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1. Obtinerea unor relatii in triunghi cu ajutorul inegalitatii lui
Radon

Marin Chirciu®
Art 2403

Articolul propune folosirea inegalitatii lui Radon pentru obtinerea unor relatii in triunghi.
Radon-Inequality

Ifx,y, >0,vk=1n,n>2andt>0, then

t+1 t+1 t+1 t+1
Xl—ter%+...+XLt2()(1+)(2+"'+X'“)t .
Vi Vs Yo o (VitYottY,)
Equality holds if and only if 22=22 = -
Vi Vs Y

VVom folosi inegalitatea lui Radon Tn cazuln =3.
Inegalitatea lui Radon
Ifx,y,z,a,b,c>0andn>0then

n+1
Xn+l n+1 7 n+1 X+V4+7
y L (x+y+2)

+ > .
a"  b" " (a+b+c)
Equality holds if and only if X_y_z
a b c
Sa trecem la aplicatii in triunghi.
Aplicatii

Aplicatia 1
In AABC

> Ja(b+c-a)=6ry3.
Solutie.

Folosim inegalitatea lui Radon obtinem:
1

Ms=> \a(b+c-a)=>) a’ — Ragon (Za)5 _1=(2p)f=2pMim2nwic2-3rx/_:
(b+c-a)z [Z(b“_a)F (2p)2

=6r3=Md.
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Aplicatia 2
In AABC
a
>6r+/3
Za b+c-a 3
Solutie.
3 3 3
2 adon 2 2 itrinovic
MS:Za b : :Z : 1R2 (Za) 12(2p)j=2pw2 2-3r{3=
T8 T(bec-a)  [Y(b+c-a)f (2p)
=6ry3=Md.

L Profesor, Colegiul National ,,Zinca Golescu”, Pitesti
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Marin Chirciu

Aplicatia 3
In AABC
a n
Ja(b+c—a)>6ry/3,neN.
Z(b+c—aj ( ) V3.ne
Solutie.

Mszz(b+:_ajn a(b+c-a)=> 2’ anaZdon (Za) : nl:(Zp)Tj_
(b+c-a) 2 [Z(bﬂ;_a)] 2 (2p)"2

Mitrinovic

=2p > 2-3r3=6r/3=Md.

Aplicatia 4
In acute AABC

2r

Loz eR
Solutie,
Ms=3" a2 e (Ta) _ (2p): sz/_'-ef“'ZZp\/_
(Frc-af  [Tpfec-at) (Ta) V22 R

B Zp\/ﬁ Mitrinovic2.3r\/§.\/ﬁ _E B
TR 3R _Rﬁ_Md'

Aplicatia 5
In acute AABC

Z\/a(b2 +c’—a’) 26r\2p.

Solutie.
oyt T e
(b*+c*—a’)? [Z(b +c?-a )J (Za )

Aplicatia 6
In acute AABC

Solutie.

Aplicatia 7
In acute AABC

Z(%az] a(b2+c2—a2)z(:Rp2j 3Ry/2p,neN".

b?+c

Marin Chirciu

Solutie.
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1 net
MSZZ(b;aZ_aZj a(b2+cz—a2)z : a > (za) 2 1=

+cC

1 1
2p)"2 ez (2p)""2 2p )
((sz)n1 ) (( pz))nl(ngzj SRy2p=Md.
a”) 2 9R%) 2

Aplicatia 8
In AABC

Solutie.

Ms:z\/ma(mb+mc—ma) => (m,)2 S (Zm, ) =>'m,>9r=Md.
(m,+m,—m,)2 [Zm ]

Aplicatia 9
In AABC,
ma
Zma m +mc m >9r
Solutie.
3 E E
m. )2 Radon ma 2 ma 5
Ms=2.m. m, +m, —m, =2 (m.) T > (2m) l:(z )1:
(My+me—m)z  [Y(m+m-m)E (m,)
=>'m,>9r=Md.
Aplicatia 10
In AABC
m n
mom. -m,) > N.
Z(mermc_ma] \/ma(mermc ma)>9r,ne
200t Marin Chirciu
Solutie.
Obtinem:

MS:z(LT fmmmom) =Y (m,)" e (Zm)e

m, +m, —m, (m, +m, —ma)"‘E [Z(mb +m, —ma)]n“

N

1

n+E

(Zm )'?

Aplicatia 11
In AABC, (h,, hb,hc) pot reprezenta lungimile laturilor unui triunghi. Atunci:

> Jh(h+h.—h,)>0r.

Solutie.
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Ms =3, (h,+h—h,) =3 (h.)? Radm(zh) =3h,>9r=
(hb"'hc_ha)7 I:Zh ]

Aplicatia 12
In AABC, (h,, hb,hc) pot reprezenta Iungimile laturilor unui triunghi. Atunci:

> h, hu+h Y >0r.
Solutie.
3 3 3
Ms=Yh, h, -y (h,)? 1Ra2d°" (2h)? l:(zha)i:
hb+hc—h (hb+hc_ha)§ I:Z(hb"'hc_ha):F (Zha)i
=>h,>9r=Md.

Aplicatia 13
In AABC, (h,, hb,hc) pot reprezenta lungimile laturilor unui triunghi. Atunci:

Z(m:‘]—h} Jh.(h+h,—h,)>9r,neN.

Marin Chirciu
Solutie.

T (R e L L L3

h,+h.—-h (hb—l—hc_ha)m% I:Z(hb+hc_ha):|n7§

M D oh,>9r=Md.
(Zh)

Aplicatia 14
In AABC , (W,,w,,w, ) pot reprezenta lungimile laturilor unui triunghi. Atunci:

W (W, +W. —w )>9r.
Z\/ a( b c a)

Solutie.

