Revista Mateinfo.ro ISSN 2065 — 6432 nr. martie 2009

Calculul primitivelor - teorie si aplicatii

prof. Andrei Dobre

I. Primitive din functii rationale

Fie f :D c R > R cu f(X):%, unde Py, Q € R[X] si
X

R0 PO b 0o € RIX
a0~ P+ gy 1P Qo € RIX

si grP < grQ. Dupa o teorema din algebra (capitolul III), are loc

grPo> grQ, atunci avem: f(X) =

descompunerea in fractii simple:

Mx + N
+2

f(x)= po(X)+Z 2+ PRt )

) (A=p*-40<0), unde %,

este suma relativa la toate radacinile reale simple si multiple, iar X, este
suma relativa la toate radacinile complexe simple si multiple ale ecuatiei
algebrice cu coeficienti reali: Q(x) = 0.

Calculul primitivelor lui f este dat prin:

If(x)dx Ipo(x)dx+j )d =
Mx+ N
= p(x
p()+Zl-|‘(x— I(x + px+Qq)"
si conduce la urmatorul rezultat:
Aln|x-X,|+C;n=1
Of =1 A

I-n (x=x,)"

-+Cyn>2
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Ecuatia X’ + px + q = 0 cu A = p*- 4q < 0 are riddcini complexe:

X,=azxifeC, unde a, B € R. Are loc descompunerea canonica:

p=-2a
X>+px+q=(X-a)’+ B> unde{q=a’ + p°

A=-4p%<0
Avem: (ii)Ide=

(x> + px+q)"

+N

%ln(x2+px+q)+Ma arcth_Ta+C1;n:1

M N
2 (n=D(x*+ px+q)""

+(Ma+N)Il ;n=2

| :J' d(x—a) :_[ dx

D=+ BT T (¢ + px+ )

n:% L 2X 5 _]+2n_3ln_1 pentrun =2
A 12n-2 [(x—-a)" +p°]" 2n-2
1 X—a

|1:Ear0tg ; +C,;1,=x+C,

I1. Integrarea functiilor irationale

Integrarea functiilor irationale se va reduce, prin substitutii
convenabile, la integrarea de functii rationale. Vom folosi notatia
R(u, v, w, ...) pentru a desemna o functie rationald in variabilele u, v, w, ...

care la randul lor sunt functii in X.

L m.K,m, eZ
IO)IR(X“' K, x™)dx cu ]
n,K,n, eN

si consideram N = c.m.m.m.c.{Ny, Ny, ..., Np}. Substititia X = t" si dx:nt”'ldt,

. m m .
notand: s, =—--n,K ,s, =—%-n cus,, .., SyeZ, obtinem:
n, n
p
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Mp

[RX™.K .x")dx =n[R*.K .t*)t"'dt = [R(®)dt cu Ry o functie

rationald in t.

m

2)[Rex[ B+ ,K XDy unde oxrd = 0, X250 cu
cx+d cx+d cx+d

a,b,c,de R, my, ..., m, €Z, Ny, ..., N, € N si consideram:

N =c.mm.m.c. {Ny, Ny, ..., Np}. Substitutia:

x—dt (a ct" #0)
ax+b a—ct"
=t =
cx +d (ad —bc)nt"”
X ="—"—"5—
(a—cth)
:J-R( ax+b\n ,K, ax+b Y =
ox+d cx+d
n n-1
:jR(dt E,tsl,K,tsp)Mdt:IRz(t)dt, unde R, este o
—ct (a—cth)

functie rationald in t.
3°)J. R(x,vax®> +bx+c)dx cua,b,c eR,a=0si A=b’4ac=0
Se vor efectua substitutiile lui Euler:

3,°) Daci a > 0 substitutia este: vax” +bx+c = xva tt si pentru cazul

2

t"—c
Jax> +bx+c=xJa+t=x=—— " (b—2t/a £ 0);
b—2t\/5( )

= A a g g A b oda
(b—2tva)? b-2tJa
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= I R(x,\/ax2 +bx +c)dx =

—¢  —+at*+bt—c+a. —+/at> +bt—cia

_ZIR(b 2va’ b-2ta ) (b - 2ty/a)’ de=[ R, et

cu R; o functie rationald in t.

