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ANALIZA MATEMATICA CLASA A XII-A PROF. STAN ADRIAN
CURS RAPID DE APROFUNDARE LA MATEMATICA

CURSULI. INTEGRALA NEDEFINITA.

1. Primitive. Proprietati.

Pe parcursul cursului, I este un interval;

Definitia 1. Fie f: | — R. Se spune ca f admite primitive pe I daca F : | —R astfel incat
a) F este derivabila pe I;

b) F’(x) =f(x), V xel.

F se numeste primitiva lui f. ( I poate fi si o reuniune finita disjuncta de intervale).

Teorema 1.1 Fief: 1 — R. Daca F x F . | — R sunt doud primitive ale functiei f, atunci existi o constanti ¢
eRastfelincat =, (X) = F,(X)+¢,Vxel

Demonstratie : Daca Fl, F , sunt primitive atunci Fl, F , sunt derivabile = Flv (x) = F ‘2 (x)=f(x) Vxel

< (F,- FZ)(X) =k, 0-F ‘Z(X) =0,xel. = F,(X) - F ,(X) =c, c= constanta

OBS 1. Fiind data o primitiva F , & unei functii atunci orice primitiva F a lui f are forma F = F, +c, c= constantd
—> fadmite o infinitate de primitive.

OBS 2. Teorema nu mai ramane adevarata daca I este o reuniune disjuncta de intervale Expl: f: R- {0 } f(x) = x2

3
X
S Fh
F=—, G= F, G sunt primitive ale lui fdar F-G nu e constanta . Contradictie cu T 1.1

X3

—+2
3

OBS 3. Orice functie care admite primitive are Proprietatea lui Darboux.
Se stie ca derivata oricarei functii are P. lui Darboux , rezultd ca fare P lui Darboux. F’ =f.

P.D

OBS 4. Daci I este interval si f{l) def {f xX)/xel }nu este interval atunci f nu admite primitive.

Dacia presupunem ca f admite primitive atunci din OBS 3 rezulta ca f are P lui Darboux, rezultd f(I) este interval ceea ce
este o contradictie.
OBS 5. Orice functie continua definitd pe un interval admite primitive.

Definitia 2. Fie f: | =R o functie care admite primitive. Mulfimea tuturor primitivelor lui f se numegste integrala

nedefinita a functiei f si se noteaza prin simbolul J f (X) dx. Operatia de calculare a primitivelor unei

functii(care admite primitive ) se numegte integrare.
Simbolul J a fost propus pentru prima data de Leibniz, in 1675.

Fie F(I)= {f i R} Pe aceasta multime se introduc operatiile :


Dobre
Text Box
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(f+g)(x) =f(x)+ g(x) ,
(ah)(x)=a.f(x) V

={f:1 >R/ f eR}

X € R ,0 constanta

[t ax=FcFay/F primitiva a wi £}

Teorema 1.2

Daca f,g:I— R sunt functii care admit primitive si @ € R, a #0, atunci functiile f+g, af

admit de asemenea primitive si au loc relatiile:f(f+g) =/t +fg, faf=aff, o0, [£=lt+C

2. PRIMITIVELE FUNCTIILOR CONTINUE SIMPLE

1. jcdx:c-x+C, ceR Ide=6x+C
n+1 Xll
2. jx“dx = +C jxlodx:—+C
n+1 11
" 1y 4
Xa+ 3
3. '[xadx = +C Ex Ii/_dx Ix3dx—— ce=Xic=34xsc
a +1 1 4 4
i_i_l _
3 3
4. Jaxdx -2 .c szdx: 2 .c
In a In2
S.JeXdX =e*+C 6.'|'£dx=ln|x‘+c 7.'|'_2 dx = —ctgx +C
X sin * x
1 .
8. J—ZdX =tgx +C 9. ISII’\XdX=—COSX+C 10. jcos xdx =sin X+ C
Cos “ X
1 1 1 X
11. 4dx——arctg Xic Ex | ———=dx==arctg —+C
x*+a’ a a X°+5 5) 5)
12.|] 21 de:ilnx_a+c Ex [————dx = I n*=>2lc
X°—a 2a |[x+a X =25 10 [x+5
1
13.|| =—=dx= In(x++va’ +x*)+C| Ex |———dx=In(x++4*>+x?)+C
I\/x +a’ '[\/x2+42
1 1
14. —dx:ln‘x+ x> -a’|+C| Ex —dx:ln‘x+\/x2—49‘+c
Jm—= o




ANALIZA MATEMATICA CLASA A XII-A

PROF. STAN ADRIAN

15.