MS:Z\/Wa(Wb+WC—Wa) => (w.)? L (Zwa)Zl => W, >9r=Md.
(W, +w, —w, )2 [ZWJT

Aplicatia 15
In AABC , (W,,w,,w, ) pot reprezenta lungimile laturilor unui triunghi. Atunci:

>ow, — % o,

W, +W, —W,
Solutie.

3 3 3
SO P TR S U - L1 S 0L

Wb+W W, Wb+Wc_Wa)% [Z(Wb—i_wc_wa)]% (Zwa)%

=> W, >9r=Md.
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Aplicatia 16
In AABC , (W,,w,,w, ) pot reprezenta lungimile laturilor unui triunghi. Atunci:

Z(L] \/Wa(Wb+WC—Wa) >9r,neN.

W, +W, =W,

Marin Chirciu

() e (S 1
"2 I:Z(Wb W, —W, )]nf?

Solutie.

W, " _ _
MS—Z(m) \/Wa(Wb +W, Wa) Z

(W, +w, —w, ) 2

nil
(z ) i => W, >9r=Md.
(Xw.)
Aplicatia 17
In AABC,(r,, 1T, ) pot reprezenta lungimile laturilor unui triunghi. Atunci:
Y Jn(n+r-r)=0r.
Solutie.

1

g ]) “Enzor-

Aplicatia 18
In AABC ,(r,, 1, rc)pot reprezenta lungimile laturilor unui triunghi. Atunci:

Solutie.

ra)
ra)

3 3
Ms :Zr Z (ra)z : Regon (Zra)z (Z
rb+r—r (r,+r,—r,)2 [Z(r -, ] (Z
=>r,>9r=Md.
Aplicatia 19
In AABC ,(r,, L, rc)pot reprezenta lungimile laturilor unui triunghi. Atunci:

z( £ jnr(r+r r)>9r,neN.

L+r—r,

Marin Chirciu
Solutie.

r, " —_
MS_Z(%”C—Q] L(L+rn—)=>,

(ra)"% wor (> ra)”*% 1:
D (ST

(r+r,—r)" 2
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Aplicatia 20
In AABC

a* b* c’ o
3= + 3| +3— >34r° .
b*+c(a+b) \c’+a(b+c) \a*+b(c+a)
Solutie.

Demonstram Lema:

If X,y,z>0then
X4 y4 24 E
> 3,
i’/y2 +2(X+Y) +#22 +x(y+2) +§/x2+y(z+x) _(ZX)
Demonstratie.

o[ % ¢ e (5 (5

y: +z(x+y) B

2 ;

[y +z(x+y)]? [Z(x +12 x+y)] (Zx +22yz)
BN St N 031 I L)

(> +2> yz)? [(ZX)Z} (> x)

2
Folosind Lema pentrux =a,y =b,z = este suficient sa ardtam ca: () a)? >34r?

W=

2 A
care rezulti din: (Za)3 >3R/4r* < (2p)3 234r?
adevarata din inegalitatea lui Mitrinovic: p 2 3r+/3 . Rdmane si artim ci:
2 2
£ = 2
(2-3rv3)° 2 3Y4r* o (2-3ry3)° 23Y4r* < (6ry/3) >27-4r” < 108r* >108r”, evident.

Aplicatia 21
In AABC

h R h o
3 K + 3 £ >3/3r° .
he +h,(h,+h,) hc2+ha(hb+h) h2+h ,(h,+h,)

Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 %
> .
\ y2+z(x+y)Jrs 22+x(y+z)+3 X2 +y(z+Xx) _(ZX)
Demonstratie.

5. X X3 Ragor (>x)? (D>-x)?

2 Z 1

y +z(x+Y) [y +2(x+y)]? [Z(X““y)] (Zx+22yz)
BN G ) S 0 0

(X2 (Txf P (XX

N W
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2
Folosind Lema pentrux =h,,y =h,,z = h_este suficient sa aratdm ca: (Zha )5 >3%/3r?,
care rezulta din: Z h, > 9r . Ramane sa aratam ca:
2
(ZQr)E >33/3r? < (9r)" 227-3r? < 81r? >81r?, evident.

Aplicatia 22
In AABC

3 r: +3 rb4 +3 r°4 >33/3r?.
war(n+n) \rZ+n(n+r) \rP+n(r+r)

Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

N y4 74 %
> .
\ y2+z(x+y)Jr3 zz+x(y+z)+3 x> +y(z+x) _(ZX)
Demonstratie.

sy e (@ ()
y +z(x+Y) [y +z(x+y) [Z(x +7 x+y)] (ZX +22yz)

() (5
(Zes2Zv) (S (S5

2
Folosind Lema pentrux =r,,y =1,z =T, este suficient sa arétam ca: () r, ) >3%3r*

(X

=

care rezulta din: z r, 29r . Rdmane sa aratam ca:

2
(39r): =3%3r* < (9r)° 227-3r* < 81r* > 81r’, evident.