3,°) Daci ¢ > 0 substitutia este: vax” +bx+c = xt +4/c si pentru cazul

Jax® +bx+c = xt +vJ/c avem: x—2t\/_ b( —t* £ 0);
a-—

2 2
dx = \/_ btJrah/_dt\/ax +bx+c_ \/_ bt+a\/_

(a-t*)? a—t’

:>jR(x vax® +bx+c)dx =

_sz(Zt*/_ b’tzx/_ bt+a\/E)t2\/_ bt+a*/_dt_jR(t)dt
a-t’ (a-t?)?

cu R4 o functie rationald in t.

3;°) Dacia<0sic <0, iar A =b*4ac < 0 = ax’+bx+c < 0, Vx € R si

vax? +bx+c € C. Dacd A =b*4ac >0 = ax’ + bx + ¢ = a(x — X;)(X — X2)

Cu Xp, Xy € R$1 X1 # Xo.

[ X=x%, . .
Avem: Vax® +bx+¢ =./a(x—x)(X—X,) =(X—X),[a 2 j atunci
X—X

jR(x Vax® +bx +¢)dx = jR(x (x—x,).|a / )dx este de tip 2° si se

L. X=X X t* + X 2t(x, — X
face substitutia: =’ = Xx= ——2;dx = ( ) 2t
X=X I+t (1+1%)
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X—X = X2 _Z(l :.[R(x,\/ax2 +bx+c)dx =

1+t

Xt +X, X, —X 2t(X, — X,)
= [R 2 DT R a2 gy = [ R (t)dt
I ( 1+t* 7 14t ) (1+1%)? I st

cu Rs o functie rationald in t.

4°)I x"(a+bx")"dx integrale binome cua, b € R, m, n, p € Q si notim

m n p x
m=—,n=—Lp=—L,undem;, N, P € Z; My, Ny, P2 e N.
m2 n2 p2

Teorema lui P.L.Cebisev

Primitivele pentru I x"(a+bx")Pdx se pot exprima prin combinatii finite

de functii elementare numai In urmdatoarele trei cazuri:
410) peZ

m+1

420) el

m+1
n

45°)

+peZ

Demonstratie 4,°) Daca p € Z avem:

m+1

. m n\0 . m _ X _
(|)p:0:>IX (a-l—bX)dX—J‘X dX—m+1+C1 (m=-1)
b pd P . pkbk Xnk+m+1
ip>0= [x"(@+bx")Pdx =Y CaP*p*——+C
(ip Jx¢ ) kzzol P nk+m+1 °

(iip <0:>Ixm(a+bx”)pdx:.[(a);T)_pdx:jR(x,x“,x"Z)dx este
+

de tip 1° si notand N = c.m.m.m.c.{m,, N} prin substitutia:

1

n

X =t x=t";
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1

1-n m+1
dx=—t " dt:>jx”‘(a+bx”)pdx=ljt n l;dt=jRﬁ(t)dt cu
n n

(a+bt)™®

Re o functie rationala in t.

1 o e
—1eZ si prin substitutia

4,°) Daca p ¢ Z si m+1 e Z., atunci

m+1

=
X" =1, avem: Ixm(a +bx")Pdx = lJ't " (a+bt)Pdt din care prin 0 noua
n

z” —a _
;dt=&zp2 'dz se

substitutie: a+bt=2z" < a+bx"=t" =>t= 5 b

m+1

obtine rezultatul final: j X" (a+bx")Pdx = 1 j £ (a+bt)’dt=
n

m-+1

BlaLaN
_lpfzP-a)r PPy — i ionali i
= HFI(TJ -z dz —J.R7(Z)dz , R7 o functie rationala in z

m+1
deoarece:

—-leZsip+p,-leZ.

m+1 . m+1 e . <
4;°) Daca p,——¢Z si ——+ p € Z se reprezintd integrala binoma sub
n n

n p n\P
forma: Ixm(a+bxn)de=IXm(a+?X 'an dX:J.Xmmp(ﬂj dx
X X

1 1-n

si prima substitutie: X" =t < x=t";dx=—t " dt conduce la:
n

m+1
n

p
j dt a doua substitutie:


Dobre
Text Box


—ap,z™”
(2" ~b)’

a+bt a+hbx"
=71 < =t =t=

= s (2" —b=0)dt =
"™ -

a a Yn
= jxm(a+bx”)pdx = —%I[sz —bj 2Pz :IRg(z)dz

cu

! +p-1€Z,p,+p,—1€Z siRg o functie rationald in Z.

