














TABLE

35

BESSEL FUNCTIONS

Ber (x)

x 0 1 2 3 4 5 6 7 8 9

0. 1.0000 1.0000 1.0000 9999 .9996 .9990 L9980 9962 9936 .9898
1. 9844 9771 9676 9554 .9401 9211 8979 8700 8367 7975
2. 7517 L6987 6377 .5680 4890 .4000 .3001 1887 06511 —.07137
3. —.2214 —.3855 —.5644 —.7584 —9680 —1.1936 —1.4353 —1.6933 —1.9674 —2.2576
4.1 —2.5634 —2.8843 —3.2195 —38.5679 —3.9283 —4.2991 —4.6784 -—5.0639 —5.4531 —5.8429
5. | —6.2301 —6.6107 —6.9803 —7.3344 —7.6674 —7.9736 —8.2466 —8.4794 -—8.6644 —8.7937
6. | —-8.8583 —8.8491 -—8.7561 —8.5688 —8.2762 -—7.8669 —7.3287 —6.6492 —5.8155 —4.8146
7.1 —3.6329 —2.2571 —.6737 1.1308 3.1695 5.4550 7.9994 10.814 13.909 17.293
8. 20.974 24.957 29.245 33.840 38.738 43.936 49.423 55.187 61.210 67.469
9. 73.936 80.576 87.350 94.208 101.10 107.95 114.70 121.26 127.54 133.43

TABLE BESSEL FUNCTIONS
36 Bei (x)

® 0 1 2 3 4 5 6 7 8 9

0. .0000 022500 .01000 .02250 .04000 .06249 .08998 1224 1599 .2023
1. .2496 3017 3587 4204 4867 5576 6327 7120 7953 8821
2. 9723 1.0654 1.1610 1.2585 1.3575 1.4572 1.5569 1.6557 1.7529 1.8472
3. 1.9376 2.0228 2.1016 2.1723 2.2334 2.2832 2.3199 2.3413 2.3454 2.3300
4. 2.2927 2.2309 2.1422 2.0236 1.8726 1.6860 1.4610 1.1946 8837 5251
5. 1160 —.3467 —8658 —1.4443 —2.0845 —2.7890 —3.5597 —4.3986 —5.3068 —6.2854
6. | —7.3347 -—8.4545 —9.6437 —10.901 —12.223 —13.607 —15.047 —16.538 —18.074 —19.644
7.1 —21.239 —22.848 —24.456 —26.049 —27.609 -—29.116 —30.548 —31.882 —33.092 —34.147
8 | —35.017 —35.667 —386.061 —36.159 —35.920 —35.298 —34.246 —32.714 —30.651 —28.003
9. —24.713 —20.724 -—15.976 -—10.412 —3.9693 3.4106 11.787 21.218 31.758 43.459
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BESSEL FUNCTIONS

Ker (x)

x 0 1 2 3 4 5 6 7 8 9
0. 0 2.4205 1.7331 1.3372 1.0626 .8559 .6931 5614 4529 3625
1. 2867 2228 .1689 1235 .08513 05293 .02603 023691 —.01470 —.02966
2.l —.04166 —.05111 —~.05834 —.06367 —.06737 —.06969 —.07083 —.07097 —.07030 —.06894
3.1 —.06703 —.06468 —.06198 —.05908 —.05590 —.05264 —.04932 — 04597 —.04265 —.03937
4.1 —.08618 —.03308 —.08011 —.02726 —.02456 —.02200 —.01960 —.01734 —.01525 —.01330
5. —01151 —.029865 —.028359 —.026989 —.025749 —.024632 —.023632 —.022740 —.021952 —.021258
6.1 —.036530 —.031295 .033191 .036991 .021017 021278 .021488 021653 021777 .021866
7. .021922 021951 .021956 .021940 021907 .021860 .021800 021731 .021655 021572
8. .021486 .021397 .021306 .021216 021126 .021037 .039511 .038675 .037871 .037102
9. 036372 .035681 .035030 034422 .0338556 .033330 .032846 1032402 031996 031628
TABLE BESSEL FUNCTIONS

38 Kei (x)
x 0 1 2 3 4 5 6 7 8 9
0.| —. 7854 —.7769 —.7581 —.7331 —.7038 —.6716 —.6374 —.6022 —.5664 —.b305
1.| —.4950 —.4601 —.4262 —.3933 —.3617 —.3314 —.3026 —.2752 —.2494 —.2251
2.1 —.2024 —.1812 —.1614 —.1431 —.1262 —.1107 —.09644 —.08342 —.07157 —.06083
3.1 —.05112 —.04240 —.03458 —.02762 —.02145 —.01600 —.01123 —.027077 —.023487 —.034108
4, 022198 024386 .026194 .027661 .028826 029721 .01038 .01083 01110 01121
5. 01119 01105 .01082 01051 01014 .029716 .029255 .028766 028258 027739
6. 027216 026696 .026183 025681 .025194 .024724 .024274 .023846 .023440 .023058
7. .022700 .022366 .022057 021770 021507 .021267 .021048 038498 036714 .035117
8. .033696 .032440 .031339 043809 —.044449 —.031149 —.031742 —.032233 —.032632 —.032949
9. —.033192 —.033368 —.033486 —.033552 —,033574 —.0%3557 —.033508 —.033430 —.033329 —.033210
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TABLE ;
VALUES FOR APPROXIMATE

39 ZEROS OF BESSEL FUNCTIONS

The following table lists the first few positive roots of various equations. Note that for all cases
listed the successive large roots differ approximately by = = 8.14159....

n=20 n=1 n=2 n=3 n =4 n=>5 n==6
2.4048 3.8317 5.1356 6.3802 7.5883 8.7715 9.9361
5.5201 7.0156 8.4172 9.7610 11.0647 12.3386 13.5893
8.6537 10.1735 11.6198 13.0152 14.3725 15.7002 17.0038
Tnl@) =0 11.7915 13.3237 14.7960 16.2235 17.6160 18.9801 20.3208
14.9309 16.4706 17.9598 19.4094 20.8269 22,2178 23.5861
18.0711 19.6159 21.1170 22.5827 24.0190 25.4303 26.8202
0.8936 2.1971 3.3842 4.5270 5.6452 6.7472 7.8377
3.9577 5.4297 6.7938 8.0976 9.3616 10.5972 11.8110
Y, (%) = 0 7.0861 8.5960 10.0235 11.3965 12.7301 14.0338 15.3136
10.2223 11.7492 13.2100 14.6231 15.9996 17.3471 18.6707
13.3611 14.8974 16.3790 17.8185 19.2244 20.6029 21.9583
16.5009 18.0434 19.5390 20.9973 22.4248 23.8265 25.2062
0.0000 1.8412 3.0542 4.2012 5.3176 6.4156 7.5013
3.8317 5.3314 6.7061 8.0152 9.2824 10.5199 11.7349
7@ =0 7.0156 8.5363 9.9695 11.3459 12.6819 ‘ 13.9872 . 15.2682
10.1735 11.7060 13.1704 14.5859 15.9641 17.3128 18.6374
13.3237 14.8636 16.3475 17.7888 19.1960 20.5755 21.9317
16.4706 18.0155 19.5129 20.9725 22.4010 23.8036 25.1839
2.1971 3.6830 5.0026 6.2536 7.4649 8.6496 9.8148
5.4297 6.9415 8.3507 9.6988 11.0052 12.2809 13.5328
Y@ =0 8.5960 10.1234 11.5742 12,9724 14.3317 15.6608 16.9655
11.7492 13.2858 14.7609 16.1905 17.5844 18.9497 20.2913
14.8974 16.4401 17.9313 19.3824 20.8011 22.1928 23.5619
18.0434 19.5902 21.0929 22.5598 23.9970 25.4091 26.7995
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TABLE

EXPONENTIAL, SINE AND COSINE INTEGRALS

40 Hi(z) = fw o, Siz) = f Sinu g, Cite) = f T oosu,,
z U 0 z U
. Fi(z) Si(a) Ci()
.0 o .0000 0
.5 .5598 .4931 1778
1.0 .2194 .9461 —.3374
1.5 1000 1.3247 —.4704
2.0 .04890 1.6054 —.4230
2.5 .02491 1.7785 —.2859
3.0 .01305 1.8487 —.1196
3.5 .026970 1.8331 0321
4.0 .023779 1.7582 1410
4.5 .022073 1.6541 1935
5.0 .021148 1.5499 .1900
55 036409 1.4687 1421
6.0 .033601 1.4247 .0681
6.5 .032034 1.4218 —.0111
7.0 .031155 1.4546 —.0767
7.5 .046583 1.5107 —.1156
8.0 .043767 1.5742 —.1224
8.5 042162 1.6296 —.09943
9.0 .041245 1.6650 —.05535
9.5 057185 1.6745 —.022678

10.0 054157 1.6583 04546
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TABLE

A]

LEGENDRE POLYNOMIALS P, ()
[Po(z) =1, Pi(x) = =]

