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Concurrence and collinearity
using properties of pencils of lines

“Projective geometry is whole geometry”
Arthur Cayley

Neculai Stanciu®

Abstract.
This article is devoted to the study of two fundamental and reciprocal questions. when do
three given points lie on a single line, and when do three given lines pass through a single
point? The techniques we describe in this article will be augmented by more sophisticated
approaches, such as the Papus’s theorems, the Desargues’s theorems, the Pascal’s theorem
and the Brianchon’s theorem.

The formalism of projective geometry makes a discussion of such properties possible,
and exposes some remarkable facts, such as the duality of points and lines.While technique
“cross-ratio” of four points, and in the light of duality the cross-ratio of four lines can be
useful on contest problems, much of the material here is considered “too advanced” for
primary and secondary school education.Thisis a pity, as some of the most beautiful classical
geometry appears only in the projective geometry.

1. Main purpose- of the results below is familiarizing readers with new methods (
little known even teachers of mathematics) solving problems of concurrence and collinearity
namely the techniques offered by pencils of lines properties.

We consider fig.1 where S(a,b,c,d)or S(A,B,C,D) represents a convergent pencil of lines,
with its own pointS and rays a,b,c,d or SA,SB,SC,SD and fig.2 whereS(a,b,c,d) is a
parallel pencil of lineswith rays a,b,c,d or SA, 3B, SC, D ('S isimproperly point).

S
Fig.l Fig.2
A B D d A C O
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e CA DA . . .
If the crossratio (ABCD)_ﬁ.ﬁ is harmonic ((ABCD)=-1) then the pencil

attachment S(ABCD) is called harmonic pencil of lines.
2. Cross-ratio corresponding to a conver gent pencil of lines

We consider the pencil of lines S(abcd) cut by line & (you see fig.1) in the points

not
A=56naB=38 "b,C=8nc,D=05nd.lf S(XYZ) =triangle areawith vertices X,Y and
A hot A
Z, XY 2 XSV, h=d(S,5), then CA_CA-h_2-S(CH S(CSA)_
CB CB-h 2. S(CSB) S(CSB)

CA_ DA _ S(CSA) . S(DSA) _ SC-SA-sin(ca) . SD- SA-sin(da) _
CB DB S(CSB) S(DB) C-SB-sin(ch) SD - SB-sin(db)

(ABCD) =

_ sin(ca) . sin(da)

sin(ch) sin(db)

ot sm(ca) sm(da)

s n(cb) s n(db)

If S(abed) = , then results (ABCD) = S(abcd) .

3. Properties (invariant’s theorems)

Theorem 1.0n a line & we consider four fixed points A/ B,C,D .For any S¢d, we
denoted a=SAb=B,c=C,d = D . Cross-ratio corresponding to a convergent pencil of
S(abcd) isinvariant.

Proof.Let S,S' ¢4 ,sofig.3.

Fig.3
S

71K,

Because S(abcd) = (ABCD) and S'(a’b’c'd’) = (ABCD) results
S(abed) = S'(a’b’c'd’) .(g.e.d).
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Theorem 2.We consider fixed pencil of lines with vertix Sand rays a,b,c,d .For any secant
line 8 which intersect the rays of pencil in A=and,B=bnd,C=cnd,and D=dn3d,
Double-ratio corresponding to division (ABCD) esteinvariant.

Proof.Let 6 and 6’ two some secant lines (you see fig.4), which intersect the rays of the
pencil of linesin the points A B,C,D and A',B',C',D’.

Fig.4
)
C D’ 5’
We have (ABCD) = S(abcd) and (A'B'C'D’") = S(abcd) .Hence

(ABCD) = (A'B'C'D’) .(g.e.d.).
Pencil of lines cut by a secant paralell with one of the rays.
Let S(abcd) be apencil of linesand 3| a (you seefig.5).

Fig.5

CA DA (9 ACA'S=~ACBC = CA_A
CB CB’
D’A’ SA’

= — Under 1 2 and 3 re&]lts
SA\’ SA\' 1 1

S(abed) = -~ . - —(ABCD).
CB DB CB DB

(1) S(abed) = (ABC'D') =

(3) AD’A'S ~ AD'BD =

We have the following “mnemotehnical” rule for writing the double-ratio ii

DB’
So §||a scriem 8 ma= A (improperly point on the direction parallels §|a),

S(abcd) = cé'g DAB and wetake CA : DA =1 (switchingto limit A" —> A).
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1 1

Corollary.Let B,C,D bethefixed pointsonaline § , aJs,Sea,SB=b,SC=c, D =d.
Then VS € a, S(abcd) isinvariant.