Aplicatia 23
In AABC

4 4 4
# : My +# . M, +i/ M, >3%/3r? .
my+m (m,+m) \\mZ+m (my+m) \'mi+m (m +m,)

Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 S %
+ + = X)°.
3y2+z(x+y) 322+x(y+z) 3x2+y(z+x) (Z )

e 1 s ()
[y +z(x+y)]? [Z(x +7 x+y)] (Zx +22yz)

Demonstratie.
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D20 0 X X

- T T z =
(Zx 2y [(Zx ()
2
Folosind Lema pentrux =m,,y =m,,z = m_ este suficient s ardtam ca: ()" m, )? > Rfar?,
care rezulta din: Z m, > 9r . Ramane sa aratam ca:
2
(ZQr)E >33/3r? < (9r)" 227-3r? < 81r? >81r?, evident.
Aplicatia 24

In AABC
4 4 4
W W, m
31— a +3— b +3— < >33/3r?.
We +W (W, +w ) W+ w (v W) W (w, +w)
Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

N y4 74 %
> .
\ y2+z(x+y)+3 zz+x(y+z)+3 x> +y(z+x) _(ZX)
Demonstratie.

. ()
y +z(x+y) [y +z(x+y) [Z(x +7 x+y)] (ZX +22yz)

B ) N 0 1
(Zxe2xyef [(Zx ] (%

2
Folosind Lema pentrux =w,,y =Ww,,z = W, este suficient s aratim ca: (Y w, ) 2333r*,

=

care rezulta din: Zwa >9r . Rdmane sa aratam ca:

2
(X9r): =3%3r* < (9r)° 227-3r* < 81r* > 81r’, evident.

Aplicatia 25
In AABC

3 S: +3 SS +3 S: >33/3r? .
Se+S.(Sa+S) \VSo+sa(s+S.) \si+s,(s,+5,)

Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 S %
+ + > () x)3.
3y2+z(x+y) 322+x(y+z) 3x2+y(z+x) (Z )

Demonstratie.
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o[ % ¢ e (5 (5

2 2. 1

Y +z(x+y) [y +z(x+y)]? [Z(x +17 x+y)] (ZX +ZZYZ)
SO ) 30 O X
(Xxe2xyef [(Zx ] (%P

2
Folosind Lema pentrux =s,,y =$,,2 = s, este suficient sa aratim ca: (s, )* 2 3¥3r? ,

N

care rezulta din: Z S, = Z h, >9r. Rdmane sa aratam ca:

2
(ZQr)5 >3%/3r? < (9r)">27-3r* < 81r? >81r?, evident,

Aplicatia 26
In AABC

tan’ A
2

>, >33,

tan2E+tan9 tané+tanE
2 2 2 2

Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 S %
\ y +z(x+Y) A 22 +x(y+12) A x> +y(z+Xx) > (X
Demonstratie.

o[ % ¢ (S (SR

y*+z(x+y) [y +z(x+y) [Z(x +7 x+y)] (ZX +ZZYZ)
BN G ) S 000

=

[SREN

(EroSef (s} (2

. A B C :
Folosind Lema pentru x = tan > y =tan > Z=tan 5 este suficient sa ardtdm ca:

[
N

2

2
3 3 Doucet z
(Ztan J >3/3, care rezulta din: (Ztan 2)3 [4R+r] > (x/§)3 =33,

p
Aplicatia 27
In AABC
cot* A
>, ’ 2 3.

cot? B + cotE coté + cotE
2 2 2 2
Marin Chirciu

10
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Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 S %
\ y?+z(x+Y) 3 22 +x(y+12) R x> +y(z+x) _(ZX) '
Demonstratie.

5. X B X3 Ragor (D>x)? (D>-x)2

- 1 = 1

y:+z(x+y) [y2+Z(X+y)]§ [Z(X +2(x+Y) )] (Zx +22y2)
SO 30 3. 0 30 )

(S r2xvf [(maf ] (o)

Folosind Lema pentru x = cotg, y= cotg, Z= cot% este suficient sa aratam ca:

w |

[SRN

[
N

2
3 Mitrinovic

(Zcot J >3, care rezulti din: (Zcot 'ZAf:(gj > (xf) =327 =3.

Aplicatia 28
In AABC

sin“é
2

> >[1+L [,
B . C(. A B R
sin® = +sin—|{ sin— +sin—
2 2 2 2

Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 %
> .
\ y +z(x+Y) 3 22 +x(y+2) R x> +y(z+Xx) _(ZX)
Demonstratie.

3 X’ =3 x* e (%) _ (X

y +z(x+y) B

[y +z(x+y)]? [Z(x +7 x+y)] (Zx +22yz)
BN 3% O X
(Sr2Tef (5] ()
B

A C
Folosind Lema pentru x = smz Y= smE Z= smE este suficient sa aratam ca:

=

E
3 .

w N W

2
(Zsm j (1+ Rj care rezulta din: Zsing 21+%, adevarata din

11
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—=>"cosA=> cos B;Ccos B;C SZCOS%=ZSM§.

Aplicatia 29

InAABC

cos’ A 2
2

St Zg(hL}é
C0s*> — +C0S—| COS— + COS — 4 2R
2 2 2 2

Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then

N y4 74 %
> .
\ y2+z(x+y)+3 zz+x(y+z)+3 x> +y(z+x) _(ZX)
Demonstratie.

o[ 7 ¢ e (S (S

y*+z(x+y) [y +z(x+y) [Z(x +7 x+y)] (ZX +22yz)
B ) N 0 1
(S 2Xw) [(2o] (Zx
B

A C ) e
Folosind Lema pentru x = COSE, y= COSE Z= COSE este suficient sd aratam ca:

=

Wl

-
w|N

2
(Z COoS— ) > 3( + Lj care rezulta din: ZCOS— > 3\/_ [ Rj adevarata din:

4 2R

Se aplica inegalitatea lui Popoviciu functiei concave f :(0, 71:) —>R, f (X) sinx.
Avern: 31 A+sinB+sinC i A+B+C ngsin B+C - 1 P < Zcos— -
3 3 2 3R
= COS— 2 3\/_
2 ZR 4
Mltrlnowc
Apoi: Zcos 3\/5 > 3“/_ 33 3\/_
2R 4 2R 4 2 R 2
Aplicatia 30
In AABC
sec“?
>/12.
Z ’ LB C A B
SeC” —+SeC—| SeC—+SeC—
2 2 2 2
Marin Chirciu
Solutie.