16.

18.

19.

20.

21.

22.

23.
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IT

! dx:arcsin£+C

a-—x a

J

tgxdx = —Injcos x|+ C

J

4dx—\/x +a’ +C
x* +a’

J

%dx:«/xz—a2 +C
x?—a

J

X dx=-Ja?-x2+C

va? —x?

dx = arcsin —+ C

o [

17. I ctgxdx = In[sin x|+ C

—————dx=+/x*+5% +C
'f\/x +25

— =2 dx=+/x*-36+C
j\/x - 36

Ex Igdx——\/ZS x? +C

V25—-X

2
j\/x2+a2dx:§\/x2+a2 +azlr*x+\/x2+a2 +C Ex J'\/x2 +7dx=§\/x2 +7 +gln‘x+\/x2 +7|+C

2
Ix/XZ —azdx:g\/x2 —a? —azlr*xh/x2 —a?|+C Ex J'\/x2 —9dx=g\/x2 -9 —gln‘x+\/x2 -9/+C

2 2
I\/az —xzdx:gxla2 —x? +a7arcsin§+c Ex 'f\/a2 —xzdx:nga2 —x2 +a7arcsin§+C
a

I. Sa se calculeze primitivele urmatoarelor functii.

1. J(3x°—2x® +3x — 2)dx
3.1 (WX +D(x = /x +1)dx

5. [(24/x ~¥/x + 43/x }ix

7. [ x4y (x=1)3dx

9. ( e*+ix)dx
e

2
11, j(‘r’*“j dx
X
13. [ x? + 4dx
15. | V4 - x%dx

2.] x(x-l)(x-2)dx

4.1 @fx + X\/_)dx

6. j[%-%+%}1x
8. j(2x+§—x—3;jdx

10. [ (x®+5%)dx

12, I(X+32)3 d

14. | /x? —9dx

16*. | ;dx

X++/x% =1
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17%, | ud

VX% +2

19*. —dx
sin ? x.cos * X

21*.j 1+de
V1-x

187, [ X =Ly
Vx? —3

20*. _4dx
sin X.cos X

3. PRIMITIVELE FUNCTIILOR CONTINUE COMPUSE

1. j @' (Ndx=p(X)+C, o(x)eR

IS

2. jgo(x)-go'(x)dx: ;

3. jgo(x)“ -¢'(X)dX:%+C

"(x)dx = e’ +C

4. J.e"’(x) ¥

o(x)
5. ja“"x)-go‘(x)dx:a +C
Ina

6. jmdx =Injp(x)|+C
@ (x)

7.I¢(X) -1 n_} +C
p"(x)  n-1 ¢"*(x)
o[ 20 ‘«p(x) al, o
p*(x)—a’ " 2a p(X)+a
9.'|' ¢ (x) dx——arctg qD( )
p*(x)+a’ a

10.|[ ' (x) - sin p(x)dx = —cosp(x) +C

11.|[ ¢ (x) - cos ¢ (x)dx = sin (x) + C

12. j ' (X) - tgp(x)dx = ~Injcosp(x)| + C

x [(Bx+1fdx=5x+1+C

(4x +3)?

x | (4X+3)-4dx = +C
J(ax+3)

(5x +2)°

X I(5x+2)7-5dx: +C

Ex Iezm 2dx=e? +C

3x

xj43*-3dx:4 +C
In4

Ex 4dx In|12x+7|+C
12x +7

Ex J‘%dxz__l.;s_kc
(2x - 4) 5 (2x-4)

EXI j’ dx:lln4x_3+C
16x° -9 6 |4x+3

Ex J' > dx=1arctg5—X+C
25x° +4 2 2

Ex I4-sin(4x—5)dx=—cos(4x—5)+C
Ex IGx-cos(3x2 +7)dx =sin(Bx* +7)+C

Ex IS -tg(5x — 7)dx = —In|cos(x - 7)| + C
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
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Iflf (x) - ctge(x)dx = Injsin (x)| + C

j cofz(wzx) X =tgo(x)+C
sinqazl(gox()x) X =—-ctg @ (x)+C
;4(1@“()3 9 - Jo-a’ +C

;4%0 M - o’ (9 +a’ +C
® (X)+a

[—20909 _e(¥)e'(¥)

