms <N 2T gy 2 e g B2 o md,
Z a b3+c z a Z a ror
3
unde(1)@%s4@(b+c)(b )20, @ & R ATe-E,
+
101)  In AABC
rb_+_rc(b+c)3 @
2 a b¥+c? = r
Marin Chirciu
Solutie.
r+r, (b+c) (1> r+r, L+r.® p_ 4p
Ms <N 2T e gy 2T e g B2 o md,
Z a b3+c z a Z a ror
3
unde (1) @%S4@(b+c)(b—c)220, R
+
102) In AABC
TS
Marin Chirciu
Solutie.
r, b+c <1)
Ms = -4=4 ——6 Md ,
S e S =T
103)  In AABC
r,(r+r,)(b+ ) 72
<=
2 r’+r2 b*+c¢® 5
Marin Chirciu
Solutie.
ra(r+ra)(b+c) @ (r+r) ra(r+r)(2) 18_72
Ms = < 4=4y 2 2l g. 22,
=2, r’+r> b’+c® 2 r’+r? 2 r’+r? 5 5
(b+c)’ (r+r) 18
unde(l)@Ws4<:>(b+c)(b c)’ >0, (Z)QZ?SE.
104)  In AABC
m? (b+c)’ _oR
—al- ) T
Zbc b®+c®  2r
Marin Chirciu
Solutie.
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m (b+c)’ © < m? m:@ 9R OR
Ms sy a4 T <4 D22
Zbc b®+ Zbc bc 8r 2r

b c3
unde (1) < (b3+—)3£4<:> (b+c)(b—c)220, (2) & Zb £98R (Bager Inequality).
+C c
105)  In AABC
3
1 (bre) 4
m? b*+c®  3r?
Marin Chirciu
Solutie.
(b+c) () 1 (2) 4
Ms < —4 4 = =Md,
Zm b3+c3 z Z 3r?
b+c)3 1
unde1<:>( <4< (b+c)(b-c) 20, 2) © ) —<—.
W & Gk sae (bre)b-of 20, @ ¥ s
106)  In AABC
mm, b*+c® " r’
Marin Chirciu
Solutie.
(b+c) O m g1 4
Ms < 2 —=—=Md,
Zmm b® +¢? Z:mb ror
unde(1)<:>( ) <4 (b+c)(b—c)220, PRI =
b® +¢? mm, r
107)  In AABC
b+c)’
ORI Chi) WPPTYY
m, b’+c
Marin Chirciu
Solutie.
b2 +c? (b+c)’ © < b?+c? b?+c* @
Ms = < 4=4 <4.12R =48R =Md,
2 m, b*+c’ 2 m, 2 m,
(b+C)3 2 b* +c?
unde (1) « *5—%-<4 < (b+c)(b-c) 20, (2) & D, <12R.
b°+c m,
Egalitatea are loc daca si numai daca triunghiul este echilateral.
108)  In AABC
2 (b+c)’
Z Zma 2 ( 3 3 S4+L
b*+c” b’ +c R
Marin Chirciu
Solutie.
m> (b+c) O m m?> @ AR+r r
Ms = a < a_.4=4 a_<4. =4+—=Md,
Zb2+c b*+c? Z:b2+c2 Zb2+c2 4R R
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b+c)’ 2 m? _4R+r
unde (1 <:>(—£4<:> b+c)(b-c) =0, (2) a__ < , (Crux
Math.3/2005, Mihaly Bencze)
109) In AABC
3
Z 1 (b+c) gi.
m’m? b®+¢®  S?
Marin Chirciu
Solutie.
1 (b+c)'® 1 4
Ms Z 22b3+C <Zm§24 42 22—'S_Z§:Md’

3
unde (1) < (;3+_0)3£4 & (b+c)(b-c)’ 20, (2) = z = g % , (Argument14/2012,
+c mym;

Nicolae Musuroia, Baia Mare).

110)  In AABC
3 a’ (b+c)3<E LR
mim? b*+c®  p’ r
Marin Chirciu
Solutie.
a’ b+C ‘o a’ a? @ 4(R+r) 16[ Rj
Ms < 4=4 <4. == [1+= |=Md,
Z mZm? b3+c ijmf ijmf rp p’ r
b+C)3 2 a? _4(R+r)
unde (1 <:>(—§4<:> b+c)(b-c) >0, (2) < )
W @ G s pro)b-of20, @ ¥t <2
111)  In AABC
(b+c) _2p
a b>+c®  r
Marin Chirciu
Solutie.
b+c () P 2p
Ms < M, 4=4 a<4 =—"=NMd,
Z a b3+c3 Z a Z 2r r

3

unde (1) < (b o) <4 o (b+c)(b-c) 20, 2) & Z%sz—pr,(em 4/2004,

Gh. Szollosy,Slghetu Marmatiei).
112)  In AABC

3
Y (brc) 1, 2R,

bc bi+c® r
Marin Chirciu
Solutie.
b+C (1) 1 R 4R
Ms < M, 4=4 M, <4 1+—=Md,
Z bc b3+c Z Z (4 rj r

2 ,m. 1 R
unde (1) < (b )3 <4 (b+c)(b-c) =0, (2) @Z%SZ+?.
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113)  In AABC
3
st
Marin Chirciu
Solutie.
Al Al @
Ms 4=4 —<42 8=Md,
ZW b3+c Zwa z W,
b+c)’ Al
unde (1) @%34@(b+c)(b—c)220, (2) < ZE:Z.
114)  In AABC
3
ZAH ) <8(R+T).
Marin Chirciu
Solutie.
AH s AH-4=4 AH<42R+r =8(R+r)=Md,
b+c q
( )3
unde (1) < 5 <4 (b+c)(b—c) 20, (2) & D AH =2(R+r).
115) In AABC
. b+cf
Al? A( <8S.
> Al%sin e 8S
Marin Chirciu

Solutie.
Ms=>" Al’ smA(b )SSZAI sinA-4= 4ZA|23mA<4 25 =85 =Md,

3
unde (1) < %34@ (b+c)(b-c) 20, (2) & > Al’sinA=2S.
+

116)  In AABC
ZaAI )3 <16RS.
Marin Chirciu
Solutie.
,(b+c) ® , ,@
Ms =Y aAl e <Y aAl?-4=4% aAl”? <4.4RS =16RS = Md ,
(b+c)3 ) ,
unde (1) ©W£4<:>(b+c)(b—c) >0, (2) < Y aAl’ =4RS.
+
117)  In AABC
h2 (b+ ) p’
<=
ZAG2 b*+c®  r?
Marin Chirciu

Solutie.
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h2 b+c) (1) h 2 (2 p p2
Ms < Q=4 —2_<4. T - —NMd,
ZAGZ b3+c ZAGZ ZAGZ 2

(b+c)3 p
unde(l)@m£4<:>(b+c)(b c)’ >0, (2)©2A62_4r2'
118)  In AABC

Z:k(b+c)3 <9R

AG b +c®  r
Marin Chirciu
Solutie.
(b+c) W W w, @ 9R _9R
Ms < 2.4=4y 2 <4.7 """ —Md,
ZAG b® + ZAc; ZAG 4r r
b+c)3 9R
unde (1 <:>(—£4<:> b+c)(b-c .
@ b®+c? ( ) ) AG 4r
119)  In AABC
AG (b+c)’ 4R
— <—.
w, b*+c® r
Marin Chirciu
Solutie.
b+C @ G(Z) R 4R
Zw b3+c z

r

3
unde(l)@(:3+cc)3 <4 (b+c)(b-c) >0, (2) & 2E<E
+

120)  In AABC

Marin Chirciu
Solutie.

2

a2 (b+c) (1) a az ®@ R R
_ < A=4 <4.9| —-1|=36| —-1|=Md,
ZAG2 b®+ ZAG2 ZAG2 ( ) ( j

r r

unde (1) < (;’“) <4e (b+c)(b—c) >

Sycd T

(E—lj (RMM 2018,
Mehmet Sahin, Turkey).