Demonstram Lema:

12
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If X,y,z>0then

X4 y4 24 S %
\ y:+z(x+Y) 3 22 +x(y+2) R x> +y(z+x) _(ZX) '
Demonstratie.

5. X _ X3 Ragor (D>x)? (D>x)?

: 2

y +z(x+Y) [y +2(x+y)]? [Z(X““y)] (Zx+22yz)
BN G ) S 000

(Xx+22 v [(Txf [ (2¥)

. A B C . C e s
Folosind Lema pentru x = sec? y=SeC—,Z= secE este suficient sa aratam ca:

=

[SRN

-
[N

(Z sec— J (2[ ) \/72 care rezulta din: ZSecg > 2«/_ adevarata din:

AHM 9 Jensen 9

A 1
ZSec— = Z > 243.
2 cos'g ZCOS A 3‘f
Aplicatia 31
In AABC
A
csct —

2 >3
23 B C A BY) 3.

€sc? — +CSC—| €SC— + CSC—
2 2( 2 2]

Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then

N y4 7 %
> .
\ y2+z(x+y)+3 zz+x(y+z)+3 x> +y(z+x) _(ZX)
4

s ¢ e (D (¥

Demonstratie.

y*+z(x+y) [y +z(x+y) [Z(x +7 x+y)] (ZX +22yz)
() (S
(Xx+2Xyef (2 x)} (2x)

A B C
Folosind Lema pentru x = CSCE Y= CSCE Z= CSCE este suficient sa aratam ca:

=

E
3 .

w|N [IES

2
a2 2
(Z CSC?)3 >(6)3 =</36 , care rezulta din: chcg > 6, adevirata din:

13
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A 1 AHM 9 Jenseng
= > >
ZCSCZZ_A_ 5 2 5=6.
SIN— sin— —

2 2 2

Aplicatia 32
If X,y,z>0such that xy + yz+ zx =3then

3 3 3
X + y +\/ Z >1.
X+8y y+8z Z+8x

Kostas Geronikolas, Greece

Solutie.
Demonstram Lema:
If X,y,z>0then

3 3 3
X 4|y +\/ z ZEZX.
X+8y y+8z z+8x 3
Demonstratie.

v [F _y o me (ZxF(SxF 1

R ST O

Folosind Lema este suficient sa aratam ca: EZX >1, care rezulta din:

(%) 23) yz=3-3=0.
Egalitatea are loc dacd si numai dacax=y=2=—.

J3
Aplicatia 33
If X,y,z>0such that xy + yz+zx=3andx >0then

X3 y® \/ z° 3
+ + > .
x+ay \y+az Vz+ax Ja+1

Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then

3 3 3

AN +\/ z . 1 D X

x+ay \y+az Vz+ax a+1
Demonstratie.

v [ X oo e X (XX x.

W aye (D) (( (m )% =

w

Folosind Lema este suficient sa aratim ca:

(Zx)2232y2:3-3:9.

Egalitatea are loc dacd si numai dacix=y=2=

Z X > ———, care rezulta din:
\/k +1’

ﬁ .
Aplicatia 34
14
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In AABC

\/ a® \/ b* \/ ¢ _2p
+ + >,
a+8b b+8c c+8a 3

Solutie.
Demonstram Lema:
If X,y,z>0then

3 3 3
AN +\/ . ZEZX.
X+8y y+8z z+8x 3
Demonstratie.

oy IS ) L O X

Ty [Reen)] (9%

Folosind Lema pentrux =a, y =b,z = c obtinem:

3 3 3 Lema
Ms:\/ a +\/ b +\/ ¢ 2£Za=Q:Md.
a+8b b+8c c+8a 3 3

Aplicatia 35
In AABC

3 3 3
\/ a +\/ b +\/ c > 2p ,under >0.
a+ib \Vb+ic Ve+ra a+1

Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then

3 3 3

AN +\/ z 1 D X

x+hy \y+rz Vz+ax A+l
Demonstratie.

5 X3 % weon (Zx)g _ (Zx)g _ 1

> 1 1
SR Tyl [Tl (e

Folosind Lema pentrux=a, y =b,z = c obtinem:

\/a3 +\/ b’ +\/ ¢’ tm 1 Sa- 2p
a+ab \b+ac Vc+ra  a+1 JA+1

Egalitatea are loc daca si numai daca triunghiul este echilateral saui =0.

Aplicatia 36
In AABC
\/ a’® \/ b* \/ ¢ _2p
+ + ==,
a+8b b+8c c+8a 3

\%

Solutie.
Demonstram Lema:
If X,y,z>0then

X3 y3
+ \/ —Z :
X+8y y+8z Z+8x

15

Demonstratie.


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — SEPTEMBRIE 2021 RWANEUI0i{sR o)

D A S N 021 S 0 0. S

X+8y 2 - __ZX'
(x+8y2  [S(xeay)] (9Xx)

Folosind Lema pentrux =a, y =b, z = c obtinem:

3 3 3 Lema
Ms=\/ a +\/ b +\/ ¢ 2£ a_2p Md .
a+8b b+8c c+8a 3 3

Aplicatia 37
3 3 3
n, + h, + he >3r.
h,+8h, \h+8h, \h +8h,

In AABC
3 3 3
AN +\/ : ZEZX.
X+8y y+8z z+8x 3
Demonstratie.