4 Py (x) Py (x) Py (x) Py ()
.00 —.5000 .0000 .3750 .0000
.05 —.4963 —.0747 .3657 0927
.10 —.4850 —.1475 .3379 1788
.15 —.4663 —.2166 .2928 .2523
.20 —.4400 —.2800 .2320 3075
.25 —.4063 —.3359 1577 3397
.30 —.3650 —.3825 0729 3454
.35 —.3163 —.4178 —.0187 3225
.40 —.2600 —.4400 -.1130 .2706
.45 —.1963 —.4472 —.2050 1917
.50 —.1250 —.4375 —.2801 .0898
.55 —.0463 —.4091 —.3590 —.0282
.60 .0400 —.3600 —.4080 —.1526
.65 1338 —.2884 —.4284 —.2705
.70 .2350 —.1925 —.4121 —.3652
S5 .3438 —.0703 —.3501 —.4164
.80 4600 .0800 —.2330 —.3995
.85 .5838 .2603 —.0506 —.2857
90 7150 4725 .2079 —.0411
.95 .8538 7184 5541 3727
1.00 1.0000 1.0000 1.0000 1.0000
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TABLE

42

naemnge Powuom' ‘LS Pn(fms a)
 [Pofcos 61) =1

] P (cos ) Py(cos 9) Py(cos 6) Py(cos 6) Ps(cos 9)

0° 1.0000 1.0000 1.0000 1.0000 1.0000

5° .9962 .9886 9773 .9623 .9437
10° .9848 9548 9106 .8532 7840
15° 9659 8995 8042 6847 5471
20° 9397 .8245 .6649 4750 2715
25° .9063 7321 .5016 .2465 .0009
30° .8660 6250 3248 0234 —.2233
35° .8192 .5065 1454 —1714 —.3691
40° .7660 .3802 —.0252 -.3190 —.4197
45° 7071 .2500 —.1768 —.4063 -.3757
50° .6428 .1198 —.3002 —.4275 —.2545
55° 5736 —.0065 —.3886 —.3852 —.0868
60° .5000 —.1250 —.4375 —.2891 .0898
65° 4226 —.2321 —.4452 —.1552 .2381
70° .3420 —.3245 -.4130 —.0038 .3281
75° .2588 —.3995 —.3449 1434 .3427
80° 1737 —.4548 —.2474 .2659 .2810
85° .0872 —.4886 —1291 .3468 1577
90° .0000 —.5000 0000 3750 .0000
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TABLE

43

COMPLETE ELLIPTIC INTEGRALS OF FIRST AND SECOND KINDS
w2 de ' /2

K=f AL . ST ey E:f T @siidds, k = siny
0 Q

1~k sin?9

v K E ¥ K E v K E
0° 1.5708 1.5708 30° 1.6858 1.4675 60° 2.1565 1.2111
1 1.5709 1.5707 31 1.6941 1.4608 61 2.1842 1.2015
2 1.5713 1.5703 32 1.7028 1.4539 62 2.2132 1.1920
3 1.5719 1.5697 33 1.7119 1.4469 63 2.2435 1.1826
4 1.5727 1.5689 34 1.7214 1.4397 64 2.2754 1.1732
5 1.5738 1.5678 35 1.7312 1.4323 65 2.3088 1.1638
6 1.5751 1.5665 36 1.7415 1.4248 66 2.3439 1.1545
7 1.5767 1.5649 37 1.7522 1.4171 67 2.3809 1.1453
8 1.5785 1.5632 38 1.7633 1.4092 68 2.4198 1.1362
9 1.5805 1.5611 39 1.7748 1.4013 69 2.4610 1.1272
10 1.5828 1.5589 40 1.7868 1.3931 70 2.5046 1.1184
11 1.5854 1.5564 41 1.7992 1.3849 71 2.5507 1.1096
12 1.5882 1.5537 42 1.8122 1.3765 72 2.5998 1.1011
13 1.5913 1.5507 43 1.8256 1.3680 73 2.6521 1.0927
14 1.5946 1.5476 44 1.8396 1.3594 74 2.7081 1.0844
15 1.5981 1.5442 45 1.8541 1.3506 75 2.7681 1.0764
16 1.6020 1.5405 46 1.8691 1.3418 76 2.8327 1.0686
17 1.6061 1.5367 47 1.8848 1.3329 i 2.9026 1.0611
18 1.6105 1.5326 48 1.9011 1.3238 78 2.9786 1.0538
19 1.6151 1.5283 49 1.9180 1.3147 79 3.0617 1.0468
20 1.6200 1.5238 50 1.9356 1.3055 80 3.1534 1.0401
21 1.6252 1.5191 51 1.9539 1.2963 81 3.2553 1.0338
22 1.6307 1.5141 52 1.9729 1.2870 82 3.3699 1.0278
23 1.6365 1.5080 53 1.9927 1.2776 83 3.5004 1.0223
24 1.6426 1.5037 54 2.0133 1.2681 84 3.6519 1.0172
25 1.6490 1.4981 55 2.0347 1.2587 85 3.8317 1.0127
26 1.6557 1.4924 56 2.0571 1.2492 86 4.0528 1.0086
27 1.6627 1.4864 57 2.0804 1.2397 87 4.3387 1.0053
28 1.6701 1.4803 58 2.1047 1.2301 88 4.7427 1.0026
29 1.6777 1.4740 59 2.1300 1.2206 89 5.4349 1.0008
30 1.6858 1.4675 60 2.1565 1.2111 90 o 1.0000
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TABLE

44

INCOMPLETE ELLIPTIC INTEGRAL OF THE FIRST KIND

s g _
F(k,¢) = f ——————, k = sinyg
0 V1 —4k%*gin%g

s v 0° 10° 20° 30° 40° 50° 60° 70° 80° 90°

0° 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
10° 0.1745 0.1746 0.1746 0.1748 0.1749 0.1751 0.1752 0.1753 0.1754 0.1754
20° 0.3491 0.3493 0.3499 0.3508 0.3520 0.3533 0.3545 0.3555 0.3561 0.3564
30° 0.5236 0.5243 0.5263 0.5294 0.5334 0.56379 0.5422 0.5459 0.5484 0.5493
40° 0.6981 0.6997 0.7043 0.7116 0.7213 0.7323 0.7436 0.7535 0.7604 0.7629
50° 0.8727 0.8756 0.8842 0.8982 0.9173 0.9401 0.9647 0.9876 1.0044 1.0107
60° 1.0472 1.0519 1.0660 1.0896 1.1226 1.1643 1.2126 1.2619 1.3014 1.3170
70° 1.2217 1.2286 1.2495 1.2853 1.3372 1.4068 1.4944 1.5959 1.6918 1.7354
80° 1.3963 1.4056 1.4344 1.4846 1.5597 1.6660 1.8125 2.0119 2.2653 2.4362
90° 1.5708 1.5828 1.6200 1.6858 1.7868 1.9356 2.1565 2.5046 3.1534 ©

TABLE INCOMPLETE ELLIPTIC INTEGRAL OF THE SECOND KIND
[}

45 E(k,¢) = j; T-sin’9ds, &k = siny
s Y 0° 10° 20° 30° 40° 50° 60° 70° 80° 90°
0° 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
10° 0.1745 0.1745 0.1744 0.1743 0.1742 0.1740 0.1739 0.1738 0.1737 0.1736
20° 0.3491 0.3489 0.3483 0.3473 0.3462 0.3450 0.3438 0.3429 0.3422 0.3420
30° 0.5236 0.5229 0.5209 0.5179 0.5141 0.5100 0.5061 0.5029 0.5007 0.5000
40° 0.6981 0.6966 0.6921 0.6851 0.6763 0.6667 0.6575 0.6497 0.6446 0.6428
50° 0.8727 0.8698 0.8614 0.8483 0.8317 0.8134 0.7954 0.7801 0.7697 0.7660
60° 1.0472 1.0426 1.0290 1.0076 0.9801 0.9493 0.9184 0.8914 0.8728 0.8660
T0° 1.2217 1.2149 1.1949 1.1632 1.1221 1.0750 1.0266 0.9830 0.9514 0.9397
80° 1.3963 1.3870 1.3597 1.3161 1.2590 1.1926 1.1225 1.0565 1.0054 0.9848
90° 1.5708 1.56589 1.5238 1.4675 1.3931 1.3055 1.2111 1.1184 1.0401 1.0000
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TABLE