II1. Integrarea functiilor rationale in sinx si cosx

1°) Calculul integralei J.R(sin x,cos X)dx in cazul general cu X € (- 7,7)

« X = 2arctgt
se face printr-o schimbare de variabila: th:t: d 2dt st
X =
1+t
X e 2t 1-t7) dt
= | R(sin X,cos x)dx = 2| R ,— = | R (t)dt

y 2 'f ( ) I (1+t2 1+t2J1+t2 I‘()

CosX=——

1 +t?

cu R; o functie rationald in t.

2°) Daca R(sinX, cosx) este o functie impara in cosX, avem: R(sinX, cosx)dx
= f(sin®x, cos*X)cosxdx si prin substitutia: sinx = t; cosxdx = dt se obtine:
R(sin X, cos X)dX =f (sin2 X,cos’ X)cos xdx = f (tz,l —t? )dt =

= I R(sin X, cos X )dx = j f (t2,1 ~t? )dt = I R,(t)dt cu R, o functie rationald
int.

3°) Daca R(sinX, cosX) este o functie impara in sinX, avem: R(sinX, cosx)dx
= g(sin’X, cos’X)sinxdx si prin substitutia: cosx = t; -sinxdx = dt rezulta:

I R(sin X, cos X )dx = —I g(sin2 X, cos’ XX— sin X )dx = —j g(l -~ tz,tz)dt = j R,(t)dt

cu R3 o functie rationald in t.
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4°)Daca R(sinX, cosx) este o functie para In sinX si cosX avem: R(sinX, cosx)

dt

= h(sin®X, cos’X) si prin substitutia: tgx = t; X = arctgt, dx = ﬁ;
+
: 1
sin® X =——,cos’ X =—— se obtine rezultatul final:
1+t 1+t

1+t2 71+t J1+12

. . t? 1 t
I R(sin x, cos X )dx :I h(sm2 X, cos’ X)dx = Ih( j L _[ R,(D)dt
cu R4 o functie rationald in t.
IV. Integrarea functiilor rationale in exponentiale
Primitivele de forma: IR(e”“,K ,e")dx cua#0,aeRsir,.., r,eQ,

. m. . ..
iar r=—m; €Z,n, eN sil=1,..,p se vanota A=c.m.m.m.c.{Ny,....Np}
n.

Alnt
ax __ tl X= a
si prin substitutia: = se obtine:
t>0 A dt
dx=—-—
a t

jR(e“‘aX,K " )dx =ij‘ R(t™,K ,t”“)% = j R(t)dt cu R; o functie
a

rationala in t.

V. Integrale de forma | P,(x) f (x)dx

Unde P, € R[X] si f este una dintre functiile elementare: €*, a*, Inx,
logaX, arcsinX, arccosX, arctgX, arcctgX, etc. se calculeazd prin metoda

integrarii prin parti cu scopul de a reduce treptat cu cate o unitate gradul

polinomului Py, grP, =n (n € N). Se intalnesc urmatoarele cazuri:
1) [B,(x)e"dx = P, (x) - [ Py (x)e*dx = e*P, () - [ Q, , (x)edx

(Qui =P, sigriQni=n-1)
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2°) [R,(0)Inxdx = Q,, () In x~ anH(x) = [Q,(0dx, unde:

Qu () = [ P,(x)dx cu grQue=n+1si Q,(X) polinom cu grQ =n.

n+1(X) d

N3

cu Q,.,,(x) :IPn(X)dX polinom de grad (n+1); se elimind radicalul din

3°) I P.(x)arcsin xdx = Q,,, (X) arcsin X — j

ultima integrald prin una dintre substitutiile lui Euler. De asemenea, in

unele cazuri sunt convenabile substitutiile trigonometrice:

X=sint (X =cost)
dx = costdt (dx =—sintdt)

\/l—x2 =\/1—sin2t =| cost | (\/I—X2 :\/l—coszt =|sint|)

s1 se obtine integrala unei functii rationale in sint si cost.