D
C_A1 - _A1 — i - i:constant_

Proof.Let A =8 na.S(abcd) = (ABCD) = : = :
A a ( ) (A ) CB DB CB DB

Theorem 3.Let A B,C,D be the fixed pointson C(O;R) and M € C(O; R) (you see fig.6).1f
MA=a,MB=b,MC =c,MD =d then, YM € C(O;R) M (abcd)isinvariant.

Proof.M(abcd)zsm(Cfl):Sm(d?) =constant, because A,B,C,D are fixed points and
sin(cb) sin(db)

~ CBA__ ~ CB__ - DCBA_ . . DCB

ca=——=ct.,,cb=—=ct.,, da=——=ct., do = ——=ct.
2R 2R 2R 2R
Fig6
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Observation. Y ou seefigure 6, results M (ABCD) = M (A'B'C'D’).

Theorem 4. Let A, B,C, D befixed pointson C(O;R) and , a,b,c, d the tangents in the four
points at circleC(O; R) .Then whatever tangent t to the circle C(O;R) in point T € C(O;R),
the points A =ant,B =bnt,C,=cnt si D, =dnt formed a invariant
divison(AB,C,D,).

Proof. We have figure 7

Fig.7
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(AB,.C,D,) =0(AB,C,D,) .We consider the pencil of lines with vertix T and the rays
TALOA,TBLOB, TC LOC,, TD L OD, .So T(ABCD) =0O(AB,C,D,).

Weget (AB,C,D,) =T(ABCD) = (sin%:sin%) : (sin[z)—'::sin BZCRD

Theorem 5.0n circle C(O;R) consider distinct points A, B,C,D and tangent a,b,c,d in
these points at the circle (you see fig.8).We have:

A(aBCD) = B(AbCD) = C(ABcD) = D(ABCd) .

) =constant.

Proof. A(aBCD) = (sin Can :sin CAB) :(sin D,AAa: sin D,AAB) =
:(sin%:sinE) : (sin%:sin@) =r =constant=

2R 2R 2R 2R
= B(AbCD) = C(ABcD) = D(ABCd) (from the equalities of sines).
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Observation. Theorem 5 represents the limit case of the theorem 3 — the point M on the
C(O;R) isoneof thepoints A,B,C or D.

Teorema 6.0n circleC(O; R) we consider the distinct points A, B,C,D and the tangents at
the circle in these points a,b,c,d (you seefig.9).

If denoted E=anb,F=bnc,G=cnd,H=dna,l =bnd and J =anc, then we have
the equalities: (AEJH ) = (EBFI ) = (JFCG) = (HIGD) .

Proof.We consider the pencil of lines with vertex O and rays OA OE,OJ,OH

[~
\a
i
\\\ P /
E /
- I\‘. I|'
B— \
K\'\ /
//"' ' Y
- N
¢ ~ %0 '\\.
L \ ) \
b = \‘\ ,-’-'D I\\
-\ /_,' | \,\\
~_ \
oo f A\
H""\g\\& '\\
T
/ N .
o Fig.9

OAEJH , then the pencil of lines with vertex in A and the rays perpendiculars on the rays of
previously pencil of lines:a 1. OA, AB L OE,AC L OJ , AD L OH , A(aBCD) and we have
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(AEJH) = O(AEJH) = A(aBCD) .
The same is obtained the equalities:
(EBFI) = O(EBFI) = B(AbCD) ;
(JFCG) = O(JFCG) = C(ABcD) ;
(HIGD) =O(HIGD) = D(ABCd).
Now we use the equalities:

Can: CI§A= céA: CDhA Si CISA: ABC =7 — CDA, and results:
2R 2R 2R

sm(CAa) sm(CBA) sm(cCA) sm(CDA) sin (%)

The same is obtained the equalities:

Sn(CAB) = Sin(CBb) = Sn(cCB) = in(CDB) = sin(")

sin(DAa) = Sin(DBA) = sin(DCA) = sin(dDA) = sin(D—A)

sin(DAB) = sin(DBb) = sin(DCB) = sin(dDB) = sn(%)

Given these values can write:
CDA DA . DAB

A(aBCD) = B(AbCD) = C(ABcD) = D(ABCd) = (smﬁ sin —) (sin R snﬁ)
(g.ed.).