STANDARD NORMAL CURVE

ORDINATES OF THE

46 Y = _..1.,.._3—:2212 yT
Vo |

x 0 1 2 3 4 5 6 7 8 9

0.0 .3989 .3989 .3989 3088 .3986 3984 .3982 .3980 3977 3973
0.1 3970 .3965 .3961 .3956 .3951 .3945 .3939 .3932 .3925 .3918
0.2 .3910 .3902 .3894 .3885 .3876 .3867 .3857 .3847 .3836 .3825
0.3 .3814 .3802 .3790 .3778 .3765 .3752 .3739 .3725 3712 3697
0.4 .3683 .3668 .3653 .3637 3621 .3605 3589 .3572 .3555 .3538
0.5 3521 .3503 .3485 .3467 .3448 .3429 .3410 3391 3372 .3352
0.6 .3332 3312 .3292 3271 .3251 .3230 .3209 .3187 .3166 3144
0.7 .3123 3101 .3079 .3056 .3034 3011 .2989 .2966 .2943 .2920
0.8 2897 2874 .2850 2827 .2803 2780 .2756 2732 2709 .2685
0.9 .2661 .2637 .2613 2589 .2565 2541 2516 .2492 .2468 .2444
1.0 .2420 2396 2371 2347 .2323 .2299 .2275 .2251 .2227 .2203
1.1 2179 .2155 .2131 .2107 .2083 .2059 2036 2012 .1989 .1965
1.2 1942 1919 .1895 .1872 1849 .1826 1804 .1781 .1758 .1736
1.3 1714 1691 .1669 1647 .1626 .1604 .1582 1561 .1539 1518
14 1497 .1476 .1456 .1435 1415 1394 1374 .1354 .1334 1315
1.5 .1295 .1276 1257 .1238 1219 1200 .1182 1163 1145 1127
1.6 1109 1092 1074 1057 .1040 .1023 .1006 .0989 .0973 .0957
1.7 .0940 0925 L0909 .0893 .0878 .0863 .0848 .0833 .0818 .0804
1.8 0790 0775 0761 0748 0734 0721 0707 .0694 .0681 .0669
1.9 .0656 .0644 .0632 .0620 .0608 .0596 .0584 .0573 0562 .0551
2.0 .0540 .0529 .0519 .0508 0498 .0488 .0478 .0468 .0459 .0449
2.1 .0440 .0431 .0422 .0413 .0404 .0396 .0387 .0379 .0371 .0363
2.2 .0355 .0347 .0339 .0332 0325 0817 .0310 .0303 .0297 .0290
2.3 .0283 0277 0270 .0264 .0258 .0252 .0246 .0241 .0235 0229
24 .0224 0219 0213 .0208 .0203 .0198 0194 .0189 .0184 .0180
2.5 0175 0171 .0167 .0163 0158 0154 .0151 0147 0143 .0139
2.6 .0136 .0132 .0129 0126 0122 .0119 .0116 .0113 .0110 .0107
2.7 .0104 .0101 .0099 .0096 0093 .0091 .0088 .0086 .0084 .0081
2.8 .0079 0077 0075 .0073 0071 .0069 .0067 .0065 .0063 .0061
2.9 .0060 .0058 .0056 .0055 .0053 .0051 .0050 .0048 .0047 .0046
3.0 .0044 .0043 .0042 .0040 .0039 .0038 .0037 .0036 .0035 .0034
3.1 .0033 .0032 .0031 .0030 .0029 .0028 .0027 .0026 .0025 .0025
3.2 .0024 .0023 .0022 .0022 .0021 .0020 .0020 .0019 .0018 .0018
3.3 .0017 .0017 .0016 .0016 .0015 .0015 .0014 .0014 .0013 .0013
34 .0012 .0012 .0012 .0011 .0011 .0010 .0010 .0010 .0009 .0009
3.5 .0009 .0008 .0008 .0008 .0008 .0007 .0007 .0007 .0007 .0006
3.6 .0006 .0006 .0006 .0005 0005 .0005 .0005 .0005 .0005 0004
3.7 .0004 .0004 0004 .0004 .0004 .0004 .0003 .0003 .0003 .0003
3.8 .0003 .0003 .0003 .0003 .0003 .0002 .0002 .0002 .0002 .0002
3.9 .0002 .0002 .0002 .0002 0002 .0002 .0002 .0002 .0001 .0001
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TABLE

47

AREAS UNDER THE
STANDARD NORMAL CURVE
from — to

1 T,
erf (x) ::————-~" e~ v2 df
Ver J-w x

x 0 1 2 3 4 5 6 7 8 9

0.0 .5000 5040 .5080 .5120 .5160 .5199 5239 5279 5319 5359
0.1 .5398 .5438 5478 .5517 5557 .5596 .5636 5675 5714 5754
0.2 5793 .5832 5871 5910 .5948 5987 .6026 .6064 .6103 .6141
0.3 6179 6217 6255 6293 .6331 .6368 .6406 .6443 .6480 6517
0.4 .6554 6591 .6628 6664 6700 6736 6772 .6808 .6844 .6879
0.5 .6915 .6950 6985 7019 7054 7088 7123 7157 7190 7224
0.6 7258 7291 7324 7357 7389 7422 7454 7486 7518 7549
0.7 L7580 7612 7642 7673 1704 7734 7764 7794 7823 7852
0.8 7881 .7910 7939 7967 1996 .8023 .8051 8078 .8106 .8133
0.9 .8159 .8186 8212 .8238 8264 .8289 8315 8340 8365 .8389
1.0 .8413 .8438 .8461 .8485 8508 8531 8554 8577 .8599 8621
1.1 .8643 8665 .8686 8708 8729 8749 8770 8790 8810 8830
1.2 8849 .8869 .8888 .8907 8925 .8944 .8962 .8980 .8997 9015
1.3 9032 9049 9066 9082 .9099 9115 9131 9147 9162 9177
1.4 9192 9207 9222 9236 9251 9265 9279 9292 .9306 9319
1.5 9332 9345 9357 9370 .9382 .9394 .9406 .9418 .9429 9441
1.6 9452 .9463 9474 9484 9495 9505 9515 9525 9535 9545
1.7 9554 9564 9573 9582 9591 9599 .9608 9616 L9625 9633
1.8 .9641 .9649 .9656 9664 .9671 9678 .9686 .9693 .9699 .9706
1.9 9713 9719 9726 9732 9738 9744 9750 .9756 9761 9767
2.0 9772 9778 9783 9788 9793 9798 .9803 .9808 9812 9817
2.1 9821 9826 .9830 9834 9838 .9842 .9846 .9850 .9854 9857
2.2 .9861 .9864 .9868 9871 9875 .9878 .9881 .9884 9887 .9890
2.3 9893 9896 .9898 9901 9904 9906 .9909 9911 9913 9916
24 .9918 9920 .9922 9925 9927 .9929 9931 .9932 9934 .9936
2.5 .9938 9940 .9941 .9943 9945 .9946 .9948 .9949 9951 9952
2.6 .9953 9955 .9956 9957 .9959 9960 .9961 9962 .9963 9964
2.7 9965 .9966 9967 9968 .9969 9970 9971 9972 9973 9974
2.8 9974 9975 9976 9977 9977 9978 9979 9979 9980 9981
2.9 9981 .9982 9982 .9983 9984 9984 .9985 9985 .9986 .9986
3.0 .9987 .9987 .9987 .9988 .9988 .9989 .9989 .9989 .9990 .9990
3.1 9990 9991 .9991 9991 .9992 9992 9992 9992 .9993 .9993
3.2 .9993 .9993 19994 9994 9994 9994 9994 .9995 9995 .9995
3.3 9995 9995 9995 9996 .9996 9996 .9996 .9996 .9996 9997
3.4 .9997 9997 9997 9997 9997 9997 9997 9997 9997 9998
3.5 9998 .9998 .9998 .9998 .9998 9998 .9998 9998 .9998 9998
3.6 .9998 .9998 .9999 9999 9999 9999 9999 9999 9999 .9999
3.7 9999 .9999 9999 19999 9999 .9999 .9999 9999 9999 .9999
3.8 9999 .9999 .9999 .9999 .9999 9999 9999 .9999 9999 .9999
3.9 [ 1.0000  1.0000 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
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TABLE PERCENTILE VALUES (tp) FOR .
STUDENT'S £ DISIRIBUTION
48 with 7 degrees of freedom

(shaded area = p)

n T 995 € 99 tors t9s t 90 t 80 t7s tro t 60 55
1 63.66 31.82 12.71 6.31 3.08 1.376 1.000 727 325 1568
2 9.92 6.96 4.30 2.92 1.89 1.061 816 617 289 142
3 5.84 4.54 3.18 2.35 1.64 978 765 584 277 137
4 4.60 3.75 2.78 2.13 1.53 941 741 .569 271 134
5 4.03 3.36 2.57 2.02 1.48 920 727 .5569 267 132
6 3.71 3.14 2.45 1.94 1.44 906 718 .553 265 131
7 3.50 3.00 2.36 1.90 1.42 .896 711 .549 .263 130
8 3.36 2.90 2.31 1.86 1.40 .889 .706 .546 262 130
9 3.25 2.82 2.26 1.83 1.38 .883 703 543 261 129