Ny C
o

Ex IS-ctg(Sx +6)dx = In[sin(8x + 6)| + C

de—tg6x+c
cos? 6x

X I_Z;dx: —ctg(5x-9)+C
sin“(5x-9)

j&dx_\/gxz—uc
9x -

Ide_\MGx +25+C
16x +25

j _2X2 gy _Ja—ax? 4C
9 4x°?

dex In(@(X) ++/@(X)* +a°)+C

co(X) +a’

Ex 4dx InGX ++/25x* + 72) +C

\25x2 + 72

J‘%dxﬂn go(x)+m‘+c
o(X) —

Ex 'f;zdx In| 3x++/9x* —4* [+C
9x -4

I ¢'(X)
vai —e(x)?

dx = arcsin

co(X)+C
a

Ex I;dx = arcsin 25—X+C

AJ5% — 4x?

[{or9? +a€dx:“’(2)‘),/go(x)2 o’ +a22|r*¢(x)+,/¢(x)2 +a?l+C

o0 —aax= 2 Jog 2 2

ﬂdx)+w/¢(x) 2|C

2
'f a’ —go(x)zdx:@,/a2 —p(x)? +a7arcsin@+c

I1.S4a se calculeze primitivele urmaitoarelor functii compuse.

1, js-zf’*dx 2.]34de
1
Sl Olae®

3. j4sin4xdx 4, j3cos3xdx
7. J'%dx 8 [~
4x° -16 25-9x?
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1 1
9. | ——dx 10. dx 11. |tg4xdx 12. | 2ctg2xdx
cos? 3x Isin25x Ig -f J

13 [——1 ax 14j__£;_4x

V16x2 + 42 V9 -16x%2

I11. S& se arate ca urmatoarele functii nu admit primitive.

1. fR-oR, f(x)= {_ 1. x(0 2. R— R, f(x)=[x] ( partea intreaga din x)
1, x>0
-1,x(0
3. fR—R, f(x)=:0,x=0 4. R—>R, f(x)=[X] +X
1,x)0
—1,Xx € (=,0] sinx,x =0

5..f:R—>Rf(x):{ 6. f;R_,R,f(x):{

X +1, X € (0,+x) 2,x=0

V. Sa se determine a,b numere reale astfel incit F sa fie primitiva unei functii f.

In(ax +b), x)L 1+In?x,x e [Le)
1 Fo) = 4 x a1 1 2*_F(X):{(2a Xt b? x 2
x2+1" el
" {2a-e3x+b,x£0 a)z(“i’xgo
3*. F(X) = 4. F(X): X
J2x2 —4x+1,x)0 IX2 —6x+9,x)0
a-e® +2bx+1,x<0 X2 +ax+b X)0
5*.F(x) = 6*. F(x) = |
() 3>2<+a,x>0 ) {sinx+3cosx,x£0
X +2

V. Sa se verifice daca urmétoarele functii admit primitive si in caz afirmativ s se determine o primitiva.

X? +3,%(0 XS0
1. R R, fx) = ! 2 FROR, fag=4 X T4
e*+2,x>0 1_\/;)00
4 1
X% +2*
Jx +3/x,x €[01) 5 i x=0
B f00)—R, fx)=1 1 1 20 R A=