121) In AABC

zﬂmsg(nﬁ)

AG? b*+¢c® r
Marin Chirciu
Solutie.
Ms=Y -2 (b+e) @ 1 4=45 -1 24 9(2+Rj—9(2+Rj—Md
NG DPacd T —AGE AG2 4 r) r)
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9 R
unde (1) & (b )3 <4< (b+c)(b- c) >0, 2) & ZAGZ _Z[2+?j.
122)  In AABC

1 (b+ ) 3
ZAsz3+c r?

Tr?
Marin Chirciu

Solutie.

bc b+c ‘o bc() 3 3

Ms ZAG2 b*+c° SZAG2 A=A g7 'T:F:Md’

3
AG2 = 4%’

unde(1)©%§4<:>(b+c)(b c)’ >0, 2 = >

123)  In AABC

bc-h (b+c)3
a <H54R.
Z AG? bi+c?

Marin Chirciu
Solutie.

be-h, ( b+c) W be-h, bc-h, @ 27R
Ms < 4=4 224 2TR _g4p—md,
Z AG® b’+c’ Z AG? Z AG? 2

bc-h, 27R
<

AG* 2

3
unde (1) < (:3+_C)334® (b+c)(b—c) >0, 2) & 3
+C
124)  In AABC
3
Z(b+c)-ha (b+c) L162R
AG* b’+c? p

Marin Chirciu
Solutie.

(b+c)- b+c) 0 (b+c)-h (b+c)-h, (2) ‘81R _162R
Ms < 4=4 < = =Md,
Z AGZ Z AGZ Z

AG2 2p p
unde (1) < (b+c) <4 (b+c)(b—c) =0, ) &

b®+¢?

*+c°
(b+c)-h, £81R.
AG? 2p

125)  In AABC
(b+c)-hr, (b+c)’ 18Rp
> <10

AG? b®+¢? r

Marin Chirciu
Solutie.

: ‘o : @
b+c)-h,r, (b+c) iz(b+c) hara.4=4z(b+’:c)52hr 2, 9;p 18er Md |

Mszz( AGZ  bD+c AG?
(b+c)-hr, _9Rp
AG? T 2r

unde (1) < (b )3 <4 = (b+c)(b-c) 20, (2) & >

126)  In AABC
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(b+c)-r, (b+c)’ .36
ZAG2 b+c3_r( r)
Marin Chirciu
Solutie.
(b+c)-r, (b+c)’ @ (b+c)r (b+c)r,® 9o .,

Ms < 2.4=4Y 7~ 2<4.Z(R°— =

Z AG? Db*+c? Z AG? Z AG? r( r)
=§(R ~r*)=Md,

:
b+c)’ b+c)-r, 9

nte () = 7 <4 s pro)o-of 20, @ & OB (R ),
127)  In AABC

a (b+c) 324R?
E < .
AG” b*+c® ~ S

Marin Chirciu
Solutie.
a(b+c)’ (b+c)’ o a(b+c) a(b+c) o 81R® _ 324R’
M — < 4:4 < :Md,
=2, AG?  b+c? 2 AG? 2 AG? S S
3 2 2
unde (1) & (;1?3 <4 (b+c)(b—c) 20, 2) & Za(iéf) sSlsR .
128)  In AABC
a (b+c)’ 36R
< .
ZAG2 b*+c®  r
Marin Chirciu
Solutie.
a(b+c) (b+c)’ @ a(b+c) +C)@ 9R _36R
Ms = < 4=4 <4.— =Md,
=2 AG® Db’+c° 2 AG? Z A62 rr
3
unde (1) < (é’;::)s <4e (b+c)(b—c)’ 20, (2) & Z%SQTR.
129)  In AABC
a® (b+c) 216
AT bre s (R*-src).
Marin Chirciu
Solutie.
a® (b+c) 0o @ a® @ 54 216
MS:ZAGZ - SZAGZ'4=4ZAGZ s4-§(R3—5r3)=?(R3—5r3)=Md,
(b+c)’ 2 _54
unde (1) < "—%-<4 < (b+c)(b—c) > <3 —(R®-5r%).
130)  In AABC
a* (b+c)’ 144
ZAG2 b® +¢? : r (R3_5r3)_
Marin Chirciu

Solutie.
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a* (b+c) ®
Ms ZAez( ) <

a’ @ 36 144
e ZAGZ 4=4%2 FYeta T(R —5r3):T(R3—5r3):Md,
3 4
unde (1) Mg@ (b+c)(b-c)20, @ & X _3r6(R3—5r3).
131)  In AABC
Al? (b+c)’
— <12,
LGt b e
Marin Chirciu
Solutie.
M Z 2 (b+c) <1>Z A|
A62 b®+c® A62
3 2
unde (1) & LX) 4 (b+c)(b—c)2 >0, (2) & Z//:claz <3.
132)  In AABC
Zcoszz(b+c)3 9
AG? b*+c®  2Rr
Marin Chirciu
Solutie
cos’ 5 (b+c)3 " cosz'g 00522(2) 9 9
Ms = < 4=4 <4. =Md,
=2 AG* bi+c? 2 AG? 2 AG? 8Rr 2Rr
A
b+c)’ cs"y g
unde (1) < %§4<:> (b+c)(b—c)220, BRESY AGZZ sﬁ.
133)  In AABC
t* = 3
ZCO 2 (b+C Sg
AG? b*+c® " r?
Marin Chirciu
Solutie.
A A A
cot’ = cot’ = cot’ =
2 (b+e)'® 2 29, 9 _9
Ms = < 4=4 <4. —=Md,
=2 AG? b*+c? 2 AG? 2 AG? 4r®  r?
A
b+c)’ COtZE 9
unde (1) < (b3 )3 <4< (b+c)(b- c) >0, 2) © > o _F'
134)  In AABC
Z(b—c)z (b+c) _sol?
h?  b*+c® r*
Marin Chirciu
Solutie
(b—c)’ (b+c)’ ® (b <2> 1201 _80I°
Ms = < 4=4 M
S z haZ b +C3 Z a Z I,.2 r2 d'

41


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — WWw.mateinfo.ro
DECEMBRIE 2020 ' '

( )3< & (b+c)(b—c)’ >0, (2)©Z (b- C) _2?2'2

unde (1) <

135) In AABC
Z(b—c)z (b+c) _sol?
hr, b*+c® ~ r?

a'a

Marin Chirciu

Solutie.

b+c)’ 2 b-c) 1(1 1
unde (1) = %34@ (b+C)(b—C) ZO, (2) = Z%SE(F'FEJOIZ

136)  In AABC
Z(b—c)z (b+c)3<8OI2
h+h b*+c® = r?

Marin Chirciu

Solutie.

(b—c)’ (b+c) O (b—c) (b-c)’® 201> _8OI*
Ms = < 4=4 <45 =22 =Md,

° Zhb+hC b®+¢3 Zhb+hC Zh+h r r
3
unde (1) < (;“;CC) <4 (b+c)(b-c)’ 20, (2) = z(: +°h) 2?'
137) In AABC

Z(b—c)z (b+c) _sol?
L+r b*+c® = r?

Marin Chirciu
Solutie.
(b—c)’ (b+c)’ @ (b-c <2> 1201 _80I°
Ms = < 4=4 =Md,
Z n+r, b*+c’ Z Lo+, Z L+, r r
(b+c)’ Ry (b—c)” 2012
unde (1) < Ws4<:> (b+c)(b-c) 20, (2) & >, h < :
138)  In AABC
2 3
a2 (b3+c) 8(4+ j
RZ b°+c R
Marin Chirciu

Solutie.
a’?®

b+C ) 2r
Ms ZR2 e )_ZR24 4Z—<4( Rj:s[uﬁj:w,

42


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — WWw.mateinfo.ro
DECEMBRIE 2020 ' '

3 2
unde (1) (;“L—C{g & (b+c)(b-c) 20, () & Z%£8+%,(RMM 2018 Adil
+C "
Abdullayev).
Remarca.

In inegalitatile de mai sus egalitatea are loc daci si numai daci triunghiul este echilateral.

30 Noiembrie 2020
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2. The Applications of the Stirling’s approximation
to find limits

Toyesh Prakash Sharma

Sometimes in different mathematical contests and journals, limit problems that can be solved by using
Stirling’s approximation have been seen, that’s why through this article we shall trying to understand
how Stirling’s approximation works for finding limits.