10 3.17 2.76 2.23 1.81 1.37 879 .700 542 260 129

11 3.11 2.72 2.20 1.80 1.36 876 697 .540 260 129

12 3.06 2.68 2.18 1.78 1.36 873 .695 539 259 128

13 3.01 2.65 2.16 1.77 1.35 870 694 .b38 259 128

14 2.98 2.62 2.14 1.76 1.34 868 .692 537 258 128

15 2.95 2.60 2.13 1.75 1.34 .866 .691 .536 258 128

16 2.92 2.58 2.12 1.75 1.34 865 .690 535 258 128

17 2.90 2.57 2.11 1.74 1.33 .863 .689 534 257 128

18 2.88 2.55 2.10 1.73 1.33 .862 .688 534 257 127

19 2.86 2.54 2.09 1.73 1.33 861 .688 533 257 127

20 2.84 2.53 2.09 1.72 1.32 .860 687 533 257 127

21 2.83 2.52 2.08 1.72 1.32 859 686 532 257 127

22 2.82 2.51 2.07 1.72 1.32 .858 .686 632 256 127

23 2.81 2.50 2.07 1.71 1.32 858 685 532 256 127

24 2.80 2.49 2.06 1.71 1.32 .857 685 531 256 127

25 2.79 2.48 2.06 1.71 1.32 .856 .684 531 256 127

26 2.78 2.48 2.06 1.71 1.32 856 684 531 256 A27

27 2,77 2.47 2.05 1.70 1.31 .855 .684 531 256 127

28 2.76 2.47 2.05 1.70 1.31 855 .683 530 256 127

29 2.76 2.46 2.04 1.70 1.31 854 .683 530 256 127

30 2.75 2.46 2.04 1.70 1.31 854 683 .530 256 127

40 2.70 2.42 2.02 1.68 1.30 851 .681 529 255 126

60 2.66 2.39 2.00 1.67 1.30 848 679 527 254 126

120 2.62 2.36 1.98 1.66 1.29 845 677 526 254 126

0 2.58 2.33 1.96 1.645 1.28 842 674 524 253 126

Source: R. A. Fisher and F. Yates, Statistical Tables for Biological, Agricultural and
Medical Research (6th edition, 1963), Table III, Oliver and Boyd Ltd., Edin-
burgh, by permission of the authors and publishers.
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49

TABLE

, PERCENTILE VALUES (xz) FOR
_ THE CHI-SQUARE DISTRIBUTION

_ with » degrees of freedom

(shaded area = p)

n X.2995 X.299 X.2975 X.295 X.Zgo X?75 X.250 X.Zzs X.210 Xi)s X.2025 X.201 X.Zoos
1 7.88 6.63 5.02 3.84 2.71 1.32 455 .102 0158 0039 .0010 .0002 .0000
2 10.6 9.21 7.38 5.99 4.61 2.7 1.39 575 211 103 .0506 .0201 .0100
3 12.8 11.3 9.35 7.81 6.25 4,11 2.37 1.21 584 .352 216 115 072
4 14.9 13.3 11.1 9.49 7.78 5.39 3.36 1.92 1.06 711 484 297 207
5 16.7 15.1 12.8 11.1 9.24 6.63 4.35 2.67 1.61 1.15 .831 554 412
6 18.5 16.8 144 12.6 10.6 7.84 5.35 3.45 2.20 1.64 1.24 872 676
7 20.3 18.5 16.0 14.1 12.0 9.04 6.35 4.25 2.83 2.17 1.69 1.24 989
8 22.0 20.1 175 15.5 134 10.2 7.34 5.07 3.49 2.73 2.18 1.65 1.34
9 23.6 21.7 19.0 16.9 14.7 114 8.34 5.90 4.17 3.33 2.70 2.09 1.73

10 25.2 23.2 20.5 18.3 16.0 12,5 9.34 6.74 4.87 3.94 3.25 2.56 2.16

11 26.8 24.7 21.9 19.7 17.3 13.7 10.3 7.58 5.58 4.57 3.82 3.05 2.60

12 28.3 26.2 23.3 21.0 18.5 14.8 11.3 8.44 6.30 5.23 4.40 3.57 3.07

13 29.8 27.7 247 224 19.8 16.0 12.3 9.30 7.04 5.89 5.01 4.11 3.57

14 31.3 29.1 26.1 23.7 21.1 171 13.3 10.2 7.79 6.57 5.63 4.66 4.07

15 32.8 30.6 275 25.0 22.3 18.2 14.3 11.0 8.55 7.26 6.26 5.23 4.60

16 34.3 32.0 28.8 26.3 23.5 19.4 15.3 11.9 9.31 7.96 6.91 5.81 5.14

17 35.7 33.4 30.2 27.6 24.8 20.5 16.3 12.8 10.1 8.67 7.56 6.41 5.70

18 37.2 34.8 31.5 28.9 26.0 21.6 17.3 13.7 10.9 9.39 8.23 7.01 6.26

19 38.6 36.2 32.9 30.1 27.2 22.7 18.3 14.6 11.7 10.1 8.91 7.63 6.84

20 40.0 37.6 34.2 314 28.4 23.8 19.3 15.5 124 10.9 9.59 8.26 7.43

21 414 38.9 35.5 32.7 29.6 24.9 20.3 16.3 13.2 11.6 10.3 8.90 8.03

22 42.8 40.3 36.8 33.9 30.8 26.0 21.3 17.2 14.0 12.3 11.0 9.54 8.64

23 44,2 41.6 38.1 35.2 32.0 27.1 22.3 18.1 14.8 13.1 11.7 10.2 9.26

24 45.6 43.0 39.4 36.4 33.2 28.2 23.3 19.0 15.7 13.8 124 10.9 9.89

25 46.9 44.3 40.6 37.7 34.4 29.3 24.3 19.9 16.5 14.6 13.1 11.5 10.5

26 48.3 45.6 41.9 38.9 35.6 30.4 25.3 20.8 17.3 154 13.8 12.2 11.2

27 49.6 47.0 43.2 40.1 36.7 31.5 26.3 21.7 18.1 16.2 14.6 12.9 11.8

28 51.0 48.3 44.5 41.3 37.9 32.6 27.3 22.7 18.9 16.9 15.3 13.6 12,5

29 52.3 49.6 45.7 42.6 39.1 33.7 28.3 23.6 19.8 17.7 16.0 14.3 13.1

30 53.7 50.9 47.0 43.8 40.3 34.8 29.3 24.5 20.6 18.5 16.8 15.0 13.8

40 66.8 63.7 59.3 55.8 51.8 45.6 39.3 33.7 29.1 26.5 24,4 22,2 20.7

50 79.5 76.2 714 67.5 63.2 56.3 49.3 429 37.7 34.8 324 29.7 28.0

60 92.0 88.4 83.3 79.1 T4.4 67.0 59.3 52.3 46.5 43.2 40.5 37.5 35.5

70 | 104.2 100.4 95.0 90.5 85.5 77.6 69.3 61.7 55.8 51.7 48.8 45.4 43.3

80 | 116.3 1123 106.6 101.9 96.6 88.1 79.3 1.1 64.3 60.4 57.2 53.5 51.2

901 128.3 124.1 1181 1131 107.6 98.6 89.3 80.6 73.3 69.1 65.6 61.8 59.2

100 | 140.2 135.8 129.6 124.3 1185 109.1 99.3 90.1 82.4 77.9 74.2 70.1 67.3

Source: Catherine M. Thompson, Table of percentage points of the x2 distribution,

Biometrika, Vol. 32 (1941), by permission of the author and publisher.
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TABLE

95th PERCENTILE VALUES FOR
THE 7' DISTRIBUTION

n- = degrees of freedom for numerator
ne = degrees of freedom for denominator
(shaded area = .95) 7
.95
n:l 1 2 3 4 5 6 8 12 16 20 30 40 50 100 ©
111614 199.5 2157 224.6 230.2 234.0 238.9 2439 246.3 248.0 250.1 251.1 252.2 253.0 254.3
211851 19.00 19.16 19.25 19.30 19.33 19.37 19.41 19.43 1945 19.46 19.46 19.47 19.49 19.50
3[10.18 9.55 9.28 912 9.01 894 885 874 869 866 862 860 8538 856 853
4 771 694 659 6.39 626 6.6 6.04 591 58 580 575 571 570 566 5.63
5[ 6.61 579 541 519 505 4.95 4.82 4.68 4.60 4.56 4.50 4.46 4.44 440 4.36
6| 599 514 4.76 453 439 428 4.15 400 392 387 38T 377 3.75 3.71 38.67
71 659 474 435 4.12 397 387 3.73 357 8.49 344 338 3.34 3.32 3.28 38.23
8| 532 446 4.07 384 369 358 3.44 328 320 315 308 3.05 3.03 298 2093
9] 512 426 386 3.63 348 3.37 323 3.07 298 293 28 282 280 276 2.1
10| 496 410 3.71 3.48 333 322 3.07 291 282 277 270 267 264 259 254
11| 484 398 359 336 320 3.09 295 279 270 265 257 253 250 245 240
12| 475 3.89 3.49 326 3811 300 285 269 260 254 246 2.42 240 235 230
131 467 3.81 341 3.18 303 292 277 260 251 246 2.38 234 232 2,26 2.21
14| 4.60 374 3.34 311 296 285 270 253 244 239 231 227 224 219 213
15( 454 8.68 3.29 306 290 279 264 248 239 233 225 221 218 212 207
16| 449 363 3.24 3.01 285 274 259 242 233 2238 220 216 213 2.07 2.01
17| 445 359 3.20 296 281 270 255 238 229 223 215 211 2.08 202 196
18| 441 855 3816 293 277 266 251 234 225 219 211 207 2.04 198 1.92
191 438 352 313 290 274 263 248 231 221 215 2.07 2.02 200 194 1.88
201 435 349 310 287 271 260 245 228 218 212 204 1.99 196 190 1.84
22| 430 344 3.05 282 266 255 240 223 213 2.07 1.98 1.93 191 184 1,78
241 4.26 340 3.01 278 262 251 236 218 2.09 203 1.94 189 1.86 180 1.73
26| 423 337 298 274 259 247 2382 215 205 199 1.90 185 182 1.76 1.69
28| 420 334 295 271 256 245 229 212 202 196 1.87 1.81 1.78 172 1.65
30| 417 332 292 269 253 242 227 209 199 193 1.84 1.79 1.76 1.69 1.62
40{ 4.08 3823 284 261 245 234 218 200 1.90 1.84 1.74 1.69 1.66 1.59 1.51
50] 4.03 318 279 256 240 229 213 195 185 178 1.69 1.63 1.60 1.52 1.44
60t 4.00 315 276 253 237 225 210 1.92 1.81 1.75 1.65 1.59 1.56 1.48 1.39
701 398 313 274 250 235 223 207 1.89 179 1.72 1.62 1.56 1.63 145 1.85
80| 396 311 272 248 233 221 205 188 1.77 170 1.60 1.54 1.51 142 1.32
100 3.94 8.09 270 246 230 219 203 1.8 1.75 1.68 1.57 1.51 1.48 1.39 1.28
150 8.91 3.06 2.67 243 227 216 200 1.82 1.71 164 154 1.47 1.44 1.34 1.22
200 3.89 3.04 265 241 226 214 198 1.80 1.69 1.62 1.52 1.45 1.42 1.32 1.19
400 3.86 3.02 262 239 223 212 196 178 1.67 1.60 1.49 142 138 1.28 1.13
0 3.84 299 260 237 221 209 194 175 164 157 1.46 1.40 132 124 1.00