—+—,Xx2>1
=t = -
XX V9—x2
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DERIVATE
Nr FUNCTIA | DERIVATA MULTIMEA PE CARE FUNCTIA COMPUSA DERIVATA
FUNCTIA ESTE DERIVABILA
1. C 0 R
2. X 1 R u u
3. X" nx"’ R u’ nu™u
4. X2 ax?? [0,0] u au®tu
5. 1 1 R 1 1
X -— = -—-u
x? u u’
6. 1 n R 1 n+1 ’
O v o -
7 Jx 1 R, Ju L
24x 2Ju
8. W 1 R vnpar Q/U 1 i
nn Xn—l N impar nn u n-1 .
9. sin X COSX R sinu u’cosu
10. COS X -sinx R cosu -u’sinu
11. tg x 1 T tgu 1
> R{(2k+1)— |ke Z} U’
Cos” X 2 cos” u
12. ctg x 1 Rikr |keZz} ctgu 1 .
T ein 2 “wnz Y
SIn”~ X SIn~ U
13. arcsin x 1 (-1,1) arcsin u 1
u‘
1-x? 1-u®
14, arccos x 1 (-1,1) arccos u 1
- u'
1-x? 1-u®
15. arctg x 1 R arctg u 1 .
2 2 u
1+x 1+u
16. arcctg x 1 R arcctg u 1 .
. 2 . 7 u
1+Xx 1+u
17. a" a*Ina R a' a'.Ina.u’
18. e* e R e e'.u’
19. Inx 1 R, Inu 1
— —.u'
X u
20. log , x 1 R logau 1,
xIna ulna
21. u' ) = v.ulu +uv.inu
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LIMITE DE FUNCTII

P(X)=apx" + arxX™ + .o +a, ,a0% 0 Q(X)=box™ + b x™ + .. +by by # 0
0 n<m
[ i n=m
0
X —>» 00 (&joo oo, n>m, i S 0
lim P . e em
M Q) ’ A
A s
X—> —00 n>m, n-m par
B RS
by by
a n>m, n-mimpar
[—°j<—oo>
by
\
Jim P09 =2 (o) lim tox=—=
0, daca ge (_ 1,1) S
lim a*= 1, daci =1 x> =
%, daci  g>l [im tgx =+
nu exista, daca g<-1 X‘*g
=1 |ima‘=« |im a' =0 |jmlog,x= |jmlog,x=—
X——> 0 X——>—00 X——> 0 x——0 X<—
ac (0D |im log, x = - limlog, x =
X—>© x——0
a0l |jma* =0 lima =«
. sinx . tgx . sinu(x) . tgu(x)
X | SlhA W | ~1
x“.rDo X x“.rDo X u(!)lmo u(x) u(!)lmo u(x)
. arcsinx . arctgx . arcsinu(x) . arctgu(x)
-1 ~1 AT 1 arctguix) _q
x“.rDo X x“.rDo X u(!)lmo u(x) u(!)lmo u(x)
1 X 1 u(x)
lim @+x)x=e | i [ui) e | lim @rua=e | o (i L) g
X——0 Xllr_)noc X u(x)——0 u(!)lin_)oc U(X)
. a‘-1 . In(l+u(x)) W)

. Inl+x =Ina lim =1 : —
lim ")y lim = w0 U(x) Jim =y = e
x——0 X

. (1+x) -1 . XK . (1+u(x) -1 . u(x)f

=r —=0 =r =0
lim = lim 2 M =1 lim g
. Inx . Inu(x)
NX_o -0
xllr—t]oc Xk “(!)I£n—>°0 U(X)k
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CURSUL I1.

1. Formula de integrare prin parti.

METODE DE CALCUL AL INTEGRALELOR.

Teorema 1.1 Daci f,g:R—R sunt functii derivabile cu derivatele continue, atunci functiile fg,

f’g, fg’ admit primitive si are loc relatia: I f(x)g’ (x)dx =f(x)g(x)- I " (x)g(x)dx

Demonstratie: f,g derivabile = f,g continue = f’g,fg,fg’ continue i deci admit primitive.
Cum (fg)’=f’g+g’f rezultd prin integrare ceea ce trebuia de demonstrat.

Sa se calculeze integralele:

1. Iln xdx
5. J'Xizln xadx

3
o, | ")‘(zxdx

13. j(xz — 2x + 3) In xdx

16*. xInX—_ldx
X+1
19. j(x2+2x)-e3xdx
22%. j(x3+5x2—2)-e2*dx
25. jex-sinxdx
28. Iex-c032xdx
31. sz-sinxdx
34*, Ixz-c032xdx
X
37. d
Icosz X
arcsin x
40. J' ) dx
43*, jx-\/x2—9dx
46. j& In xdx

X

2. Ix In xdx
6. J-In(ln X) dx
X
2
In de

14. jxln(x—l)dx

17. j(x2+1)-exdx
20. sz-exdx
23.j x% e dx
26. jex-cosxdx
29. Ix-sin xdx
32. sz-cosxdx
35. Ix-sinzxdx
X
38. Isinzxd
41*.je‘X -sin? xdx
44*.J‘x-\/x2 +16dx
2X+5