Observation. Theorem 6 represents the limit case of theorem 4 - the tangenta t at the circle
C(O;R) isoneof thetangents a,b,c,d .

4. Theorems on concurrence and collinearty

Theorem 7. If (ABCD)=(AB'C'D')- have a common point A, then the lines
BB',CC’',DD' are concurrence.
Proof.We have the fig.10.

Leg¢ O=BB'nCC' and D"=0Dn6'We use the theorem 2 and results
(ABCD) =(AB'C'D"), now use the hypothesis and we have (ABCD)=(AB'C'D’).
Hence(AB'C'D") = (AB'C'D’), then D" =D" .(g.ed.).

Theorem 8.If S(abcd) = S'(ab’c’'d”) - common ray SS' = a, then the points of intersection
of the three pairs of rays correspondent: B=bnb',C=cnc',D=dnd" arecollinear.
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Fig.11

Proof. S

Let A=BCna,D=BCnd , D'=DCnd’'(fig.11).

From the hypothesis we get (1) S(abcd) = S'(ab’c'd’) .We intersect the pencil of lines
S(abcd) with BCand results (2) S(abcd) = (ABCD) .We intersect the pencil of lines
S'(ab’c'd")with BC and results (3) S'(ab’c’'d’) = (ABCD') .From this three relations we get
(ABCD) = (ABCD'), then D =D’ .(g.e.d.).

5. At theend - | propose some classical theorems that can be attacked with pencils of
lines techniques(theorem 7 and theorem 8).

Teorema 9. Pappus’s theorem

If AB and C arethree points on oneline, D,E and F are three points on another line,

and AE meets BD a X, AF meets CD a Y, and BF meets CE a Z, then the three
points X,Y and Z arecollinear.

Teorema 10.Desargues’s theorem.

In a projective space, two triangles are in perspective axially if and only if they are in
perspective centrally.

To understand this, denote the three vertices of one triangle by (lower-case) a, b, and ¢, and
those of the other by (capital) A, B, and C. Axia perspectivity is the condition satisfied if and
only if the point of intersection of ab with AB, and that of intersection of ac with AC, and that
of intersection of bc with BC, are collinear, on a line called the axis of perspectivity. Central
perspectivity is the condition satisfied if and only if the three lines Aa, Bb, and Cc are
concurrent, at a point called the center of perspectivity.

Theorem 11. Pascal’s theorem (The dua of Brianchon's theorem).

Given a (not necessarily regular, or even convex) hexagon inscribed in a conic section, the
three pairs of the continuations of opposite sides meet on a straight line, called the “Pascal
line”.

Theorem 12. Brianchon’s theorem (The dual of Pascal’s theorem).

Given a hexagon circumscribed on a conic section, the lines joining opposite polygon vertices
(polygon diagonals) meet in asingle point.



Revista Electronica Matelnfo.ro ISSN 2065 - 6432 Nr. Aprilie 2010 | www.mateinfo.ro

REFERENCES

[1] Nicolescu, L., Boskoff, W., Probleme practice de geometrie, Ed. Tehnicd, Bucuresti, 1990.
[2] Mihaileanu, N. N., Complemente de geometrie sintetica, E.D.P., Bucuresti, 1965.

[3] http://www.nct.anth.org.uk/

[4] http://en.wikipedia.org/wiki/Projective_geometry

[5] http://robotics.stanford.edu/~birch/projective/

[6] http://www.math.poly.edu/courses/projective_geometry/

[7] http://www.cs.elte.hu/geometry/csikos/proj/proj.html

[8] http://www.geometer.org/mathcircles/projective.pdf



http://www.nct.anth.org.uk/
http://en.wikipedia.org/wiki/Projective_geometry
http://robotics.stanford.edu/~birch/projective/
http://www.math.poly.edu/courses/projective_geometry/
http://www.cs.elte.hu/geometry/csikos/proj/proj.html
http://www.geometer.org/mathcircles/projective.pdf