Source: G. W. Snedecor and W. G. Cochran, Statistical Methods (6th edition, 1967), Iowa
State University Press, Ames, Iowa, by permission of the authors and publisher.
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99th PERCENTILE VALUES FOR
THE F DISTRIBUTION
Ny degrees.of freedom for numerator
ne = degrees of freedom for denominator
(shaded area = .99)

TABLE

S1

Fyg
n JB! 2 3 4 5 6 8 12 16 20 30 40 50 100 o
2
114052 4999 5403 5625 5764 5859 5981 6106 6169 6208 6258 6286 6302 6334 6366
2 198.49 99.01 99.17 99.25 99.30 99.33 99.36 99.42 99.44 99.45 99.47 99.48 99.48 99.49 99.50
3 134.12 30.81 29.46 28.71 28.24 27.41 27.49 27.05 28.63 26.69 26.50 26.41 26.35 26.23 26.12
4 121.20 18.00 16.69 15.98 15.52 15.21 14.80 14.37 14.15 14.02 13.83 13.74 13.69 13.57 13.46
5 116.26 13.27 12.06 11.39 10.97 10.67 10.27 9.89 9.68 955 9.38 9.29 9.24 913 9.02
6 [13.74 10.92 9.78 9.15 875 847 810 772 752 1739 723 714 7.09 699 6.88
711225 955 845 785 746 719 6.84 647 6.27 6.15 598 590 585 575 5.65
8 |11.26 8.65 7.59 7.01 6.63 637 603 567 548 536 520 511 506 496 4.86
9 110.56 8.02 6.99 6.42 6.06 580 547 511 492 480 4.64 456 451 441 4.31
10 ]110.04 7.56 6.55 599 564 539 506 471 4.52 441 425 417 412 4.01 391
11 9.06 7.20 6.22 5.67 532 507 474 440 421 410 394 386 380 3.70 3.60
121 933 693 595 541 5.06 4.82 450 416 398 386 3.70 3.61 356 346 3.36
131 9.07 670 574 520 486 462 430 396 3.78 367 3.51 342 337 327 3.16
14 | 886 651 556 5.03 4.69 446 414 3.80 3.62 351 334 326 321 311 3.00
15 8.68 6.36 5.42 4.89 4.56 4.32 4.00 3.67 348 3.36 3.20 312 3.07 297 287
16 | 853 6.23 529 477 444 420 389 355 3.37 325 310 301 296 286 275
171 840 611 518 4.67 434 410 379 345 3.27 3.16 3.00 292 286 2.76 265
18 | 8.28 6.01 5.09 458 425 4.01 3.71 337 3819 3.07 291 2.83 278 2.68 2.57
19 ] 818 593 501 450 417 394 363 330 312 3.00 284 276 270 260 2.49
20 | 810 5.85 4.94 443 410 3.87 356 3.23 3.05 294 277 269 263 253 242
221 794 572 4.82 431 399 376 345 312 294 283 267 258 253 242 231
241 782 561 4.72 422 390 367 336 3.03 285 274 258 249 244 233 221
26 | 7.72 5.53 4.64 414 382 359 329 296 277 2.66 250 241 236 225 2138
28 |1 7.64 545 457 4.07 3.76 353 323 290 271 260 244 235 230 218 2.06
30 | 756 5.39 451 4.02 3.70 347 317 284 266 255 238 229 224 213 201
40 1 731 518 431 383 351 3.29 299 266 249 237 220 211 205 194 1.81
50 | 717 5.06 4.20 3.72 341 318 2.88 256 239 226 210 2.00 194 182 1.68
60 | 7.08 498 413 3.65 3.34 312 282 250 232 220 203 193 1.87 174 1.60
70 | 7.01 4.92 4.08 3.60 3.29 3.07 277 245 228 215 198 1.88 1.82 169 1.53
80 | 6.96 4.88 4.04 356 325 304 274 241 224 211 194 184 178 1.65 1.49
100 | 6.90 4.82 3.98 3.51 320 299 269 236 219 206 189 1.79 1.73 1.59 1.43
150 | 6.81 4.75 391 344 314 292 262 230 212 2.00 183 1.72 166 1.51 1.33
200 | 6.76 471 3.88 3.41 311 290 260 228 209 1.97 179 169 1.62 148 1.28
400 | 6.70 4.66 3.83 3.36 3.06 2.85 255 223 204 192 174 1.64 157 1.42 1.19
© 6.64 460 3.78 3.32 302 280 251 218 199 187 1.69 159 152 1.36 1.00

Source: G. W. Snedecor and W. G. Cochran, Statistical Methods (6th edition, 1967), Iowa
State University Press, Ames, Iowa, by permission of the authors and publisher.
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TABLE

52

RANDOM NUMBERS

51772
24033
45939
30586
03585

64937
15630
09448
21631
91097

50532
07136
27989
85184
54398

65544
08263
39817
62257
53298

74640
23491
60173
02133
79353

03355
64759
56301
91157
17480

25496
40876
64728
73949
21154

34371
65952
67906
04077
90276

42331
83587
52078
75797
81938

95863
51135
57683
77331
29414

95652
79971
10744
36601
97810

09591
85762
48236
79443
62545

29044
06568
25424
45406
82322

20790
98527
30277
60710
06829

42457
54195
08396
46253
36764

07839
64236
16057
95203
21944

46621
21960
11645
31041
96799

~£5304
62586
94623
52290
87843

73547
25708
56242
00477
32869

58892
39238
81812
02479
16530

62898
21387
55870
86707
85659

55189
41889
85418
16835
28195

76552
51817
90985
25234
11785

92843
18776
15815
30763
03878

93582
76105
56974
12973
36081

00745
25439
68829
48653
27279

50020
36732
28868
09908
55261

72828
84303
63700
92486
07516

04186
10863
37428
17169
50884

65253
88036
06652
71590
47152

24819
72484
99431
36574
59009

91341
99247
85915
54083
95715

19640
97453
93507
88116
14070

11822
24034
41982
16159
35683

52984
94923
50995
72139
38714

84821
46149
19219
23631
02526

- 87056

90581
94271
42187
74950

15804
67283
49159
14676
47280

76168
75936
20507
70185
38723

63886
03229
45943
05825
335637
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Index of Special Symbols and Notations

The following list shows special symbols and notations used in this book together with pages on which
they are defined or first appear. Cases where a symbol has more than one meaning will be clear from
the context.