1. Introduction

James Stirling was a great mathematician who discovered his approximation method to factorials in
terms of (e i.e. Euler’s constant- 2. 7182818..), w, and that positive number which is taken for doing this
operation called factorial. basically, with reference to [1] mathematical definition of Stirling’s
approximation is:

n
n! ~v2nn (g) asn — o
Where the sign ~ means that the two quantities are asymptotic: their ratio tends to 1 as n tends to infinity.
As far our topic is based on limits then after it, we are taking Lalescu’s sequence, first it was published
as problem 579 in 1900’s Gazeta Matem™atica [2]
1. Problem (Lalescu ; 1900-1901) Compute

lim (W - "J(n- 1)!)

n—oo
Solution:
Using the Cauchy-D’ Alembert criterium, we have that

o Wnl o nn! (n+1)! n"
lim — = lim =

noo n noe |nt (n+ DR nl

n \" 1 \" 1
= li = i (1——) ==
nl—r>{>lo(n+]_) nl—l;{alo n+1 e

Let {un}n=2 be the sequence defined by

Y+ D!

u, = n
Then we have
i . n+1,/(n+1)!_l_ "V +D! n+1 n _ 1
noe U nbe Al e 41 n A
. un_1
1m =
n-co lnu,

And
n
Y+ 1)! y n+1
— | =lim =
Vn! o " (n + 1)!

lim ( (- 1)') = hm 7{/_< (n+ 1! 1)

lim (u,)™ = lim <
n—-oo n—->oo

Finally, we have

n-o0 Nl
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n Yn! u, —1
=limx/ﬁ(un—1)—11m— = ‘Inul! = -
n-—oo n-o N In U,
Therefore
lim (\/_ VYn-1 )')
n—-oo
Same as

lim ("Y@+ Dl - V) = -

Like above Lalescu sequence, another sequence was published as problem 2042 in 1914-1915’s Vol.
XIX of Gazeta Matem™atica [3] nowadays it’s well-known with Romeo T. lanculescu’s sequence-

lim ((n + D)"Y (n+ 1! —n} (n)!) =1

Further With reference to published paper in 1998 [4]
Lemma 1. If the positive sequence {p,} is such that hm ’Z‘;l

im (" Pz = V) =

n—-oo

—p>0mm

2. Example Problems

The below problem was published in SSM problem-solution section and problem was proposed by
D.M. Batinetu-Giurgiu and N. Stanciu [5]

2. Problem (2016). If 2n—1)!' =135+ (2n — 1), then evaluate

(Y m+ DI+ D! Ynl@2n - 1)!!)
lim —_
n-co n+1 n

Solutions: Below solution is provided by Adnan Ali

With the help of lemma 1 on place of P, = SN CORCUREERTIN
lim 221 = Jim M im @n+l) n' =2 lim (1 —L)M =2e7 !
nso NP, n-ow  (n+ 1" noo (n+1) (n+ 1)n1 n—co n+1
And so from our lemma i.e. lemma 1
_ (’”i/(n FDICn+ DI nl(2n - 1)!!) .
lim - = 2e
n-oo n+1 n

The next problem is taken from Pentagon’s problem-solution section [6]
3. Problem (2017). Compute the following limit

V2B W
m

noeo M (2n + DI
Solution: Given solution is provided by Shafiqgur Rahman

Y+ D!
N \/\/_\/_ - Vn!

I . /(Zn — ]_)Il _ (Tl + 1)n+1— -n"
m = m
n—oo n+1/(2 4+ 1)” n n ’(zn _ 1)” n—)oo n+1,(2 + 1)” n—oo 2n+1
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oon+1 . anl (n+1)! 1 n+2 i1 L 1 1

o1 M [y~ 2 gy D —ziﬂ?o(H Ly

n+1

The next limit problem was published in Romanian Mathematical Magazine and problem was
proposed by D.M. Batinetu-Giurgiu and N. Stanciu [7]

4. Problem (2020). Compute
lim (siny, — siny) Vn!
n—->0o

Where {y, }n>1 IS a sequence defined by y,, = —lnn + Z?n% with lim y, = y (y is the Euler-
n—->oo

Mascheroni constant)
Solution: Below Solution is provided by Marian Ursarescu-Romania.

n n - +
(siny, — siny)Vn! = 2Vn!sin ()/n 5 )/) cos (Vn )/)

2
: — +
R/l sin (%) cos (%) e (Y — )
n W —V
2
. ) 1 1 VYn+Y . . .
Since we know that lim —=e, lim cos( > ) = cosy and with reference to basic properties of
n—-oo n—oo
Lo sin(yn—y)
limit lim —%=%— = 1 so now we only have to solve lim n - (y,, — y) then
n—-0oo — n—-oo

2
By using Stolz’ result which is

If 1 = lim " then lim ~*—= = | by applying it here we can proceed toward solution so,
n—0 ¥n n—o bn+1=0n
lim n- (y, — ) = lim i1 =V =Cu=¥) _ o O =¥) _ = Vied)
n—oo Yn Y _n—>oo 1 _1 _n—>oo 1 _1 _n—>oo 1_ 1
n+1l n n+1l n n n+1

And by putting the given value of y,, we can say that
n+1 1

n n+1

(yn - yn+1) =In
With it our limit becomes as

n+1 1
limn(n+ 1) (ln — )

n—oo n+ 1
As
1
limn(n + 1) = limn? (1 + —> = limn?
n-oo n—-oo n n—-oo
So,
1 X
n+1 1 In(l+=)+Inhx——= 1
limnz(ln — )zlim ( x) x+1_Z
n—>co n n+1 x—0 x2 2
x>0
Hence
n cos
lim (siny,, — siny) Vn! = 4
n—oo 2e

The next problem was proposed by D.M. Batinetu-Giurgiu and N. Stanciu, taken from SSM problem-
solution corner [8]
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5. Problem (2020) . Compute

AEIQO(V(Zn—1 T ZZ[ ZIV_ A (k+1)') ]

Where [x] denotes the integer part of x.
Solution: Below solution is provided by Brian Bradie.
By the Stolz’ result given limit can be written as-

i n+1 [(zlv—+ 2(k+1m ] s [ 2W+ 2(k+1m)2]
im
e (V@ + 1)!!) - (m)z

[(2(n+1) (Tl n 1)! + 2(n+2m)2]
.
o ("*i/(Zn + 1)!!)2 - ("\/(Zn — 1)!!)2

n
After it by using Stirling’s approximation n!~ (S)

S0
n n+1 ,m n+ 2
« +13/(n+1)!~ ’T,z( +23/(n+2)!~ 5

And
(2(n+1) (n T 1)! + 2(n+zm)2 ~4?Tl
Moreover
V@D~ 2 G D~
("y@n+DL) ~ (V- Di) ~—
Finally,

2
2 2 1 4
lim Z[ 'V_—i- (k+\)/(k+1)')]=e— _m[n/e]:E
(W & 8w m 2
The next problem is taken from SSM problem-solution section and problem proposed by D.M.
Batinetu-Giurgiu and N. Stanciu [9]
6. Problem (2019) . If ae(0,1) then calculate

lim 3/Zn = DY (sin (a' v(nt 1)!> — sin a)

Vn!

Solution: Below solution is provided by Brian Bradie’s solution

With reference to Stirling’s approximation™ y/(n + 1)! ~ nl CVnl~Z and 2n =D ~Zso,

a-"(n+1)! n+1
Yn! Na( n )

n+1
n a- {J(n+1)! 2n 1
. —77 [ o o e ST LAY
111_{?0 Vv(2n 1)..<sm< e ) sma) Tlll_r){)loe (sma<1+n> sma)
By using trigonometry identity
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( | (1 * 1) | ) 2 ( a ( 1 )
sina n sina ) = 2sin n CoS 2
So given limit is-

2n o sa 1 ~ 2q sin cos 5 2acosa
(_)COS( )_ _ (za) ( 21)

lim —-2sin o a+— lim — (zn) p

n-ow e 2n

3. Problems for Independent Study

After several example problems, we provide the following list of problems for the readers to attempt.
The requirement to find the limit - oo .