47*, j Xz_e—xdx

X

3. Ixz -In xdx
7. jlnz xdx

11.jcos(ln x)dx

1
4. | —Inxdx
5
2
8. j|n(1+—)dx
X

12.jsin(ln x)dx

15. j\/ﬁ
18. j X-e *dx
21. sz-ezxdx

o, [E2 2
2X

27. jex-sin2xdx

30. Ix-cosxdx

33*, sz-sin2xdx

36. Ix-cosz xdx

39, jx arcsmx

fix

42*, jcosz (In x)dx

45*.J‘x-\/4—x2dx

In(L++/x* +1)dx
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Rezolvari:

1. jln xdx=jx‘|n xdXx = X-1In x—jx-%dx=xln x—J'dx=xIn X—x+C

2\ 2 2 2 2

2. 'fx-lnxdx='f x Inxdx=X—-Inx—'fx—-idx=X—Inx—ljxdx=x—lnx—£x2+C
2 2 2 X 2 2 2 4

4.

1 2 1 1 2 1 1 2
—I = ' = —_ - —_ - —_ = —_ = —
Ix n xdx I(Inx)lnxdx (Inx) Ilnx de:>2j|nx de (Inx) :>lenxdx 2(Inx) +C

Observatie: La integralele care contin functia logaritmicad nu se umbla la ea ci se scriu celelalte functii ca £’

2 Ixz -exdx:sz(ex)'dx: x’e” —I2x-exdx =x’e" —ij-(ex)vdx: x’e* —2[x-e* —Iexdx] =

=x%e* —2x-e* +2¢* +C:ex(x2—2x+2)+C

25. jex -sin xdx = J‘(ex)' sin xdx = e” sin x—'feX -cos xdx = e” sin x —[e* - cos x—'feX -(=sin x)dx] =

A . . - . 1 .
Notand cu | integrala jex -sinxdx rezultd: | =e*sinx—e*cosx—1 = I :Eex(smx—cosx)+C

Observatie: La integralele unde apare functia exponentiald , se va scrie aceasta ca f”’

29. jx-sin xdx:jx-(—cosx)'dx:—xcosx+jcosxdx:—xcosx+sinx+C

32. sz-cosxdx:sz-(sinx)'dx:x2sinx—j2x-sinxdx:x2sinx—2(—xcosx+sinx)+C,vezi 29

a7. ICO:Z " dx = j(tgx)’ -xdx = x-tgx—jtgxdx: x.tgx—(—ln|cosx|) = X-tgX+ In|cosx| +C

Observatie: La integralele care contin functii polinomiale si functii trigonometrice nu se va umbla la functiile polinomiale
ci doar la functiile trigonometrice care se vor scrie ca f’

10
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) . . 1-cos2x
41*. Se stie cd: c0s2x =1-2sin? x = sin? X:T:
J'e’X -sin 2 xdx :J'e’x' 1-cos 2x dx :lj'e’xdx—lj'e’X cos 2xdx = —° 1
2 2 2 2 2

| = je’x cos 2xdx = je’x sin 2x dx = le’X sin 2x—j(—e’x)sm 2X dx = le’X sin 2x+£.|'e’X sin 2xdx =
2 2 2 2 2

= le’X sin 2x+£.|'e’X LSZX dx = le’X sin ZX—MjLEJ'e’X cos 2 xdx
2 2 2 2 4 4
=1 :le’xsin 2x——e cos 2x +£I =1 :i(le’X sin 2x——e cos 2X)+C
2 4 4 32 4

11
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CURSUL I11.