Symbols

Ber, (x), Bei, (x) 140

B(m,n) beta function, 103
B, Bernoulli numbers, 114
C(x) Fresnel cosine integral, 184
Ci(x) cosine integral, 184

e natural base of logarithms, 1

e, e, e; unit vectors in curvilinear coordinates, 124
erf (x) error function, 183
erfe (x) complementary error function, 183
E = E(k,%/2) complete elliptic integral of second kind, 179
E(k,$) incomplete elliptic integral of second kind, 179
Ei(x) exponential integral, 183

E, Euler numbers, 114

F(a,b; ¢; x) hypergeometric function, 160
F(k,¢) incomplete elliptic integral of first kind, 179
F,F~-1 Fourier transform and inverse Fourier transform, 175, 176
hy, ks, kg scale factors in curvilinear coordinates, 124
H,(x) Hermite polynomials, 151

H(:L)(x), H®(x) Hankel functions of first and second kind, 138
¢ imaginary unit, 21

i,3,k unit vectors in rectangular coordinates, 117
I,(x) modified Bessel function of first kind, 138
J,(x) Bessel function of first kind, 136
K = F(k,=/2) complete elliptic integral of first kind, 179
Ker, (x), Kei, (x) 140
K,(x) modified Bessel function of second kind, 139

Inxz or log, x
log # or logyyx

natural logarithm of «, 24
common logarithm of x, 23

L,(x) Laguerre polynomials, 153

Lzl(x) associated Laguerre polynomials, 155

L, £~1 Laplace transform and inverse Laplace transform, 161
P,(x) Legendre polynomials, 146

P(x) associated Legendre functions of first kind, 149

@Q,(x) Legendre functions of second kind, 148

Q' (x) associated Legendre functions of second kind, 150

r cylindrical coordinate, 49
r  polar coordinate, 22, 36
r  spherical coordinate, 50

S(x) Fresnel sine integral, 184

Si(x) sine integral, 183
T,(x) Chebyshev polynomials of first kind, 157
U,(x) Chebyshev polynomials of second kind, 158
Y, (x) Bessel function of second kind, 136
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264 INDEX OF SPECIAL SYMBOLS AND NOTATIONS

y  Euler’s constant, 1
I'(x) gamma function, 1, 101
¢(x) Riemann zeta function, 184
¢ cylindrical coordinate, 49

¢ polar coordinate, 22, 36

A=EB
A>B
A<B
AzZB
A=B
A=~DB
A~B

4]

G

v =30= @),

d2
y' = gj-; = f""(x), etc.

dr

P = ——

D dx?

dy
of of e

dx’ oy’ ox dy’ ete.
x, Y, ?)

(ttq, g, Ug)

| t@
b

V4 = V2(V?)

Greek Symbols

¢ spherical coordinate, 50
r 1

¢ spherical coordinate, 50

$(p) the sum 1+%+%+"- +%, ®(0) = 0, 137

&(x) pfbbability distribution function, 189

Notations

A equals B or A is equal to B

A is greater than B [or B is less than A]

A is less than B [or B is greater than A]

A is greater than or equal to B

A is less than or equal to B

A is approximately equal to B

A is asymptotic to B or A/B approaches 1, 102
AifA=0

1 1 A =
absolute value of {—A HA=0

factorial n, 3

binomial coefficients, 3

derivatives of y or f(x) with respect to z, 53, 55

pth derivative with respect to z, 55

differential of y, 55

partial derivatives, 56

Jacobian, 125

indefinite integral, 57

definite integral, 94

line integral of A along C, 121

dot product of A and B, 117
eross product of A and B, 118
del operator, 119

Laplacian operator, 120

biharmonic operator, 120



INDEX

Addition formulas, for Bessel functions, 145
for elliptic functions, 180
for Hermite polynomials, 152
for hyperbolic functions, 27
for trigonometric functions, 15
Agnesi, witch of, 43
Algebraic equations, solutions of, 32, 33
Amplitude, of complex number, 22
of elliptic integral, 179
Analytic geometry, plane [see Plane analytic
geometry]; solid [see Solid analytic geometry|
Angle between lines, in a plane, 35
in space, 47
Annuity, amount of, 201, 242
present value of, 243
Anti-derivative, 57
Antilogarithms, common, 23, 195, 204, 205
natural or Napierian, 24, 226, 227
Archimedes, spiral of, 45
Area integrals, 122
Argand diagram, 22
Arithmetic-geometric series, 107
Arithmetic mean, 185
Arithmetic series, 107
Associated Laguerre polynomials, 155, 156
[see also Laguerre polynomials)
generating function for, 155
orthogonal series for, 156
orthogonality of, 156
recurrence formulas for, 156
special, 155
special results involving, 156
Associated Legendre functions, 149, 150 [see also
Legendre functions]
generating function for, 149
of the first kind, 149
of the second kind, 150
orthogonal series for, 150
orthogonality of, 150
recurrence formulas for, 149
special, 149
Associative law, 117
Asymptotes of hyperbola, 39
Asymptotic expansions or formulas, for Bernoulli
numbers, 115
for Bessel functions, 143
for gamma function, 102

Base of logarithms, 23
change of, 24

Ber and Bei functions, 140, 141
definition of, 140
differential equation for, 141
graphs of, 141

Bernoulli numbers, 98,107, 114, 115
asymptotic formula for, 115
definition of, 114
relationship to Euler numbers, 115
series involving, 115
table of first few, 114

Bernoulli’s differential equation, 104
Bessel functions, 136-145
addition formulas for, 145
asymptotic expansions of, 143
definite integrals involving, 142, 143
generating functions for, 137, 139
graphs of, 141
indefinite integrals involving, 142
infinite products for, 188
integral representations for, 143
modified [see Modified Bessel functions]
of first kind of order =, 136, 137
of order half an odd integer, 138
of second kind of order n, 136, 137
orthogonal series for, 144, 145
recurrence formulas for, 137
tables of, 244-249
zeros of, 250
Bessel’s differential equation, 106, 136
general solution of, 106, 137
transformed, 106
Bessel’s modified differential equation, 138
general solution of, 139
Beta function, 103
relationship of to gamma function, 103
Biharmonic operator, 120
in curvilinear coordinates, 125
Binomial coefficients, 3
properties of, 4
table of values for, 236, 237
Binomial distribution, 189
Binomial formula, 2
Binomial series, 2, 110
Bipolar coordinates, 128, 129
Laplacian in, 128
Branch, principal, 17
Briggsian logarithms, 23

Cardioid, 41, 42, 44
Cassini, ovals of, 44
Catalan’s constant, 181
Catenary, 41
Cauchy or Euler differential equation, 105
Cauchy-Schwarz inequality, 185
for integrals, 186
Cauchy’s form of remainder in Taylor series, 110
Chain rule for derivatives, 53
Characteristic, 194
Chebyshev polynomials, 157-159
generating functions for, 157, 158
of first kind, 157
of second kind, 158
orthogonality of, 158, 159
orthogonal series for, 158, 159
recursion formulas for, 158, 159
relationships involving, 159
special, 157, 158
special values of, 157, 159
Chebyshev’s differential equation, 157
general solution of, 159



266

Chebyshev’s inequality, 186
Chi square distribution, 189
percentile values for, 259
Circle, area of, 6
equation of, 37
involute of, 43
perimeter of, 6
sector of [see Sector of circle]
segment of [see Segment of circle]
Cissoid of Diocles, 45
Common antilogarithms, 23, 195, 204, 205
sample problems involving, 195
table of, 204, 205
Common logarithms, 23, 194, 202, 203
computations using, 196
sample problems involving, 194
table of, 202, 203
Commutative law, for dot products, 118
for vector addition, 117
Complement, 20
Complementary error function, 183
Complex conjugate, 21
Complex inversion formula, 161
Complex numbers, 21, 22, 25
addition of, 21
amplitude of, 22
conjugate, 21
definitions involving, 21
division of, 21, 25
graphs of, 22
imaginary part of, 21
logarithms of, 25
modulus of, 22
multiplication of, 21, 25
polar form of, 22, 25
real part of, 21
roots of, 22, 25
subtraction of, 21
vector representation of, 22
Components of a vector, 117
Component vectors, 117
Compound amount, table of, 240
Cone, elliptic, 51
right circular [see Right circular cone]
Confocal ellipses, 127
ellipsoidal coordinates, 130
hyperbolas, 127
parabolas, 126
paraboloidal coordinates, 130
Conical coordinates, 129
Laplacian in, 129
Conics, 37 [see also Ellipse, Parabola, Hyperbola]
Conjugate, complex, 21
Constant of integration, 57
Convergence, interval of, 110
of Fourier series, 131
Convergence factors, table of, 192
Coordinate curves, 124
system, 11
Coordinates, curvilinear, 124-130
cylindrical, 49, 126
polar, 22, 36
rectangular, 36, 117
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Coordinates, curvilinear (cont.)
rotation of, 36, 49
special orthogonal, 126-130
spherical, 50, 126
transformation of, 36, 48, 49
translation of, 36, 49
Cosine integral, 184
Fresnel, 184
table of values for, 251
Cosines, law of for plane triangles, 19
law of for spherical triangles, 19
Counterclockwise, 11
Cross or vector product, 118
Cube, duplication of, 45
Cube roots, table of, 238, 239
Cubes, table of, 238, 239
Cubic equation, solution of, 32
Curl, 120
in curvilinear coordinates, 125
Curtate cycloid, 42
Curves, coordinate, 124
special plane, 40-45
Curvilinear coordinates, 124, 125
orthogonal, 124-130
Cycloid, 40, 42
curtate, 42
prolate, 42
Cylinder, elliptic, 51
lateral surface area of, 8, 9
volume of, 8, 9
Cylindrieal coordinates, 49, 126
Laplacian in, 126