7. Problem.
Calculate-

n
1 k
11m—zk—
noen & K[k — 1)1

8. Problem (2014). [10]
Find

lim */(2n — DI (tan (n - “n(n al 1)!> _ 1)
n-oo 4\/m

9. Problem (2020). [11]
Find

lim
n—>00

) n2< Va+n?z w2 )
T+ D Y ()

1 n/(Zn)!
lim —
n-con n!
11. Problem. [13]
f(x)

Let f: R, — R, be acontinuous function such that lim 2
n—oo
numbers) calculate:

10. Problem. [12]
Evaluate

= aeR, (R stands for the positive real

”“f(k) Hf(k)

n—-oo

12. Problem (2015). [14]

Let a>0, b>0 and ¢ > 0. Find:
(i)

( (n+1)? n? >
lim — ~
noo \™/(n + 1)! aF,g+1 V(W) bES
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(ii)

lim
-0 ("*i/(n +Dlals,, Y@!bLS

Note- in above problem F denotes for Fibonacci number and L for Lucas number.
13. Problem. [15]

(n+ 1)? n? )

Compute

lim vn (2("“3/(11 F 1) — Z"x/n!)
n—->oo
14. Problem (2015). [16]

Letm > 0and I': (0,00) — (0,) be gamma function. Calculate

(n+1)
V(n+1)!
lim r (f VE™)

n—oo W n
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3. Importanta cazului de egalitate in inegalitati

Ioan Viorel Codreanu, Scoala Gimnaziala Satulung, Maramures
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In demonstrarea urmitoarelor inegalititi vom evidentia importanta cazului de egalitate in
inegalitati. Pentru inegalitatile intre medii, egalitatea are loc atunci cand toate variabilele sunt
egale. Avand in vedere cazul de egalitate putem obtine solutii surprinzatoare si elegante.

Problema 1. Fie a,b,c numere reale positive astfel incat a+b +c = 3. Demonstrati ca

3 3 3
a> b
—+—+—=2a’+b’+c’
b ¢ a
Dragojlub Milosevici, Mathematical Reflections

Solutie. Pentru a = b = ¢ = 1 obtinem egalitate. Folosind egalitatea a + b + ¢ =3 obtinem

a’ +b*+c? =9-2(ab+bc +ca). Inegalitatea din enunt este echivalenti cu

3 3 3
a

b—2+2ab+b—2+2bc+c—2+20329-
c a

Folosind de doua ori Inegalitatea MA-MG, avand in vedere cazul de egalitate, obtinem

3

a _3a’ 3a2 9a?
+2ab>3\/ )
JE a+2 a+2

3

3 2 3 2

Similar, b—2+2bc > $i —+2caz
c b+2 a c+2

. Atunci, adunand aceste inegalitati si folosind

Inegalitatea Bergstom avem

Z(b—+2abJ>92a:2 (22;)26:9.

Problema 2. Daca a,b,c sunt numere reale pozitive, aratati ca

9 Ly a’® .9
2(ab+bc+ca) “b?-bc+c? 2

Nguyen Viet Hung, Recreatii Matematice
Solutie. Pentru a = b = ¢ = 1 obtinem egalitate Aratam ca are loc inegalitatea

Z b2 2 = Za
Folosind Inegalitatea Bergstriim obtinem
a’f
zbZ z ( 2 (Z )

bc+c )" > alb? ~bc+c?)’
Asadar trebuie sd demonstram ca

(Fa?f (T a)3 (ab? +ac? —abc)).

Aceasta inegalitate este echivalentd cu

3 a*+abcy a> > ab(a® +b?)

bc+c

bc + c?
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care este Inegalitatea Schur.
Folosind binecunoscuta inegalitate (Za)2 > 3Zab si Inegalitatea MA-MG, tinind seama
de cazul de egalitate, obtinem

3
2 +Z 2 iy 7 < J +Za: J Za Za_ (Z ) g
2) ab b’ —bc+c’® 2> ab ZZab 2 SZab 2

Problema 3. Demonstrati ci daci a,b,c € (0,2] atunci

3\/§<Z (\/_J”/—) (Z+E+CJ.

C a

Daniel Sitaru, Kappa Mu Epsilon
Solutie. Pentru a = b = ¢ = 1 obtinem egalitate in inegalitatea din dreapta. Aplicand
Inegalitatea MA-MG, tinand cont de cazul de egalitate, avem
a+l 2-a+1
b +
b(\/§+\/2—a)< 2 2 2b

c N c c

Adunind aceasta inegalitate cu alte doud inegalitdti analoage, obtinem
Zb(\/5+\/2— ) Z(a b EJ
c b ¢ a)

Observam ci egalitatea are loc daca si numai dacd a =b =c =1. Pentru inegalitatea din
stanga, avem

Ja+v2-a>J2 a+2-a+2/a2-a)>2< Ja2-a)>0,

evident adevaratd. Adunind aceastd inegalitate cu alte doua inegalitati analoage, avem

Z (\/_-i-'\/ ) \/_Z
Folosind Inegalitatea MA-MG, obpnem

22233 ngs,
b(\/5+\/2—a)23\/§_
C

deci,

2

Observam ca egalitatea are loc daca si numai daca a=b=c=2.
Problema 4. Fie a,b,c numere reale positive astfel incat

1 N 1 N 1
Vita® V1+b® J1+c®

<1.

Demonstrati ci a’ +b” +¢* >12.
Nguyen Viet Hung, Mathematical Reflections
Solutie. Pentru a = b = ¢ = 2 obtinem egalitate. Folosind Inegalitatea MA-MG, tinind

seama de cazul de egalitate, obtinem

a’+2

Vi+a® = J(+a)t-a+a?)<

o1
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si

1 2
2> .
Ji+a® a*+2
- 1 2 .1 2 . . s .
Similar, > s > . Adunand aceste trei inegalitati, obtinem

Ji+b® b*+2 7 (14¢® ¢t 42

Deducem ca

Folosind Inegalitatea MA-MH, obtinem

a +2{Za +2j

3 (2% +2)>18,

Deducem ca

echivalent cu

Yat=12.

Problema 5. Fie a,b,c numere reale positive astfel incat abc =1. Demonstrati ca
a®+b®+cd+ 8 >4,
(a+b)b+c)c+a)
Alessandro Ventulo, Mathematical Reflections
Solutie. Pentru a = b = ¢ = 1 obtinem egalitate. Observam ca are loc inegalitatea
a’® +b® > ab(a +b), deoarece este echivalenti cu (a—b)*(a+b)>0. Similar

b +c®>hc(b+c)si c® +a® >ca(c+a). Atunci

5. 5 aba+b)
Tatey )

Deducem ca

L8 ab(a+b)+ 8
2 1_[(a+b)_Z 2 [T@@+b)

Folosind Inegalitatea MA-MG, tinand seama de cazul de egalitate, obtinem

Zab(<’312+b)+I_I(EH))ZLLR/(]—[ ab(az+b))H(2+b) _4

si rezultd concluzia.
Problema 6. Fie a si b numere reale positive astfel incat ab =1. Demonstrati ca
2 1 1 2
< + < :
a’+b’+1 a’+b+1 a+b*+1 a+b+l
An Zhenping, Mathematical Reflections
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Solutie. Pentru a = b = 1 obtinem egalitate. Pentru inceput sa dovedim inegalitatea din
stdnga. Inegalitatea se scrie

2 < 1 N 1
a2+i2+1 a?+ 141 a+i2+1
a a a

echivalenta cu
2a(a® +a+1fa’+a’ +1)<(a* +a’ +1)a* +a° +2a% +a+1).
Ultima inegalitate se transforma 1n
a®—a’+a°-2a*+a?’-a+1>0,
care se scrie echivalent, tindnd seama de cazul de egalitate, in forma
(a-17(a® +a®+2a* +3a° +2a% +a+1)>0,
evident adevarata.
Pentru inegalitatea din dreapta procedam asemanator scriind-0 in forma