> [ < L DL S V2L 1

=> - > ==)'x.
)y [Soea] (95

Folosind Lema pentrux =h_,y =h,,z =h, obtinem:

3 3 3 Lema
LS L Y ML S 1Zha_E Or =3r.
h,+8h, \h+8h, \h +8h, 3

Aplicatia 38
3 3 3
h, + h + h, > o ,under >0.
h,+Ah,  \'h+ah  \'h +xh, YA+l

In AABC
Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

Solutie.
Demonstram Lema:
If X,y,z>0then

3 3 3

AN +\/ z . 1 D X

x+ay \y+az Vz+ax a+1
Demonstratie.

s [ g w e (S (50

:Z T 2 1 1
SN Tyl [Tl (e

Folosind Lema pentrux =h_,y =h,,z =h, obtinem:

X.

v

h . h? he tema 1 Sh, > L g O
h, +Ah, h+xh ho+Ah, — A1 Va4l Jh+1

Aplicatia 39
In AABC

16
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3 3 3
\/ fa +\/ "o +\/ fo >3r.
r, +8r, r, +8r, r.+8r,

3 3 3
AR S +\/ z ZEZX.
X+8y y+8z z+8x 3
Demonstratie.

s [ o o (Tx) (zx)2 1

= ==)> X.

>
S Ty (e (05K

Folosind Lema pentrux =r,,y =r,,z =, obtinem:

r3 r3 Lemal
Y B ‘S S —Zr >— 9r=3r.
r, +8r, r, +8r, r.+8r,

Aplicatia 40
In AABC

3 3 3
PR S ) ,undeA >0.
r+an e+ \n+ar A+l

Solutie.
Demonstram Lema:
If X,y,z>0then

Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then

3 3 3
X |2 +\/ z . 1 D x
x+ay \y+az Vz+ax A+l
3

s [ g e (S (S

> 1 1
Ty [ (e

Folosind Lema pentrux =h_,y =h,,z =h, obtinem:

Demonstratie.

r’ N I’ . r’ Lema Z or = or
r+An 'L +Ar \r+Ar \/X+ \/X+1 Ja+1

Aplicatia 41
3 3 3
M, M, M >3,
m, +8m, m, +8m, m, +8m,

In AABC
3 3 3
AN +\/ . 21
X+8y y+8z z+8x 3

17

Solutie.
Demonstram Lema:
If X,y,z>0then

Demonstratie.
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D A S N 021 S 0 0. S

X+8y 2 - __ZX'
(x+8y2  [S(xeay)] (9Xx)

Folosind Lema pentru x =m,,y =m,, z =m_obtinem:

3 3 3 Lema
r, N Iy + I > lzrazl.ngBr_
r,+8r, r, +8r, r.+8r, 3 3

Aplicatia 42
In AABC

3 3 3
M, . M M o ,under >0.
m,+am, \my+am, \m +am, A+l

Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

3 3 3

AN +\/ z . 1 D X

x+ay \y+az Vz+ax a+1
Demonstratie.

5 X3 2 weor (Zx)g _ (Zx)g _ 1

SN Ty [Seew)E (Geze Y

Folosind Lema pentrux =m,,y =m,, z =m_obtinem:

X.

m? N me . m,  tem 1 S, > L g O
m,+am, \m+am, \mo+am,  A+1< T o+l Ja+1

Aplicatia 43
In AABC
W W W
E— + + £ —>3r.
w, +8w, W, +8w, W, +8w,

Solutie.
Demonstram Lema:
If X,y,z>0then

3 3 3
X | +\/ : ZEZX.
X+8y y+8z z+8x 3
Demonstratie.

5 [£ R O

= > ——Zx.

B T(xrayy [Y(xeey)] (900

Folosind Lema pentrux =w,, y =W,, Z = W, obtinem:

\/ A +\/ W +\/ c LeSﬁlZw>—9r—3r

w, +8w,  \w, +8w, W, +8w,

Aplicatia 44
In AABC

18
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w, + w, + W > o ,under >0.
WA, \w FAw, \w aw, A+l

Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then
3 3 3
X |2 +\/ z . 1 D x
x+ay \y+az Vz+ax A+l
Demonstratie.
3 3 3
3 2 Radon X )2 X )2
Z kay=2 X 12 (Z) = (Z) 1:\/;1
(c+ry)e [Ex+ay) ] ((+D)Xx)?
Folosind Lema pentrux =w,_, y =W,, Z = W, obtinem:
W: Wg W: Lema or
+ + Z or = :
w+Aw, N HAw, | w A \/X+ JK+1 YA+l
Aplicatia 45
In AABC
3 3 3
%, > % >3,
s,+8s, \s,+8s, \s.+8s,
Solutie.
Demonstram Lema:
If X,y,z>0then
3 3 3
X | +\/ . ZEZX.
X+8y y+8z z+8x 3
Demonstratie.
3 3 3
y Xy X (XX (2x) —1Zx
= T2 - _
S Ty [Eeen)] (9%
Folosind Lema pentrux=s,,y =s,,z = s obtinem:
3 3 3 Lema
SN I N S 1Zs‘,ﬂzLQr:Br.
s, +8s, S, +8s, s.+8s, 3 3
Aplicatia 46
In AABC
3 3 3
Sa . X > o ,undeA>0.
s,+As, \'s,+As, \'s,+As, A+l
Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

3 3 3
X |2 +\/ z . 1 D x
x+ay \y+az Vz+ax A+l

19
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Demonstratie.