4°) [ B, (aretgxdx = Q,., (x)arctgx - | Qnﬂ(x)HX

=Q,,, (X)arctgx — _[ R(x)dx

cu R functie rationald in x s1 Q,,,(X) = j P (x)dx polinom.

5°) j P (x)a*dx =P,

1 X
———[Q,,(0a"dx (grQn1()=n-1).
Ina
VI. Integrale eliptice
In cazul I R(X,,/Pn(x) )ix cu grP, = n > 3, primitivele nu se pot

exprima, in general , prin combinatii finite de functii elementare §i aceasta
clasd de integrale se numesc integrale eliptice.

Integralele eliptice se pot reprezenta sub una dintre formele:
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dt
1°)11(0,t) =t +C;
1+sint| t
I(L,t | ¢ gl
(0= '[\/1 sin”t J‘ICOStI |1—snt|+ 1 (92 u)

Ek,t) = J.\/l —k?sin’tdt (0<k<1)

29) {E(0,t) =t +C,;

E(l,t) = J.\/l—sinztdt = J.| cost |dt =sint +C,

functiile 1(k,t), E(k,t) se numesc functii eliptice; integrale de acest tip apar
in calculul lungimii unui arc de elipsa din plan.

VII. Integrale care nu se exprima prin combinatii liniare finite
" in X . . X :
de functii elementare: J.&dx (sinusul integral); I COS 7 4x (cosinusul
X X
: dx : . e’ . .
integral); Il— (logaritmul integral); j—dx (exponentialul integral);
nX X

Ie‘xzdx (integrala Iui Poisson); Icos x*dx si jsin x*dx (integralele lui

Fresnel) si integralele eliptice '[ R(X, /P, (x))dx (grPh=n23).

Aplicatii:
_[ x'dx __[(X D=1y dx = x —arctgx + C
1+x? 1+x*
2X > X —sin’ X dx dx
2. J' COS _J’COS2 SII; dX:J’ et _J' =
COS XSlIl X COS™ XS~ X s X cos™ X

=—Ctgx —tgx +C
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3'J. dx lJ- dx lJ- d(x+2aj

aC+bx+c a bY A a bY A
X+—| —— X+—| ——

2a 4a 2a 4a
(a¢0; A:b2—4ac)

LRaxeb=val o
A [2ax+b+/A
2 x+£—t
={— +C;A=0 prin substitutia: 2a
2ax+b
dx = dt
2 2ax+b
arctg +C;A<0
V-A V-A

4.I\/a2 —x%dx = I\/az —a’sin’tacostdt = azjcos2 tdt =

X = asint;dx = acostdt

Xe|—a,a
A ez,
22

2 2 2 2
a

2
za—J.(1+0052t)dt :a—t+a—sin2t+C :—t+a—sintcost+C =
2 2 4 2 2

2 2 2 2 2
=a—t+a—sint 1—sin2t+C=a—arcsin1+a—l l—X—2+C=
2 2 2 a 2a\l a

2

a XX

=—|arcsin=+—+a’—x* |+C
2 a a

dx . 2
5.| ——— cua = 0sil < Rastfel incat ax"+bx+c >0, Vx € |
I vax® +bx+c
I o = j ox si apar doud cazuri dupd cum
28" 4a’

a>0sia<o:
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dx

_ L _
\/ax2+bx+cx/g'[\/ b J-A

I.a>0:>J.