1 N 1 < 2

» 1 1 B 1
a+—+1 a+—+1 a+—+1

a a a

echivalentd cu

(a*+a°+2a? +a+1)a’ +a+1)< 2@’ +a+1)fa’ +a® +1).
Dupa efectuarea calculelor, ultima inegalitate devine

a®—-2a*+2a*-2a*+1>0,
care este echivalenta cu
(a-17(a* +2a° +a? +2a+1)>0,

Evident adevarata.
Avem egalitate pentru a=b =1.
Problema 7. Fie numerele reale nenegative a si b. Si se demonstreze ci

3a+ 4 + 8 3b+ 4 + 8 >81
a+l  [o01+p?) b+l [l+a?))
Marius Stanean, Gazeta Matematica

Solutie. Pentru a = b = 1 obtinem egalitate. Notdm cu «, f expresia din prima paranteza,

2(a? +1 2(b? +1
d_
2 2 7

respectiv, a doua paranteza. Fie ¢ =

Avem

a+l=a+l1l+2a+ 4 + 8

a+l ,mm2+ﬂ:

2a’+2a+4 8

—+ =
a+l J2(b? +1)

2
a +1+2+ 8

a+1 J2lb? +1)

Folosind Inegalitatea MA-GM, tinind seama de cazul de egalitate, obtinem

=a+1+

=a+1+2-
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2
a+l+2-

a +11 > 2./2(a% +1).

a+

Atunci
a>4c+ g +1

si folosind Inegalitatea MA-MG, tinind cont de cazul de egalitate, obtinem

4
a2991/;—4.

Deoarece expresiile din paranteze sunt simetrice in raport cu a si b, obtinem

4
52991/3—4.

Din ultimele doua inegalitati rezultd o - f > 81.

Problema 8. Fie numerele reale nenegative a,b,c, astfel incat Ja++b++e =3.
Demonstrati ca

Ja@a+b+1)c+2)+Jlb+c+1)a+2)+4(c+a+1l)fb+2)>9.

Titu Andreescu, Mathematical Reflections
Solutie. Pentru a = b = ¢ = 1 obtinem egalitate. Folosind Inegalitatea Cauchy-Schwarz,

avand in vedere cazul de egalitate, obtinem

(a+b+1)(c+2)=(«/52+\/52+12j(12+12+«/Ezj2(«/5+\/5+«/6)2 =9,

adicd /(@a+b+1)c+2)>3. Analog, \/(b+c+1)fa+2)>3 i /(c+a+1)fb+2)>3.

Adunand aceste trei inegalitati, rezulta imediat concluzia

Problema 9. Demonstrati ca daca a,b,c sunt numere reale pozitive, are loc inegalitatea

a’+b*+c*-ab-bc-ca 2a 2b 2c 3
5 + + + >—,
(a+b+c) 2a+b+c a+2b+c a+b+2c 2
Titu Zvonaru, Recreatii Matematice
Solutie. Fara arestrange generalitatea, presupunem ca Z a=1Pentrua=>b=c= %

obtinem egalitate. Folosind Inegalitatea Bergstrém obtinem

a a’ ( a)z
Za_Jrlzza2+aZ26122:+Za:2—212ab

si atunci
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2a+b+c

2a a 1
— =2 > )
2 2 a+l 1-) ab
Este suficient sd demonstram ca

1- 32ab+

I\)lo.)

1

1-2 ab

>af
3

Folosind binecunoscuta inegalitate Zab <

1 1 9 3 5
1_3zab+1—2ab TS +Z(1—Zab)—ZZab—Zz

9 1 31 5 3 1 5 3
2T s i ey

unde am folosit Inegalitatea MA-MG, tinind seama de cazul de egalitate.

Problema 10. Fie a,b,c,d numere reale positive astfel incat a+b+c+d =4.

Demonstrati ca

1 1 1 1 1
+ + + <
a+3 b+3 c¢c+3 d+3 abcd

An Zhenping, Mathematical Reflections

Solutie. Pentru a = b = ¢ = d = 1 obtinem egalitate. Folosind Inegalitatea MA-MG,
tinand cont de cazul de egalitate, obtinem
a+3>44fa.

Avem

a+3 42\/_ 4\/ﬁzm'

Folosind Inegalitatea MA-MG, tinind cont de cazul de egalitate, obtinem

4/bed SM_
Atunci, avem
5 1 Zb+c+o|+1 1 4+3pa 1 _ 1
a+3 4\/abc 4 44/abed 4 4/abcd  abcd

deoarece, din Inegalitatea MA-MG, obtinem

4fabed SWZ 1
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. : .1 e : : . <
si atunci abcd <1 si < , aceasta ultima inegalitate fiind echivalenta cu
{/abcd  abcd

abcd <1.

Avem egalitate daca a=b=c=d =1.

Problema 11. Fie x,y,z,t >0 astfel incat x<2,x+y<6,x+y+2z<12,,si
X+Yy+2z+t<24.Demonstrati ca

1 + 1 + 1 + ! >1
Xy z t

Mircea Lascu si Marius Stanean, Mathematical Reflections
Solutie. Pentru x =2,y =4,z = 6,t = 12 obtinem egalitate. Folosind Inegalitatea MA-

MG, tinand cont de cazul de egalitate, obtinem

si

Atunci avem

1,6, t 1
t 144\t 144 6
1

2—21+1+l+1— Xpy oz, t =2—i(36x+9y+4z+t).
X 2 3 6 \4 16 36 144 144

Deoarece x <2,Xx+y<6,Xx+y+2<12, si X+y+z+t<24 avem
36X+9y+4z+t=(Xx+y+2z+t)+3(X+y+2)+5(x+y)+27x<
24+3-12+5-6+27-2 =144,

Tn final,

le 2L qan_q,
X 144

Avem egalitate daca x=2,y=4,2=6 si t =12.

Problema 12. Fie a,b,c numere reale pozitive. Demonstrati ca

3 3 3 3 3 3
a’+b®+c’ Zai/b e +bi/c 8 +ci/a b
2 2 2
Nguyen Viet Hung, Mathematical Reflections
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Solutie. Pentru a = b = c obtinem egalitate. Folosind Inegalitatea MA-MG, tindnd seama
de cazul de egalitate, obtinem

3, 3 3 s
T (0 10 LT g

2 2
ab+ac

2 2 2
+a°+b°+c”—bc Zaz ab + ac — 2bc

3 T3 6

IA

Analog,

a _ 3 3 a2 _

c +a’ Z bc+ba 2ca si s +b SZ +ca+cb 2ab.
2 6 2 3 6

Adunand aceste megahtatl, obtinem

3 3
Za%/b ;C <>a’.

Problema 13. Fie a,b,c,d numere reale positive astfel incat a+b+c+d =3.
Demonstrati ca

a2+b2+c2+d2+%abcd23.

An Zhenping, Mathematical Reflections
Solutie. Pentrua =b =c=d = Z obtinem egalitate. Inegalitatea este echivalenta cu

a’+b%+c?+d? +§abcd +Eabcd—gabcd > 3.
9 9 27

Folosind Inegalitatea MA-MG, avand in vedere cazul de egalitate, obtinem
2
a®+b*+c”+d? +%abcd +%abcd > 66\/19£Z-a“b“c“d4 = 4/6a’b*c?d” .
Asadar, este suficient sd demonstram ca

%abcd —43/6a’b®c?d? +3<0

sau
43/a’b?c?d? ( 3/abcd \/_j +3<0.

Folosind Inegalitatea MA-MG, avem

abcd<[a+b+c+d]4 :FT
S\ 7]

[EER

Egalitatea are loc daca si numai daca a=b=c=d = % .