5 [ o ) ()1

> 1 -
SN Tyl [Tl (e

Folosind Lema pentrux=s,,y=s,,2=5 ob;inem:

s s s b or
+ + Z Or = .
s,+As, \s,+As, \/s, +As, Jx+1 \/k+1 Ja+1

Aplicatia 47
In AABC
tan3 é tan3 E tan3 9 \/é
2 + 2 + 2 >—.
tanéJrBtanE tanE+8tan9 tan94r8tané 3
2 2 2 2 2 2
Solutie.

Demonstram Lema:
If X,y,z>0then

3 3 3
X ;Y +\/ z ZEZX.
X+8y y+8z z+8x 3
Demonstratie.

s [ @ e (S0 (DX 1

X+8y 2 I __ZX'
(x+8y)  [T(xs8y)] (9%

Folosind Lema pentru x = tan g y= tan%, z=tan % obtinem:

tan = Lema Doucet
Ms=Y |52 = 2 Y tan s -1 RS SRV
tan5+8tan2 P 3 3

Aplicatia 48
In AABC

3 A 2B 3C
tan 5 tan tan \/’

2 2 3
+ + > ,undeA >0.
tané+7ntanE tanE+7»tan9 tan9+7»tané VA+1
2 2 2 2 2 2

Marin Chirciu
Solutie.
Demonstram Lema:
If x,y,z>0then

3 3 3
AN S +\/ z . 1 D x
x+ay \y+az Vz+ax A+l

Demonstratie.

20
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o g e (S (EHF

> 1 -
T [ZeemF (aEap

Folosind Lema pentru x = tan g y= tang, z=tan % obtinem:

tan? A

5 g um S tan 1 4Rerowe 1 g 3
tan 2 42 tan B \/k+ 2 el p O el N
2 2

Aplicatia 49

In AABC
cot® ': cot® 2 cot® (2:
>
A B\ B c ¢ A >3,
cot— +8cot— cot—+8cot— cot—+8cot—
2 2 2 2 2

Solutie.
Demonstram Lema:
If X,y,z>0then

x° ° A
\/x+8y+\/y182+\/z+8ngzx'
o LA SR Y SO VSS9
F T emyy [y (9%

Folosind Lema pentru x = cot%, y= cot%, z= cot% obtinem:

Demonstratie.

COt3 A Lema Mitrinovic
MS=Z A—ZB = 1ZCOté EE > —3\/§=\/§=Md
cot—+8cot— 3 2 3
2 2
Aplicatia 50
In AABC
cot® A cot® B cot® ¢ 33
2 + 2 + 2 > ,undeA >0.

Coté‘l-?\.COtE COtE-F}\,COtE cot C ~ +acot— A Jh+l
2 2 2 2 2
Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then

3 3 3
X |2 +\/ z . 1 D x
x+ay \y+az Vz+ax A+l

Demonstratie.

21
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Z X =Z s r 2 1 1=
e N DL SRS

Folosind Lema pentru x = cot%, y= cotg, z= cot% obtinem:

w (S (S s

A
cot® = Lema Mitrinovic
> 2 Zcot L PP 1 3h3- 33 :
A \/X+ S+l JA+1 JA+1
cot > +XCot >

Aplicatia 51
In AABC

- 3 A - 3 B - 3C
sin® — sin® — sin® = 1
2 + 2 + 2 2—[1+Lj.
siné+83inE sinEJr8sinE sinEJFSSiné 3 R
2 2 2 2 2
Solutie.

Demonstram Lema:
If X,y,z>0then

x° ° A
\/x+8y+\/yz8z+\/z+8ngzx'
o LA SR Y SO VSS9
F T osyy [Exesy)] (9%

Folosind Lema pentru x = sing, y= sin% z= sin% obtinem:

Demonstratie.

Sin A Lema
Ms:z A—2 > EZSinéZl‘(l-FL]:Md,
sin5+8$in— 3 2 3 R

. i . A r SRy
care rezultd din: Propozitial: Zsm 2 21+ R’ adevaratd din:

:ZcosA:ZcosB;C cos B- C_Z Z

Aplicatia 52
In AABC
sin3é sinSE s.ln39 1
2 2 2

+ +

.
1+—),undek20.
sinéjtksinE sinE+ksin9 smg+ksm ( R

2 2 2 2 2 2

_JK+1

Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

22
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3 3 3
AN +\/ z_ 1 D X
x+ay \y+az Vz+ax a+1

Demonstratie.

5 X3 5 X2 Ra>don (> x)2 (%) 1

S [Zoem] (e

Folosind Lema pentru x = sing, y= sin%, Z= sin% obtinem:

LA
sin E Lema

L zSin§>L-(1+Lj—Md
5'”2”3'“2 Jx+1 2 Jn+1 R

care rezulta din: Propozitial, vezi Aplicatia51.

Aplicatia 53
In AABC

Ms=>"

cos® A cos® B cos® c 1 .
2 + 2 + 2 A > —(1+ —] .

cos';+8cos|: cosE’+8cosC cosg+8cos— 3 R

Solutie.
Demonstram Lema:
If X,y,z>0then

3 3 3
AN +\/ : ZEZX.
X+8y y+8z z+8x 3
Demonstratie.