Definite integrals, 94-100
approximate formulas for, 95
definition of, 94
general formulas involving, 94, 95
table of, 95-100
Degrees, 1, 199, 200
conversion of to radians, 199, 200, 223
relationship of to radians, 12, 199, 200
Del operator, 119
miscellaneous formulas involving, 120
Delta function, 170
DeMoivre’s theorem, 22, 25
Derivatives, 53-56 [see also Differentiation)
anti-, 57
chain rule for, 53
definition of, 53
higher, 55
of elliptic functions, 181
of exponential and logarithmie functions, 54
of hyperbolic and inverse hyperbolic
functions, 54, 55
of trigonometric and inverse trigonometric
functions, 54
of vectors, 119
partial, 56
Descartes, folium of, 43
Differential equations, solutions of basic, 104-106
Differentials, 55
rules for, 56
Differentiation, 53 [see also Derivatives]



Differentiation (cont.)
general rules for, 53
of integrals, 95
Diocles, cissoid of, 45
Direction cosines, 46, 47
numbers, 46, 48
Directrix, 37
Discriminant, 32
Distance, between two points in a plane, 34
between two points in space, 46
from a point to a line, 35
from a point to a plane, 48
Distributions, probability, 189
Distributive law, 117
for dot products, 118
Divergence, 119
in curvilinear coordinates, 125
Divergence theorem, 123
Dot or scalar product, 117, 118

Double angle formulas, for hyperbolic functions, 27

for trigonometric functions, 16
Double integrals, 122
Duplication formula for gamma functions, 102
Duplication of cube, 45

Eccentricity, definition of, 37
of ellipse, 38
of hyperbola, 39
of parabola, 37
Ellipse, 7, 37, 38
area of, 7
eccentricity of, 38
equation of, 37, 38
evolute of, 44
focus of, 38
perimeter of, 7
semi-major and-minor axes of, 7, 38
Ellipses, confocal, 127
Ellipsoid, equation of, 51
volume of, 10
Elliptic cone, 51
eylinder, 51
paraboloid, 52
Elliptic cylindrical coordinates, 127
Laplacian in, 127
Elliptic functions, 179-182 [see also Elliptic
integrals]
addition formulas for, 180
derivatives of, 181
identities involving, 181
integrals of, 182
Jacobi’s, 180
periods of, 181
series expansions for, 181
special values of, 182

Elliptic integrals, 179,180 [see also Elliptic functions]

amplitude of, 179

Landen’s transformation for, 180
Legendre’s relation for, 182

of the first kind, 179

of the second kind, 179

of the third kind, 179, 180

table of values for, 254, 255
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Envelope, 44
Epicycloid, 42
Equation of line, 34
general, 35
in parametrie form, 47
in standard form, 47
intercept form for, 34
normal form for, 35
perpendicular to plane, 48
Equation of plane, general, 47
intercept form for, 47
normal form for, 48
passing through three points, 47
Error function, 183
complementary, 183
table of values of, 257
Euler numbers, 114, 115
definition of, 114
relationship of, to Bernoulli numbers, 115
series involving, 115
table of first few, 114
Euler or Cauchy differential equation, 105
Euler-Maclaurin summation formula, 109
Euler’s constant, 1
Euler’s identities, 24
Evolute of an ellipse, 44
Exact differential equation, 104
Exponential functions, 23-25, 200
periodicity of, 24
relationship of to trigonometric functions, 24
sample problems involving calculation of, 200
series for, 111
table of, 226, 227
Exponential integral, 183
table of values for, 251
Exponents, 23

F distribution, 189
95th and 99th percentile values for, 260, 261
Factorial n, 3
table of values for, 234
Factors, 2
Focus, of conie, 37
of ellipse, 38
of hyperbola, 39
of parabola, 38
Folium of Descartes, 43
Fourier series, 131-135
complex form of, 131
convergence of, 131
definition of, 131
Parseval’s identity for, 131
special, 132-135
Fourier transforms, 174-178
convolution theorem for, 175
cosine, 176
definition of, 175
Parseval’s identity for, 175
sine, 175
table of, 176-178
Fourier’s integral theorem, 174
Fresnel sine and cosine integrals, 184
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Frullani’s integral, 100
Frustrum of right circular cone, lateral surface
area of, 9
volume of, 9

Gamma function, 1, 101, 102
asymptotic expansions for, 102
definition of, 101, 102
derivatives of, 102
duplication formula for, 102
for negative values, 101
graph of, 101
infinite product for, 102, 188
recursion formula for, 101
relationship of to beta function, 103
relationships involving, 102
special values for, 101
table of values for, 235

Gaussian plane, 22

Gauss’ theorem, 123

Generalized integration by parts, 59

Generating functions, 137, 139, 146, 149, 151, 153,

155, 157, 158

Geometric formulas, 5-10

Geometric mean, 185

Geometric series, 107
arithmetic-, 107

Gradient, 119
in curvilinear coordinates, 125

Green’s first and second identities, 124

Green’s theorem, 123

Half angle formulas, for hyperbolic functions, 27
for trigonometric functions, 16
Half rectified sine wave function, 172
Hankel functions, 138
Harmonic mean, 185
Heaviside's unit function, 173
Hermite polynomials, 151, 152
addition formulas for, 152
generating function for, 151
orthogonal series for, 152
orthogonality of, 152
recurrence’ formulas for, 151
Rodrigue’s formula for, 151
special, 151
special results involving, 152
Hermite’s differential equation, 151
Higher derivatives, 55
Leibnitz rule for, 55
Holder’s inequality, 185
for integrals, 186
Homogeneous differential equation, 104
linear second order, 105
Hyperbola, 37, 39
asymptotes of, 39
eccentricity of, 39
equation of, 37
focus of, 39
length of major and minor axes of, 39
Hyperbolas, confocal, 127
Hyperbolic functions, 26-31
addition formulas for, 27

Hyperbolic functions (cont.)
definition of, 26
double angle formulas for, 27
graphs of, 29
half angle formulas for, 27
inverse [sec Inverse hyperbolic functions)
multiple angle formulas for, 27
of negative arguments, 26
periodicity of, 31
powers of, 28
relationship of to trigonometric functions, 31
relationships among, 26, 28
sample problems for calculation of, 200, 201
series for, 112
sum, difference and product of, 28
table of values for, 228-233
Hyperbolic paraboloid, 52
Hyperboloid, of one sheet, 51
of two sheets, 52
Hypergeometric differential equation, 160
distribution, 189
Hypergeometric functions, 160
miscellaneous properties of, 160
special cases of, 160
Hypocycloid, general, 42
with four cusps, 40

Imaginary part of a complex number, 21
Imaginary unit, 21
Improper integrals, 94
Indefinite integrals, 57-93
definition of, 57
table of, 60-93
transformation of, 59, 60
Inequalities, 185, 186
Infinite products, 102, 188
series [see Series]
Initial point of a vector, 116
Integral calculus, fundamental theorem of, 94
Integrals, definite {see Definite integrals]
double, 122
improper, 94
indefinite [see Indefinite integrals]
involving vectors, 121
line [see Line integrals]
multiple, 122, 125
Integration, 57 [see also Integrals]
constants of, 57
general rules of, 57-59
Integration by parts, 57
generalized, 59
Intercepts, 34, 47
Interest, 201, 240-243
Interpolation, 195
Interval of convergence, 110
Inverse hyperbolic funections, 29-31
definition of, 29
expressed in terms of logarithmic functions, 29
graphs of, 30
principal values for, 29
relationship of to inverse trigonometric
functions, 31
relationships between, 30
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Inverse Laplace transforms, 161
Inverse trigonometrie functions, 17-19
definition of, 17
graphs of, 18, 19
principal values for, 17
relations between, 18
relationship of to inverse hyperbolic
funetions, 31
Involute of a circle, 43

Jacobian, 125
Jacobi’s elliptic functions, 180

Ker and Kei functions, 140, 141
definition of, 140
differential equation for, 141
graphs of, 141

Lagrange form of remainder in Taylor series, 110
Laguerre polynomials, 153, 154
associated [see¢ Associated Laguerre polynomials]
generating function for, 153
orthogonal series for, 154
orthogonality of, 154
recurrence formulas for, 153
Rodrigue’s formula for, 153
special, 153
Laguerre’s associated differential equation, 155
Laguerre’s differential equation, 153
Landen’s transformation, 180
Laplace transforms, 161-173
complex inversion formula for, 161
definition of, 161
inverse, 161
table of, 162-173
Laplacian, 120
in curvilinear coordinates, 125
Legendre functions, 146-148 [see also Legendre
polynomials]
associated [see Associated Legendre functions]
of the second kind, 148
Legendre polynomials, 146, 147 [see also
Legendre functions]
generating function for, 146
orthogonal series of, 147
orthogonality of, 147
recurrence formulas for, 147
Rodrigue’s formula for, 146
special, 146
special results involving, 147
table of values for, 252, 253
Legendre’s associated differential equation, 149
general solution of, 150
Legendre’s differential equation, 106, 146
general solution of, 148
Legendre’s relation for elliptic integrals, 182
Leibnitz’s rule, for differentiation of integrals, 95
for higher derivatives of products, 55
Lemniscate, 40, 44
Limacon of Pasecal, 41, 44
Line, equation of [see Equation of line]
integrals [see Line integrals]
slope of, 34
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Linear first order differential equation, 104
second order differential equation, 105
Line integrals, 121, 122
definition of, 121
independence of path of, 121, 122
properties of, 121
Logarithmic functions, 23-25 [see also Logarithms]
series for, 111
Logarithms, 23 [see also Logarithmic functions]
antilogarithms and [see Antilogarithms]
base of, 23
Briggsian, 23
change of base of, 24
characteristic of, 194
common [see Common logarithms]
mantissa of, 194
natural, 24
of complex numbers, 25
of trigonometric functions, 216-221