Atunci

-hloo

4M( 3/abed j+3<4\/(

4. Inegalitatea Bergstrom

loan Viorel Codreanu, Scoala Gimnaziala Satulung, Maramures
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Una dintre problemele dificile ale Olimpiadei Internationale de Matematicd 1995, Canada, a fost
urmatoarea inegalitate algebrica:

Problema 1. Fie a,b,c numere reale pozitive, astfel incat abc =1. Si se arate ca:
1 N 1 1 S 3

a’(b+c) bs(c+a)Jr c*(a+b) 2°

Rusia

. . . o 1 1 1 .. .
Multi elevi buni au observat ca substitutia X =—,y = B, Z = — pastreaza conditia Xyz =1 si
a c
transforma inegalitatea data intr-una mai simpla:
2 2 2
X z 3
P A >—.
y+zZ zZ+X X4y 2

Solutia oficiala facea apel la inegalitatea Cauchy-Schwarz:
2 2

[<y+z>+<z+x>+<x+y>( LS A jz<x+y+z>2,

y+zZ Z+X X+Yy

iar prin simplificare s-ar obtine:
2 2 2
X N y N z 2x+y+22§,
Y+Z Z+X X+Yy 2 2
ultima rezultand din inegalitatea mediilor.
Se poate spune ca o serie de elevi bine pregatiti nu au observat acest lucru. Alte metode se arata
greoaie, conducand fie la calcule complicate, fie la situatii fara iesire.
Propunem in continuare o metoda simpla, cu spectru larg de aplicatii:

Lema 1. (Titu Andreescu, RMT, 1979).
Fie o, f > 0 douad numere reale. Atunci
2 2 2
LN S
a B oa+p
oricare ar fi numerele reale X si y .
Demonstratie. Dupa efectuarea calculelor se ajunge la (ﬁX —-ay )2 > 0. Egalitatea are loc daca si

y

. . X
numai dacd — = —.
[04

O generalizare simpla este urmatoarea:

Lema 2. (Inegalitatea Bergstrom).
Fie a,,,,...,a, >0 numere reale. Atunci:

2 2 2 2
X X X X, + X, +...+X

1 + 2 + o+ n 2(1 2 n) ,
0(1 0[2 o

oricare ar fi numerele reale X, X,,...,X, .
Demonstragie. Aplicand succesiv lema 1, avem

2 2 2 2 2 2 2 2
X X X X X, +X X X X, + X, +...+X
- T T AL 2—(1 2) S I S 2...2(1 2 ) ,

o, a, o, a, o, +a, a, a, o ta,+.+a,
ceea ce era de demonstrat.
x? y? 2> 3
O aplicatie imediata este chiar problema sus mentionata, inegalitatea + + > — se
y+zZ z+X X+y 2

demonstreaza utilizind lema 2 astfel:
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2 2 2 2
X Z X+y+2Z _X+y+z
Ly (x+y+7) y
Y+2Z Z+X X+Y y+z+z+x+x+y 2
pentru ultima parte folosind din nou inegalitatea mediilor.

Iatd o solutie a inegalitatii 1 fara a apela la substitutii . Folosind Inegalitatea Bergstrom, obtinem
a b3 3

1 b3 b’ (Zab) (Zab)z_Zab>§
2 3(b+c)_Z (b+c)_Z Z -

b+c 22; 2ab 2 2]
a

>3
"2

C
unde la ultima inegalitate am aplicat din nou inegalitatea mediilor.
O alta solutie folosind inegalitatea Bergstrom

1 o a’c® o (bey >(Zbc)2 _xbe
Za3(b+c)_za3(b+c)_zab+bc_ 2>bc 2

Prezentam in continuare alte aplicatii ale acestei metode:

3
>

Problema 2. Daca a,b,c >0 si a+b+c =1, si se arate ci:
(a+b) +(b+c)2 +(c+a)2
c+1 a+l b+1

>1.

Mihai Opincariu, GM 10/2000
Solutie. Folosind Inegalitatea Bergstrom, obtinem

Z(a+b) @)

c+1 Za+3

Problema 3. Daca a,b,c,d >0 si a+b+c+d =1, si se arate ca:
2 2 2 2
a b c N d S 1

+ + >
a+b b+c c+d d+a 2

OM lIrlanda, 1999
Solutie. Folosind Inegalitatea Bergstrom, obtinem

z a’ (Za)z 1

a+b ZZa 2

a’ b2
+
-1 a-1

>8.

Problema 4. Daca a,b >1, atunci
OM Rusia, 1992
Solutie. Folosind Inegalitatea Titu Andreescu, obtinem
2 2 2
a’ b (a+b) .
b-1 a-1 a+b-2

2

Notand a+b = x, avem de demonstrat ci

> > 8, stiind ca X > 2. Inegalitatea se reduce la
X j—

(x—4)*>0.

Problema 5. Daca a,b,Cc >0 sunt numere reale cu proprietatea ca a® +b* +c® =3, si se arate
ca:
1 1 1 3
+ + >—,
l1+ab 1+bc 1+ca 2

OM Belarus, 1999
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Solutie. Folosind Inegalitatea Bergstrom. obtinem

e L E et
1+ab l+ab > (1+ab) 3+>a® 2

unde Tn final am folosit binecunoscuta inegalitate Zaz > Zab .

Problema 6. Fie a,b,c numere reale pozitive. Demonstrati ci
(a+b) c?
[ S + R

c a
Titu Andreescu, Mathematical Reflections

>4pb.

Solutie. Folosind Inegalitatea Titu Andreescu, avem
2 2 2
(a+b) BN (a+b+c) |

C a  a+c
deci este suficient sd demonstram ca
2
a+b+c
(@rb+c) | 4.
a+C

Aceastd inegalitate este echivalentd cu (a -b+ C)2 > 0, si problema este rezolvata.

Problema 7. (Inegalitatea Nesbitt). Fie a,b,C numere reale pozitive. Demonstrati ca
a b C 3
+ + > =,
b+c c+a a+b 2
Solutia 1. Folosind Inegalitatea Bergstrom, obtinem

3 a -y a’ (Za)z 3Zab 3

b+c ab +ac ZZab 2> ab 2"
unde n final am folosit binecunoscuta inegalitate (Za) > 32 ab.

Solutia 2. Folosind metoda deligamentdrii, avem
a 1 2a-b-c_ a-b L a-=¢
b+c 2 2b+c) 2b+c) 2b+c)

si alte doua relatii analoage. Atunci, grupand fractiile in functie de numaratorii lor, obtinem

a 1 a-b  b-a a—b)’
b+c 2 2(b+c) 2(c+a) 2(b+c)c+a)
Egalitatea are loc dacd si numai daci a=b=c.
Metoda deligamentarii, folositd in demonstratia inegalitatilor, duce si la obtinerea unor rafinari ale

acestora. Chiar daca sunt necesare unele calcule, acestea sunt in multe situatii usor de condus cétre
rezultatul dorit.

Solutia 3. Inegalitatea fiind omogena, putem presupune a+b+c=1.

, pentru orice X € (0,1), inegalitate echivalentd cu (3x —1)° > 0.

X
Avem —— >
1

Ca urmare

2

si inegalitatea este demonstrata.

9a- 1 3
_Zl a_z

b+c
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Aceasta solutie este de tip "iepurasul scos din joben” si cititorul se intreaba de unde a aparut
inegalitatea ajutatoare. Inegalitatea ajutatoare a fost construita tinand cont de cazul de egalitate in
Inegalitatea Bergstrom si conditia a+b+c =1.

1<1

Solutia 4. Putem sa presupunem ca a < b < c. Ca urmare, avem < < :
b+c c+a a+b

Folosind Inegalitatea Cebisev, avem
(Z (Z ) (Z a). 9 - = § .
b +C b+c > (b+c) 2

Solutia 5. Folosind ordonarea din solutia precedenta si inegalitatea aranjamentelor sau rearanjarilor,

avem
a a b C
> > + +
b+c c+a a+b b+c

si

a a b C
> > + +
b+c a+b b+c c+a
Adunénd aceste doua inegalitati si grupand terrnenii care au acelasi numitor, obtinem

Z Za+b

a+b

b+c
de unde rezulti concluzia.

Solutia 6. Este o solutie calculatorie unde folosim spargerea ultimei ingalitati si bincunoscuta

inegalitate x* + y® > x?y + xy? , echivalenta cu (x—y)* > 0, pentru orice numere pozitive X si y

. Dupa aducere la acelasi numitor si efectuarea reducerilor termenilor asemenea, inegalitatea devine
(2% +0°)+(b® +c)+(c* +a)= (a®b +b%a)+ (b*c + c?b)+ (c*a+a’c),

evident adevarata tinand cont de inegalitatea amintita mai sus.