3 X’ -y X2 Raden (2x)? (ZX)E _lzx

T sy [y (9XX):

Folosind Lema pentru x = cos?, y= cosg, Z= cos% obtinem:

A
COS3* Lema
YR ) i 21zcosézz.ﬁ(z+1):£(1+q=Md,

cosE+8003— 2\2 R

care rezulta din: Propozitia2: ZCOS? > %(— + Rj adevaratd din:

2

Se aplicd inegalitatea lui Popoviciu functiei concave f :(0,1)— R, f(x) sinx.
Averm: sin A+sinB+sinC i A+B+C ngsin B+C - 1 P < 22003—
3 3 2 3R
& 2cosézi+ﬂ.
2 2R 4
Mltrlnowc
Apoi: Zcos—_ 3\/5 > 3“/_ 33 3\/_
2 2R 4 2R 4 2 2 R

23
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Aplicatia 54
In AABC
s A 3 B ;C
cos’ — cos’ — coSs’ — 33
2 + 2 + 2 > 7\. 0.
A B B C C JA+1 2R
COS— + ACOS— COS— + ACOS— cos—+kcos
2 2 2 2 2 2
Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then
3 3 3
AN +\/ z_ 1 D X
x+ay \y+az Vz+ax Ja+1
Demonstratie.
3 3 3
[ g e Q9 (XX L vy
X+ Ay 2 N
(x+ y) [Z x+ky] ( }»+1)Z )
) A B C )
Folosind Lema pentru x = cos? y= cosE, Z= cosE obtinem:
cos® A NeYe!
A Lema 1 A 1 3
Ms=>" 2 > D cos—=> . ( + j Md ,
COSQ%COSB A+l 2 a1 2 (2 R
care rezultd din Propozitia2: ZCOS? > %(% + :J vezi AplicatiaS3.
Aplicatia 55
In AABC
sec® A sec’ B sec® c
2 + 2 + 2 2?(“ %rj

A B B C C A
sec— +8sec— sec— +8sec— sec— +8sec—
2 2 2 2 2 2

Solutie.
Demonstram Lema:
If x,y,z>0then

Demonstratie.

3 3 3
X | +\/ : ZEZX.
X+8y y+8z z+8x 3

s [y o e (O

- > ——Zx.
ek (o) (9%

Folosind Lema pentru x = secg, y= secg, Z= sec% obtinem:

24
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SeCS é Lema
2 1

B > = seC—>— 2\/_( j \/5(1 Ej Md , care rezulta

sec';‘+83ec 3 3 R

AHM Jensen
din: ZseCAZZ\@, adevarata din: Zsecézz ! > J > 9 =23.
2 2 cosé Zcosé %
2 2
Aplicatia 56
In AABC
sec® A sec’ B sec® c
AZB+ BZC+ 02 2\/§l20.
SeC— + ASec— Sec— +ASec— sec—+ksec ‘/7‘+1
2 2 2 2 2 2
Marin Chirciu
Solutie.

Demonstram Lema:

If X,y,z>0then
Demonstratie.

X3 y® \/ 2 1
\/x+ky+\/y+szr Z+XXZJX+1ZX
3 g Radon (ZX)g
> X X S

_Z 1 1 (ZX)j 1= .
e N D) S

Folosind Lema pentru x = secg, y= secg, Z= sec% obtinem:

3 A
Sec 5 Lema

ZI— \/_ = Md, care rezulta

1 ZSecé>
N/ 2 I+ JA+1

Ms=>"

sec—+7»secE
2 2

AHM 9 Jensen 9

) A A 1
din: ) sec— >2+/3, adevarata din: » sec—= > > =243.
Z 2 v Z 2 ZcosA Zcosé 3v3 v
2 2 2
Aplicatia 57
In AABC
csc? A csc? 2 csc? (2:
>
A B 4B c '\ ¢ A2
csC— +8csc— cSC—+8csc— csC— +8csc—
2 2 2 2 2 2
Solutie.

Demonstram Lema:
If x,y,z>0then

X3 y3
+ +\/ —Z
X+8y y+8z Z+8x

25

Demonstratie.
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3 X’ -y X2 Fadon (%) (ZX)E 1

- > ——Zx.
S T ey [Tl (X

Folosind Lema pentru x = cscg, y= csc% z= csc% obtinem:

GCS emg A1l A
MS=Z — £ > >-%(csc—=>=-6=2=Md, care rezulta din: ZCSC—ZG,
cscA 8 B 3 23 2
E—i— CSCE

. s A 1 AHM 9 Jensen 9
adevarata din: ZCSC— = Z _ > A > 3= 6.
sin— sin— =
2 2
Aplicatia 58
In AABC
csc? '; csc? 2 csc? (2: 6
+ + A>0.
cscé+kcscE cscE+7ycsc9 csc9+szc */7‘”
2 2 2 2 2 2
Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then
3 3 3
x 4| +\/ Z_ > ! Zx
x+ay \y+az Vz+ax Ja+1
Demonstratie.
3 3 3
Z X3 _ X2 Ra;on (Z X)2 _ (Z X)Z _ l X .

SN Ty [Seew) (Geze Y

Folosind Lema pentru x = cscg, y= csc%, Z= csc% obtinem:

3
CsC™ Lema 1

Ms=> |—% 2

ZCSCAZ ! 6= 6 =Md , care rezulta din:

CSC2+7LCSC2 ol N S N/

A . A 1 AHM 9 Jenseng
> jratd din: = > >
ZCSC2 > 6, adevarata din: Z:CSC2 Z — 2 AZ3 =6.
Sin— sin— —

2 2 2

Aplicatia 59
If X,y,z>0then

X + y + z >1.
vy +8xyz  \Z®+8xyz \| x*+8xyz

Mathematical Inequalities, Imad Zak, Lebanon, 5/6/21
Solutie.