METODE DE CALCUL AL INTEGRALELOR

2. FORMULA SCHIMBARII DE VARIABILA (SAU METODA SUBSTITUTIEI).

Teoremi: Fie IJ intervaledin Rsi ¢ : | — J, f :J — R, functii cu proprietatile :

1) ¢ este derivabila pe [;

2) fadmite primitive. (Fie F o primitiva a sa.)
Atunci functia (fo @) ¢’ admite primitive, iar functia F o ¢ este o primitiva a lui (fo¢) ¢’ adica:

I f (go(t)) - ¢'(t)dt =Fop+C

Sa se calculeze integralele:

1. j(ax+b)”dx
4, J'x(5x2 —3)7dx

7. Ix-?xzdx
10. J'e&dx
e3x
e -1
16. J'x\/1+ x2dx
19. 3/2x + 5dx
22. j—d“')r(‘xx
x—2\/§
1
28. | ———dx
'[\/—x2 +3x+4
1
31.| ————dx
'[x(1+ln x)'

34.] Lo
xIn x

1
7. dx
-[ X(2005+ In x)**®

2. [(2x—1) dx
5. sz(x3 +1)6dx
eX

8. [——dx
e’ +1

11 | e ix
Ix
14. J.x\/de
17. jx%/ﬁdx
20. [+/x* — 6x — 7dx

23. I%x

2
26. j(l‘x) dx
XA/ X

X
% [

1
32. X
-fxilnz x+8i

3/
35.]1%mdx

1
38. IT\/Z__ldx

3. jx(2x—1)9dx
6. J'xk(xk+1+1)ndx
9. ;—de

e +1

er
12. | —dx

e’ -1
15. J.\/2x+5dx
18. J'x“‘\/x3 + 2dx
21. j\/—xz — X+ 2dx

24. J.\/;In xdx

1
27. | ——dx
'[\/4x2 +2x-3

30. | X dx

Vx?+1

1
33, | ———dx
'fx\/3—ln2 X
36 . jx3\/x2 + 2dx

12
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Rezolvari:
n+1 n+1l
1. 'f(ax+b)“dx:'ft”$:1t +C =D L e nde axtb=t = adx=dt dx=3t
a an+l1 a(n+1) a
10 _ 10
2 I(Zx—l)gdx:jtgﬁzt—+C:M+C unde 2x-1=t = 2dx=dt
20 20
1 10 1 __1y10
3. I(Zx 1 ®dx = 'ft—+1tdt —'f(t1°+t )dt = t—+t—+C:(2X b +(2X Y +C
22 20 22 20
4 [xlox—af ax= [t oL U o O ¢ indes ~3- 1= 10xdk= o
10 10 8 80
t x2
7. Ix-?xzdx:ﬁ‘ 17 =17 Lcounde x® =t, 2xdx = dt
" 2In7 21In7
8. 'fe—dx Notim: e* +1=t => e*dx=dt = Ie—dx: 1dt:Int+C:In(eX+1)+C
e’ +1 e’ +1 t

15. J'\/2x+5dx Notam: +/2Xx+5 =t sau 2x+5=1t> = 2dx = 2tdt = dx = tdt

3 ——3
I\/2x+5dx:jt-tdt:%+c :¥+C

2ojmdx_\/(x 3) (J X= 3m__m\x 3+W‘+c

ax® +bx+c= a( zij ( ] dacaA>Osau

(o) <[5
ax’ +bx+c=a —
2

23 jln\/_ jlnt jlnt

— . 2tdt =2| —dt = 2jzdz deoarece x =t :>dx:2tdt,lnt:z:>%dt:dz:>

deoarece:

] daca A0

'fln\/_ 2ZZ (Inty’ (In\/;)2+C

28
2X—3
j;dxﬂ' ! dx = arcsin—2— +C —arcsinZ> > + ¢, puteam nota 2X=3 0t
V=x* +3x+4 5)° 3Y >
2 2
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ANALIZA MATEMATICA CLASA A XII-A PROF. STAN ADRIAN

CURS RAPID DE APROFUNDARE LA MATEMATICA

INTEGRAREA FUNCTIILOR TRIGONOMETRICE

Calculul integralelor trigonometrice se poate face fie folosind formula integrarii prin parti, fie
metoda substitutiei. In acest caz se pot face substitutiile:
1. Daca functia este impara in sin x, R(-sin X,c0s X)=-R(sin X,c0s X) atunci cos x=t.
2. Daca functia este impara in cos x, R(sin x,-C0Ss X)=-R(sin X,cos X) atunci sin x=t.
3. Daca functia este para in raport cu ambele variabile R(-sin X,-c0os X) atunci tg x=t.
4. Daca o functie nu se incadreaza in cazurile 1,2,3,atunci se utilizeaza substitutiile universale:
2