Solutia 7. Vom folosi metoda substitutiei. Notind X =b+c,y=c+a,z=a+b, avem

:y+z—x1b:z+x—y’czx+y—z'
2 2 2
Atunci
y+z— 1 X 'y 1 3
= — —+=|-3|2=(6-3)=—.
b+c D2 v Z(Z(y xj J 2( ) 2

Solutia 8. Adunand 3 in ambii membri ai inegalitatii, aceasta se scrie

Z[i+lJ 2%

b+c

(Z {Zb+cj %

care rezultd usor folosind Inegalitatea MA-MH.

echivalenta cu

Solutia 9. Vom folosi procedeul de reducere a numarului de variabile-mixing variables.

Fie E(a,b,C): a + b + C _E. Vom aréta Ca (a b C)> E(a E,Mj .
b+c c+a a+b 2 2

2
Explicitand si apoi desfacand parantezele, se obtine inegalitatea echivalenta
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b® +c® +ab® +ac® > 2abc +b?c +bc?.
inegalitate imediata datorita inegalitatii mediilor a(b2 +c? )2 2abc si b® +¢® >b%c+c?b. Prin

b+c . :
urmare, rdmane sd aratim ca E(a,t, t) >0, unde t = — Aceasta relatie este echivalenta cu

a 2t 3
—_—t— 2> —

2t a+t 2’
care este echivalentd cu (a—t)° > 0.

Solutia 10. Este tot o solutie calculatorie. Putem presupune ca Z a =1, deoarece Inegalitatea Nesbitt

este omogena. Atunci trebuie sa dovedim ca
et
1—
care dupa efectuarea calculelor se reduce la

2+9[[a=7) ab.

. 1 _. . .
Doua dintre numerele a,b,C sunt la fel agezate fata de 3 Fie acestea a si b . Atunci

Nloo

(3a-1)3b-1)>0,
de unde rezulta ca

9ab+1>3a+3Db,
si dupa multiplicare cu C

9abc + ¢ > 3ac + 3bc.
Deci este suficient sa dovedim ca
2—-c>4ac+4bc+7ab,

ca dupa adunare cu ultima inegalitate sa rezulte concluzia.
Tnlocuind ¢ =1—a—b in inegalitatea de demonstrat, rezulta dupa efectuarea calculelor ci trebuie sa
dovedim inegalitatea

4a’ +4b?> +ab—-3a-3b+1>0.

Folosind inegalitatea mediilor a* +b? > 4ab, mai riméne si dovedim ca
9ab-3a-3b+1>0,
care este de fapt
(3a—-1)3b-1)>0,

evident adevaratd din presupunerea facutd mai sus.

Solutia 11. Este de fapt o alta solutie pentru ingalitatea

2+9[[a=7) ab,

la care am ajuns in solutia 10. Forma ei sugereaza folosirea inegalitatii Schur in cazul particular
D a=1.Aceasta este

T ab< 1+9Ha

Folosind Inegalitatea Schur este suficient sa aratam ca

27 Ja<1,

care rezultd din aplicarea inegalitatii mediilor.
Problema 8. Pentru n > 2, fie a,,a,,...,@, , humere reale pozitive cu suma 1 si b,,b,,...,b,

numere reale arbitrare. Demonstrati inegalitatea:
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2 2 2

b+ =2 +=—4. . +—"->2b(b, +b, +...+b, ).
a & &y

Dumitru Acu, Baraj OBMJ, 2000
Solutie. Folosind Inegalitatea Bergstrom, avem
2 2 2 2
b b, +b, +...+Db
b+ 2+ =24 4 2b12+(2 E ) ,
a a, a, a+a,+..+a,,
si folosind conditia din enunt si inegalitatea mediilor rezulta concluzia.

Problema 9. Se dau numerele reale X, > X; > X, >...> X_. Si se arate ca:

Xo + ! + 1 +...+#2xn+2n.

Xo =X X=X Xpa — X,
Concursul orasului Sankt Petersburg, 1999

Solutie. Folosind Inegalitatea Bergstrom, obtinem

1 1 1 n2
Xq + + +..+ =X, + \

Xo— X% X —X, X, 4 — X X, — X
si folosind inegalitatea mediilor

Xy — X, +
rezulta concluzia.

Problema 10. Fie a,b,C numere pozitive. Demonstrati ca
bc N ca N ab S 1
(2a+b)2a+c) (2b+c)2b+a) (2c+a)2c+b) 3

An Zhenping, Mathematical Reflections

Solutie. Din Inegalitatea Bergstrom, avem

bc (bc)’ be)
Z - z 2 2 T 22 2.2 "
(2a+b)2a+c) 4a’bc +2ab’c+2abc® +b’c’  8abc) a+ Y bc
Este suficient sa demonstram ca
3(> bZc? +2abcy a)>8abcy a+ > bc?,
D b*c?>abc) a.

Y b*c? > > abbc=abc) a.

echivalent cu
Avem

Aceasta incheie demonstratia.

Problema 11. Fie a,b,C numere pozitive. Demonstrati ca

a b c a b c 9
+ + + + + > —
b+c c+a a+b 2a+b+c a+2b+c a+b+2c) 2
Titu Zvonaru, Mathematical Reflections
Solutie. Folosind Inegalitatea Bergstrom, obtinem
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oy (2a)’

2a’+ab+ac

i+4Z:

b+c 2a+b+c Z

L ) oFa)f 9
2) a’+4> ab 2( ) 2

Problema 12. Pentru a,b,C numere reale pozitive, demonstrati inegalitatea

a(i+ij+b(i+i)+c(i+i}>i
b? 2 ¢’ a? a? b?) a+b+c’

Florin Stinescu, Recreatii Matematice 1/2012
Solutia 1. Aplicand Inegalitatea Bergstrom, obtinem

ac

+

(RN

a a

g )X HbRC

. 1
si folosind Inegalitatea MA-MH, (Z—)(Z a) > 9, obtinem inegalitatea din enunt.
a

Solutia 2. Putem presupune cd a < b < ¢ fara a restrAnge generalitatea. Ca urmare,

1 1 1 1 - . . .
o7 +t—S <S5 +5<+ N Aplicand Inegalitatea Cebisev, obtinem
C c a a

1 1 1 1 1 2 1
a —+—|=2=) a S+ 1|=z.a) .= (2
2 R EF Dy FRE| B0 Do
2 1)* 1_ 18
>2(Yal Y= 22y 2>
DR R
. . 1 1) .
unde am folosit Inegalitatea Cauchy-Schwarz 32—22 Z— si Inegalitatea MA-MH
a a
1
al ) =|=9.
(Z (Zaj
1 1_2 . .
Solutia 3. Aplicand Inegalitatea MA-MG, obtinem b—+— > — si analoagele ei. Avem

¢ bc

abc

si folosind Inegalitatea MA-MG Tn forma (Z a) > 271_[ a, obtinem concluzia.

Problema 13. Fie a,b,c e (0, oo). Demonstrati ci
a b c 3
+ + >—,
a+2b+2c 2a+b+2c 2a+2b+c 5
Theodorus Sampas, Mathematical Inequalities

Solutia 1. Folosind Inegalitatea Bergstrom, avem
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~ a’ (> af el +22ab 3
Za+2b+2c Za +2ab+2ac Za +4Zab Y a’ +4Zab 5’

deoarece ultima inegalitate este echivalenta cu Z a” = Z ab.

Solutia 2. Notam a+2b+2c =X,2a+b+2c=y,2a+2b+c=12;X,y,z>0.Rezultd
_ =3X+2y+22 b 2x -3y +21 c 2X+2y -3z
5 ’ 5 ’ 5 '

Inegalitatea de demonstrat devine
- g + g . i + X > § ,
2 5 y x) 5

5%+ )26

y X

echivalenti cu

care este adevarata din inegalitatea mediilor.