Maclaurin series, 110
Mantissa, 194
Mean value theorem, for definite integrals, 94
generalized, 95
Minkowski’s inequality, 186
for integrals, 186
Modified Bessel functions, 138, 139
differential equation for, 138
generating function for, 139
graphs of, 141
of order half an odd integer, 140
recurrence formulas for, 139
Modulus, of a complex number, 22
Moments of inertia, special, 190, 191
Multinomial formula, 4
Multiple angle formulas, for hyperbolic
functions, 27
for trigonometric functions, 16
Multiple integrals, 122
transformation of, 125

Napierian logarithms, 24, 196
tables of, 224, 225
Napier’s rules, 20
Natural logarithms and antilogarithms, 24, 196
tables of, 224-227
Neumann’s function, 136
Nonhomogeneous equation, linear second order, 105
Normal, outward drawn or positive, 123
unit, 122
Normal curve, areas under, 257
ordinates of, 256
Normal distribution, 189
Normal form, equation of line in, 35
equation of plane in, 48
Null function, 170
Null vector, 116
Numbers, complex {see Complex numbers]

Oblate spheroidal coordinates, 128
Laplacian in, 128

Orthogonal curvilinear coordinates, 124-130
formulas involving, 125
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Orthogonality and orthogonal series, 144, 145,
147, 150, 152, 154, 156, 158, 159
Ovals of Cassini, 44

Parabola, 37, 38
eccentricity of, 37
equation of, 37, 38
focus of, 38
segment of [see Segment of parabola]
Parabolas, confocal, 126
Parabolic cylindrical coordinates, 126
Laplacian in, 126
Parabolic formula for definite integrals, 95
Paraboloid elliptic, 52
hyperbolie, 52
Paraboloid of revolution, volume of, 10
Paraboloidal coordinates, 127
Laplacian in, 127
Parallel, condition for lines to be, 35
Parallelepiped, rectangular [see Rectangular
parallelepiped]
volume of, 8
Parallelogram, area of, 5
perimeter of, 5
Parallelogram law for vector addition, 116
Parseval’s identity, for Fourier transforms, 175
for Fourier series, 131
Partial derivatives, 56
Partial fraction expansions, 187
Pascal, limacon of, 41, 44
Pascal’s triangle, 4, 236
Perpendicular, condition for lines to be, 35
Plane, equation of [see Equation of plane]
Plane analytic geometry, formulas from, 34-39
Plane triangle, area of, 5, 35
law of cosines for, 19
law of sines for, 19
law of tangents for, 19
perimeter of, 5
radius of circle eircumseribing, 6
radius of circle inscribed in, 6
relationships between sides and angles of, 19
Poisson distribution, 189
Poisson summation formula, 109
Polar coordinates, 22, 36
transformation from rectangular to, 36
Polar form, expressed as an exponential, 25
multiplication and division in, 22
of a complex number, 22, 25
operations in, 25
Polygon, regular [see Regular polygon]
Power, 23
Power series, 110
reversion of, 113
Present value, of an amount, 241
of an annuity, 243
Principal branch, 17
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Principal values, for inverse hyperbolic functions, 29

for inverse trigonometric functions, 17, 18
Probability distributions, 189
Products, infinite, 102, 188

special, 2
Prolate cycloid, 42

Prolate spheroidal coordinates, 128
Laplacian in, 128

Pulse function, 173

Pyramid, volume of, 9

Quadrants, 11
Quadratic equation, solution of, 32
Quartic equation, solution of, 33

Radians, 1, 12, 199, 200
relationship of to degrees, 12, 199, 200
table for conversion of, 222
Random numbers, table of, 262
Real part of a complex number, 21
Reciprocals, table of, 238, 239
Rectangle, area of, 5
perimeter of, 5
Rectangular coordinate system, 117
Rectangular coordinates, transformation of to
polar coordinates; 36
Rectangular formula for definite integrals, 95
Rectangular parallelepiped, volume of, 8
surface area of, 8
Rectified sine wave function, 172
half, 172
Recurrence or recursion formulas, 101, 137, 139,
147, 149, 1561, 153, 156, 158, 159
Regular polygon, area of, 6
circumscribing a circle, 7
inscribed in a cirele, 7
perimeter of, 6
Reversion of power series, 113
Riemann zeta function, 184
Right circular cone, frustrum of
[see Frustrum of right circular cone]
lateral surface area of, 9
volume of, 9
Right-handed system, 118
Rodrigue’s formulas, 146, 151, 153
Roots, of complex numbers, 22, 25
table of square and cube, 238, 239
Rose, three- and four-leaved, 41
Rotation of coordinates, in a plane, 36
in space, 49

Saw tooth wave function, 172
Scalar or dot product, 117, 118
Scalars, 116

Scale factors, 124

Schwarz inequality [see Cauchy-Schwarz inequality)

Sector of circle, arc length of, 6
area of, 6
Segment of circle, area of, 7
Segment of parabola, area of, 7
arc length of, 7
Separation of variables, 104
Series, arithmetic, 107
arithmetic-geometric, 107
binomial, 2, 110
Fourier [see Fourier series]
geometric, 107
of powers of positive integers, 107, 108
of reciprocals of powers of positive integers,
108, 109



Series, arithmetic (cont.)

orthogonal [see Orthogonality and orthogonal series]

power, 110, 113
Taylor [see Taylor series]
Simple closed curve, 123
Simpson’s formula for definite integrals, 95
Sine integral, 183
Fresnel, 184
table of values for, 251
Sines, law of for plane triangle, 19
law of for spherical triangle, 19
Slope of line, 34
Solid analytic geometry, formulas from, 46-52
Solutions of algebraic equations, 32, 33
Sphere, equation of, 50
surface area of, 8
triangle on [see Spherical triangle]
volume of, 8
Spherical cap, surface area of, 9
volume of, 9
Spherical coordinates, 50, 126
Laplacian in, 126
Spherical triangle, area of, 10
Napier’s rules for right angled, 20
relationships between sides and angles of, 19, 20
Spiral of Archimedes, 45
Square roots, table of, 238, 239
Square wave function, 172
Squares, table of, 238, 239
Step function, 173
Stirling’s asymptotic series, 102
formula, 102
Stoke’s theorem, 123
Student’s ¢t distribution, 189
percentile values for, 258
Summation formula, Euler-Maclaurin, 109
Poisson, 109
Sums [see Series]
Surface integrals, 122
relation of to double integral, 123

Tangent vectors to curves, 124
Tangents, law of for plane triangle, 19
law of for spherical triangle, 20
Taylor series, 110-113
for functions of one variable, 110
for functions of two variables, 113
Terminal point of a vector, 116
Toroidal coordinates, 129
Laplacian in, 129
Torus, surface area of, 10
volume of, 10
Tractrix, 43
Transformation, Jacobian of, 125
of coordinates, 36, 48, 49, 124
of integrals, 59, 60, 125
Translation of coordinates, in a plane, 36
in space, 49
Trapezoid, area of, 5
perimeter of, 5
Trapezoidal formula for definite integrals, 95
Triangle, plane [see Plane triangle]
spherical [see Spherical triangle]
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Triangle inequality, 185
Triangular wave function, 172
Trigonometric functions, 11-20
addition formulas for, 15
definition of, 11
double angle formulas for, 16
exact values of for various angles, 13
for various quadrants in terms of
quadrant I, 15
general formulas involving, 17
graphs of, 14
half angle formulas, 16
inverse [see Inverse trigonometric functions]
multiple angle formulas for, 16
of negative angles, 14
powers of, 16
relationship of to exponential functions, 24
relationship of to hyperbolic functions, 31
relationships among, 12, 15
sample problems involving, 197-199
series for, 111
signs and variations of, 12
sum, difference and product of, 17
table of in degrees and minutes, 206-211
table of in radians, 212-215
table of logarithms of, 216-221
Triple integrals, 122
Trochoid, 42

Unit funection, Heaviside’s, 173
Unit normal to a surface, 122
Unit vectors, 117

Vector algebra, laws of, 117
Vector analysis, formulas from, 116-130
Vector or cross product, 118
Vectors, 116
addition of, 116, 117
complex numbers as, 22
components of, 117
equality of, 117
fundamental definitions involving, 116, 117
multiplication of by scalars, 117
notation for, 116
null, 116
parallelogram law for, 116
sums of, 116, 117
tangent, 124
unit, 117
Volume integrals, 122

Wallis’ product, 188
Weber’s function, 136
Witch of Agnesi, 43

x axis, 11
« intercept, 34

y axis, 11
y intercept, 34

Zero vector, 116
Zeros of Bessel functions, 250
Zeta function of Riemann, 184