. - X
sinX=——,00sX=—— unde t=tg—
1+t 1+t 2
5. Se mai pot folosi si alte formule trigonometrice:
. s . 5 1-cos2x 2 1+ cos2x
Sin 2x=2sin X .coS X, sSin“ X = — COS” X = —
Sa se calculeze:
1.Isin3x-cosxdx 2. Icos3x-sin 2xdx 3.Isin(2x+5)dx
4, Isin3 X - cos” xdx 5. I(tgx+tg3x)dx 6. .fch);dx
+sin® x
sin x 1
7. 8. [—=cos+/xdx 9. dx
Icosx J& J.1—cosx
10.'|'sin3 xdx 11. Icos3 xdx 12. Iarcsm Xd
V1-x?
sm X sin 2x
13 14, | ————dx 15. dx
ICOS . '[1/1_((;032 x)2 '[\/1— x? -arcsin® x
16. _idx 17, [~ dx 18. jsinlo X - cos® xdx
sin x COS X
2006
1. ! dx 20. j (arctg)™ |
V1-x? -(2005+ arcsin x)*** 1+x?
Rezolvari:
4 4
1. Notim sin x=t = cosx dx= dt = jsin3 X - COS Xdx = jt3dt :%+C = COZ Xic

2. Notidm cos x=t = -sin X dx=dt
5

jcos3 X -Sin2xdx = jcos3 X - 2sin X cosxdx = 2jcos4 Xsin xdx = —2jt4dt = —2-%+C = —%-cos5 Xx+C

cos® x

3
10. jsin3 xdx:jsinxsin2 xdx:jsinx(l—cos2 x)dx:—I(l—tz)dt :—t+%+C = —COSX + +C
12. Iarcsm X dx Notam cu t pe arcsin x = (arCSin X)‘: ! = ! dx=dt=
V1-x° JiI-x2 A1-x2
. 2 . 2
IarCSInde=Itdt=L+C _ (arcsinx) P
V1-x2 2 2
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ANALIZA MATEMATICA CLASA A XII-A

PROF. STAN ADRIAN

CURS RAPID DE APROFUNDARE LA MATEMATICA

CURSUL IV. INTEGRAREA FUNCTIILOR RATIONALE

Definitie: O functie f:I—R, I interval, se numeste rationala daca R(x)=

Daca grad f >grad g, atunci se efectueazi impartirea lui fla g = f=gqg+r, 0 <grad r<grad g si

M, g(x) #0,x € |, unde f,g sunt fun
9(x)

deci

R(X) = E ;_q( X) + (( )) Pentru

ctii polinomiale.

R(x) se face scrierea ca sumade functii rationale simple

1.] ! dx=1In|ax+b|+C Ex.j 1 dx=iln|2x—7|+C
ax+b a 2x -7 2
2 J‘; = 1 — XI 1 = — 1 1
Y (ax+b)" (n-Y(ax+b)"* a (3x+8)’ 6(3x+8)° 3
1 1 1 X
3. 4dx——arctg —+C ———dx ==arctg —+C
x%+a? a X°+5 5 5
a || 21 ~dx = N LI Ex | dx = = 1n[X =2l ¢
X°—a 2a |[X+a X°—25 10 |x+5
1 1 (x2+a2-x? 1 1 1 _1 '
o* = C=— - =[x d
-[(x2+a) aZI(Xeraz) " az-[x Ta X az-[x [2x2+a2jx
1 x2 +16 — X 1 1 1 -1
[—zix = | =[5 LY N dx
(x* +16) (X +16) 16 7 x* +16 16 2(x* +16
1 1 X 1
— .Zarctg =—— —[- +
16 4 95 4 16[ 2x2 + 32 -[2(x2+42)]
1
j dx, A0
b JA
1 a[(X+2*a)2—(z)2]
6. J‘#dXZ 1
ax’ +bx+c I b — dx. A
a[(x+2—)2+(7)2]
a 2a
5.3
EX.I 5 L =I ! dx=£- ! In 8 8+C In8X 8 +C
4x° —5x+1 5 2 3 2 4 2 3 5 3 3 |8x-2
I I ‘s X"g'g
[ 8J [8) 81 838
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ANALIZA MATEMATICA CLASA A XII-A