Problema 14. Fie ne N,n > 2 si a,,a,,...,a, numere reale strict pozitive astfel incat
a, +a, +...+a, =1. Demonstrati ci

a % et al > n .
2—-a, 2-a, 2—-a, 2n-1
Olimpiada Balcanica de Matematica
Solutia 1. Notam b, =2-a,,b, =2-a,,....b, =2-a,. Rezultd b, +b, +...+b, =2n-1.
Inegalitatea de demonstrat devine

2-b, 2-D, 2-b, n
+ +..+ > )
b, b, b, 2n-1
echivalenta cu
2
1,1, 1,
b, b, b, 2n-1
care rezultd usor din Inegalitatea Bergstrom
1 1 1, @+1+..42)°  n?
> = .
b, b, b, b +b,+..+b, ~2n-1

Solutia 2. Folosind Inegalitatea Bergstrom, avem

N 2
Zn: & :Zn: aiz 2 (;aij = 1 > n
i1 2—ai i1 Zai_aiz _Ziai_iaiz Z_Eaiz_zn—l
i=1 i=1 i=1

ultima inegalitate rezulta din aplicarea inegalitatii Cauchy-Schwarz. Tntr-adevar

niz_nl:ai2 Z(Zaijz =1,

echivalenta cu ultima inegalitate ce trebuia dovedita.
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Problema 15. Fie a,b,c numere reale pozitive astfel incat a + b + ¢ = 3. Demonstrati ca
a b c
2 + 2 + 2
a+bc+1 b°+ca+l c“+ab+1

An Zhenping, Mathematical Reflections
Solutie. Avem a° +1>2a,b* +1>2b si ¢* +1> 2c . Atunci

P D M

a?+bc+1 2a+bc’

<1.

Deci este suficient sd demonstram ca

zaﬂ.

2a+hc
z 1__a 21
2 2a+bc 2

> b >1.

2a+hc

Scriem aceastd inegalitate in forma

echivalent cu

Din Inegalitatea Bergstrém obtinem

(bc)’ y (k)  Y(bc) +2abcya
2arbe & 2abc+ (bc)’ 6abc+Y (bc) > (bc) +6abc

si inegalitatea este demonstrata.

2a+bc

Problema 16. Fie a,b,c numere pozitive. Demonstrati ci
bc ca ab 1

> —.
(2a+b)2a+c) ’ (2b+c)2b+a) ’ (2c+a)2c+b) 3
An Zhenping, Mathematical Reflections

Solutie. Din Inegalitatea Bergstrom , avem
s b s (be) (>bef
(2a+b)2a+c) 4a’bc + 2abc? + 2ab’c +b?c? 8abc2a+2b

Este suficient sd demonstram ca

3(Y b2c? + 2abc a)>8abcy a+ Y bc?
Y b*c? >abc) a.
D b?*c?>> abbc=abc) a.

Aceasta incheie demonstratia problemei.

echivalent cu

Avem

5. Teorema lui Kiril Docev
Ioan Viorel Codreanu, Scoala Gimnaziala Satulung, Maramures

In cele ce urmeaza vom prezenta o formula pentru calcularea ariei unui poligon convex, in
functie de afixele virfurilor sale.
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Teorema (Kiril Docev). Fie poligonul convex A;A4, --- A, orientat in sens trigonometric,

Cu aq,a,, -, a, € C afixele varfurilor sale. Atunci aria sa este:

1 . _ _
Saap-4, = Elm(alaz +azas; + - +a,a,)

Demonstratie. Observam ca daca ABC este un triunghi orientat n sens trigonometric si

varfurile sale au afixele a, b, respectiv c, atunci
2A,5c =AB-AC-sinA=|b—al-|c—a|-sinAd=Im ((c —a)(b— a)).

Fie P(p) un punct in interiorul poligonului A A, --- A,,.. Atunci triunghiurile PA; Ay, sunt

orientate trigonometric, deci

n n
254,858, = 2 Z SPAkAk+1 = ImZ(ak —p)(ag41 —Dp) =
k=1 k=1

n n
= Imz Qg Agq1 — ImZ(pa_k + Paysq) + nimlp|* =
k=1 k=1

= Im(a;a, + aza; + -+ a,a,).
VVom aplica teorema lui Kiril Docev la rezolvarea a doua problem de geometrie

Problema 1. Fie P un punct interior triunghiului ABC si H,,H;,H. ortocentrele
triunghiurilor PBC, PAC, respectiv PAB . Demonstrati ca triunghiurile H ,H H_ si

ABC au aceeasi arie.
Mathproblems, Kosovo
Solugie . Fie O central cercului circumscris triunghiului ABC . Alegem originea axelor in O
si consideram: A(a),B(b),C(c),P(p),H s(h, ), Hy(h,),H(h,). Deoarece H,,H,,H. sunt
ortocentrele triunghiurilor PBC, PAC, respectiv PAB , avem
h=p+b+c,h,=p+a+c,h;=p+a+b

Folosind Teorema lui Kiril Docev pentru triunghiul H ,H;H_ obtinem
SHAHBHC = % Im(hzh_l + hsh_z + hlh_3)
:%Im((p+a+b)(_p+5+6)+(p+a+b)(_p+5+E)+(p+b+c)(_p+5+t_)))

Dupa efectuarea calculelor, folosind proprietatile partii imaginare Im(ZE) = Im([z|2 )= 0 si

Im(zlz): - Im(z_lz2 ), obtinem
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Siunun. =5 1m(3PP+ Y a3+ 23, (pa-+ pa)+ X(ab + ab)+ ba-+ cb + ac)

= % Im(b5+c5+ aE): S nec
unde Tn final am folosit Teorema lui Kiril Docev pentru triughiul ABC .
Problema 2. Se considera triunghiul ABC si punctele M, N, P, Q, R, S definite prin
BM=kMC, CN=kNA, AP=kPB, AM=pMQ, BN=pNR, CP=pPS,unde

2
K, pe R\{-1}. Demonstrati ci S, > l-SABC Jjar Sgeg Z(w] -Spac -

SN

2p
Marius Olteanu, Recreatii Matematice
Solutie. Fie in planul complex punctele A(a), B(b), C(c), M(m), N(n), P(z), Q(q), R(r) si S(s).
Tinand cont de felul cum au fost definite punctele M, N, P, Q, R si S avem:

o brke _ctka _a+kb q:m(1+p)—a’r=n(1+p)—b Sis=z(1+p)—cl

1n_ 3 - 1
1+k 1+k 1+k p p ’ p

Aplicand Teorema lui Kiril Docev, obtinem:

1

A1) Im[(c + ka)(B + k(_:)+ (a+ kb)((_: + k5)+ (b+ kc)(a + kB)] -

Sune :%Im(nﬁ+zﬁ+m2 ):

"2 1y [Im(bé rob+ ac_:)+ klm(m+ k'mQalz +[bf" +[ef° )+ k? Im(b5 +cb+ aa)]

2(k +
dupa care folosind din nou Teorema lui Kiril Docev S 5. = % Im(ba +cb+ aE) si faptul ca

k? —k+1

Im(]a|2 +|b|2 +|C|2)=09 obtinem Sy, = (k+1)2 Shec -
Avem
2
Kookal, 1 ke gk 42K + 2k 41 3(k—1) 20.
(k+1)° 4

Asadar S, > %S asc - Egalitatea are loc pentru k = 1, adica pentru triunghiul MNP median.
Folosind Teorema lui Kiril Docev, obtinem:
1 — - -
Sors = 3 Im(rq +Sr+ qs):

=2—;2|m[<n<1+p)—b)(ﬁ<1+p)—a)+<z<1+p>—c>(ﬁ(1+p>—6)+<m<1+p)—a>(£<1+p>—6)]
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= % [(1+ py Im(nﬁ +2zn+ m2)+ Im(ba +ch+ aE)— 1+ p)lm(bﬁ +na+zb+cn+me+ aE)]

Expresia din ultima paranteza o scriem

bm+na+zb+cn+mc+az=cm+nc+mn+an+za+nz+bz+mb+zm
- (nﬁ +2zn+ mE) si prin trecere la parti imaginare, obtinem:
Im(bm +na+zb+cn+mc+ az)z —2(Syien + Snae + Seav + Sume ) = =25 asc

Atunci

1 1 [(p+1)s +3)
SQRS :p_z[(p+1)ZSMNP +(p+2)SABC]ZF W"'(p"‘z)smc:l:(pz_pj SABC'
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