(X+?a) H(Ta)

—ln[x+—+\/(x —) - ]+C1;dacaA>O(seiasemnul+)

N

! In[Xx +—

Ja 2a \/_

II. a < 0= A>0 si avem:

——~ax* +bx+c¢]+C,;daca A < 0 (seia semnul -)

Ix/axziXbXJrc x/l_aj\/(\@)z()wb]z

2a 2a
X+ —
1 . Ja 1 . 2ax+b
= arcsin—=%+0C, = arcsin +C
TR TS e e
2a
J~ _J-smxdx J- cosx cosX—1+C_
sin X sin? X cos® X — 1 cos X +1
X
—2sin® =
2l e Lk Mac =g X+ ©
) 2 X 2 2 2
cos” —

7.I arctgxdx = J.(X)'arcthdX = XarctgX —J. X - dX = XarctgX —
1+ x

lJ- d(1+x?)

2

1
= XarctgX ——In(1+ x*)+C
1+ x? 8 2 ( )
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2

Wera
2 2 dX
=x\/x2+a2—j—x ra dx+a2.[—=
Vx*+a’ Vx*+a’

=xVx* +a’ —_[\/szradeJme\2 In(x ++/x*> +a*)

2

:>j\/x2 ra’dx = 2/x* +a’ +a?1n(x+\/x2 +a’)+C

2

9.1 —J. dx —I X +al dx—jx XX =
.nerl]\l (XZ +a2)n (XZ +a2)n+l (XZ +a2)n+l n+l
’

In:a2ln+1+1x% dx:a2|n+l_%+L|n:
2n(x* +a”)" 2n(x* +a)"  2n

|n+1=i{ X +2n_lln};nz1

a’|2n(x*+a*)"  2n
=
dx 1 X
IO = X+Cl; Il :Im:garctgg‘l'cz
10.1, :jtg"xdx :J'tg”‘zx(tgzx+1—1)dx=Itg”‘2x d>2< -1, =
cos™ X
n-1
J'tg”‘zxd(tgx) —1,.,= 9 x_ l,,,cun>2=
| tg"'x
n n—l n-2

=
I, =x+C; 1 :Itgxdx:j

sin X

dx=-In|cosx|+C,
cos X

2x* +2x+13 1 3X+4  X+2
=== dx= | —= - - |
(X=2)(x"+1) X—-2 (x"+1)° x"+1

S| x—2[+o— 1

T4 2 +lar0tgx —lln(x2+1)—2arctgx+c
2 X" +1 2(x+1) 2 2

(I, = J.(de%)z caz particular din 10.)
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t(t+2)

12'J. X+1 dX:J-Z(t+1)lt2+2t+2 :ljt3+4t2+6t+4

X+VX2+2X+2 t 2 (t+1)’ (t+1y°
VXT+2X+2 =t—X

t? -2

X))

1t +2t42

2 (t+1)

\/x2+2x+2=w

2(t+1)

X+AX +2X+2 =t

—lf jt +3t+3 t+lJ‘(t+l)2+(t+l)+1
(t+1)° (t+1)°
t 1 11 1 1

=—+—In|t+1]|—— ;+C=
4 4 4t+1 8(t+1)

dit+1)=

:>j X+l dx:l(x+\/x2+2x+2)+%ln|x+l+\/x2+2x+2|—

X+ XE +2X+2

2X+3—-24X> +2%x+2
8(x+1+x/x +2X+2 )

13j “1+\/_d _jx 2(1+x4)3dx

1

-—+1
1 m+1
¢ 7 __2

=2eZ=1+{x=t =4x =t -1

4

x=(t-1*
=
dx = 4(t> —1)° - 3t*dt
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J.3,/1+4\/; dx = I[(ts _1)4]% 1202 —1)3dt :12]‘(‘:6 —t’)dt =

%U——t C—lz\/(1+\/_) —Ra+4%)* +C
14.[3—"(2)()z:1)2dx :Ix6(l+2x3)§dx

m+1 —Tsez;mH =5 2

=—-6,n=3, p-%eZ

=t < 2+x7 =t7 = 3x*dx =3t’dt =

1+2x°
X3

2 2
3 3 3\3 2
o i g

5 3\’
=—%+C=—%3(1+23Xj +C
X
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