PROF. STAN ADRIAN

CURS RAPID DE APROFUNDARE LA MATEMATICA

1 1
Ex. = dx = t 1)+C
g -[x2+4x+5 -[(x+2)2+1 = areiglx+)+
7. IELerdx:ln‘axz+bx+c‘+C Ex. 'f28)(—_6dx:ln‘4x2—6x+7 +C
ax“ +bx+c 4X° —B6X+7
8*.] ;A‘X+B dx:jm(zfx+b)+ndx:m-ln‘ax2+bx+c‘+n-'f2;dx
ax“ +hbx+c ax“ +bx+c ax“ +bx+c
Ex.
3 15
Z.(Ax+5)+4-—
I 23X+4 dx:j4 5 4dx:§In‘2x2+5x—4‘+lj%dx:
2X° +5x -4 2X° +5x -4 4 472X +5x-4
EIn‘2x2+5x—4‘+1j ! - dx:gln‘2x2+5x—4‘+l- ! In|4x+5_ '57|+C
4 4 {[ SJZ [\/5—7” 4 2, 57 |4x+5++/57|
2| X+ — — 4
4 4
Sa se calculeze:
1 [ —dx 2.j2X+3dx 3. [ ax 4 j1‘3xd
3X+5 2x+1 X+4 2X+3
1 1 1 NG
5. j(2X+3)2005 dx 6. sz_gdx 7 jx2+4dx 8. sz_ dx
x? 1 1 1
9 d 10. d 11. 12. | ———d
o™ Jae s ® I(x_l)(x_z) X -f(x+1)(x+2) X
1 1 1 1
13. | ——d 14, | ——d 15. | ————d 16. | ————d
jx(x+2) X Ix2—3x+2 " -[2x2—x—3 " -f3x2+x+1 "
1 4x -3 6Xx—2 3Xx-2
17. d 18 | ——— 19. 20 | ———d
Ix2—2x+5 X -f2x2—3x+1 -f3x2—2x+5 Ix2—5x+6 X
5X — 2 X+1 x2 X
21. 22, | ——M 23. d 24.
J.x2+4d J.x2+2x+10 g IXG—B " IX4+1dX
4
25. | 2X__ i 26. | S 27, jx—3dx 28, jx—dx
1+x* 1+ X8 (X _1)12 (X _1)10
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ANALIZA MATEMATICA CLASA A XII-A

PROF. STAN ADRIAN

CURS RAPID DE APROFUNDARE LA MATEMATICA

X2
29. dx
-[ x® +4
Rezolvari.

23. Notém x3cut= 3x2dx =dt=

~ 1 |t—\/§| 1 |X3—\/§|
'f 'f 3 3 3 2\/_ ‘ \/_‘+ _6\/§In‘X3+\/§‘+C
26. Notim pe x“cu t = 4 x*dx=dt =
I X dx = 'f ! ﬂ:l-arctg t+C:%arctg x*+C

1+ x8 t?+1 4 4

27.Notam pe x-1 cut = x=t+1 = dx=dt =

3

d J-(t+1 it = J-t +3t2+3t+1

‘[(X—l)lz X=

1 1 3 1

T 8(x—1)° 3(x-1)° 10(x-1)®
28. Notam pe x-lcut =

t+1

j(l%ﬁﬁx—j——dt—ﬁ”m+]rmm=3;
X_

- +C
11(x —1)™

Sa se calculeze integralele folosind descompunerea in fractii rationale simple.

1

X—4
S e ey

3
34, [X_dx 34, jx X+l
X—2
37. 4dx 38. 4d
X2 +4x —6X+5
41.'[ X2+ X+2 —3X+2
x+1 x2+1 x +2x2 4+ X

- I(x+1)(x Y R

ez pes”

—8 t—9 t—lO t—ll
dt= j(t‘9+3t‘1°+3t‘11+t‘12)dt— 3—9+3 10+—11+C
-9
+t—+C:— ! == ! -+C
-9 8(x-1)" 9(x-1)
30, ,[X +5x+7 33, I x+1
X+3 X —X
35 jx +x+1 36, 4dx
x® —2x
39. —dX 40. J‘;dx
6x° —7x? —3x X(X +1)(x +2)
43, J‘ 2X +4 44, 4dx
x* —x?

17