26
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Radon

3 2
3 2 2
Ms = X => X > (ZX) - glz Md , unde (1)

V+8z (v° +8xyz); [Z(y3 +8xyz)}E

(v ISl o (Sl e 5[
SN -2l (Y x)? Z[Z(y +8xyz)]2 e (Xx) 2D (Y +8xyz) <
[Z(y3 +8xyz)]E
o D C+3[[(y+2)= D x* +24xyz < [[(y+1z)=8xyz (Cesaro).
Egalitatea are loc dacd si numai dacix=y=1z.

Aplicatia 60
If X,y,z>0and\ >8then

NG N y? . 72 N 3 |
vraxyz VZ+axyz \C+axyz A+l

Marin Chirciu

Solutie.
3

Ms=>" 3Xg => x lRazdon (2% 1(2 3 =Md, unde (1) <
T ) [ emon] Y

3
o (%) T 2\/ SN k+1(2x)223[2(y3+kxyz)J;©
[Z(y3 +kxyz)]2 A+l
< (n +1)(Zx)3 >0 (y* +ixyz) <& (A+1) D +3(A+D)[(y+2) 29D x°+27xyz <
< (A-8)) X+ 3[(% +D[J(y+2)- 9kxy2] >0, care rezultd din conditia din ipotezdA > 8
si inegalitatea lui Cesaro H( y+2)>8xyz. Este suficient s ardtam ca:
(A=8)D % +3[ (L +1)-8xyz—9hxyz |20 < (A —-8)D x° +3xyz[8(A+1) -9 ]2 0 <
& (1-8)(2_x*—3xyz) >0, adevarati dinx >8si ) x° >3xyz ,(AM-GM).
Egalitatea are loc dacd si numai dacix=y=1z.

Aplicatia 61
If x,y,z>0such that xy + yz+zx= J3then

)(4 y4 Z4
3l— + 3= + 31— Zx/é.
y +z(x+y) \z+x(y+z) \x*+y(z+x)

Mathematical Inequalities, Imad Zak, Lebanon, 7/6/21

Solutie.
Demonstram Lema:
If x,y,z>0then

4 4

# y2+zx<4x+y>*#z%xy(yu)*#x%f(ux)Z(Zx)z'

Demonstratie.
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o[ % ¢ e (5 (5

2 ) :

yi+z(x+y) [y +z(x+y)]? [Z(x +7 x+y)] (ZX +ZZYZ)
B ) N 0

(Xxe2xyef [(Zx ] (%P

2
Folosind Lema este suficient sa aratam ca: (z X)3 >+/3, care rezulta din:

(S5 =(26°) (B v2) = (38) =5 =md.
1

viek

Egalitatea are loc dacd si numai dacix=y=2z=

Aplicatia 62
In AABC

a* b* c’ o
3 + 3 +3 >3N4r .
b*+c(a+b) \c’+a(b+c) \a’+b(c+a)

Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 %
> .
\ y>+z(x+Y) 3 22 +x(y+2) R X2 +y(z+Xx) _(ZX)
Demonstratie.

5. X X3 Ragor (D>-x)? _ (D>-x)?

y:+z(x+y) -

[y2+z(x+y)]; [Z(x2+z(x+y))]§ (Zx2+22y2);:
_ (Zx)g - (2x)? =(ZX)§=(Zx)
(X +22 v [(Zxf [ (X

2
Folosind Lema pentrux =a,y =b,z = c este suficient sa aritam ca: () a)e >3%4r?, din:

I

wIN

[

2 2
(z a)3 >R/4r? < (2 p)§ >33/4r? | adevirata din inegalitatea lui Mitrinovic: p > 3ry3.
Ramane sa aratam ca:
2 2
(2-3r\/§)3 >34r? o (2.3rJ§)3 >3Yar? o (er\/§)2 > 27.4r2 < 108r% >108r2, evident.

Aplicatia 63
In AABC

h i h T
3 K + 3 £ >3/3r°.
he +h,(h,+h,) hf+ha(hb+h) h2+h ,(h, +h,)

Marin Chirciu

Solutie.
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Demonstram Lema:
If X,y,z>0then

N y4 74 %
> .
\ y2+z(x+y)Jr3 zz+x(y+z)+3 x> +y(z+x) _(ZX)
Demonstratie.

o[ % ¢ e (5 (5

2 ) :

Y +z(x+y) [y +z(x+y)]? [Z(x +17 x+y)] (ZX +ZZYZ)
B G ) N 0
(Xx 2y [(Zx ] (X

2
Folosind Lema pentrux =h,,y =h,,z = h, este suficient sa aratam ca: (3_h, )5 >3/3r?,

care rezultd din: Y _h, >9r . Raméne sd ardtdm ca:

2
(ZQr)5 >33r? < (9r)2 > 27-3r? < 81r® >81r?, evident.

Aplicatia 64
In AABC

3 I’a4 +3 rb4 +3 r°4 >3%/3r?.
ar(n+rn) \rl+n(n+r) \rk+n(n+r)

a

Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 S %
\ y2+z(x+y)Jrs 22+x(y+z)+3 X2 +y(z+Xx) > (X
Demonstratie.

5. X X3 Ragor (D>-x) (D>-x)2

; 2 :

y'+z(x+y) [y +z(x+y)]? [Z(X +z(x+y) )] (ZX +22y2)
) > 0 0 )
(Z“X%ZZYZ)5 [(Zx)z} ORIE

Folosind Lema pentrux =r,,y =,z =T, este suficient sa aritam ca: () r, )? >3%3r

N

winN

Wl

a

care rezultd din: » r, >9r . Radmane sa aratam ca:
a

2
(Sor)s 2383 = (9r)*>27-3r* < 81r? >81r?, evident.

Aplicatia 65
In AABC
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4 4 4
i/ : My +# : M +§/ - M >3%/3r?.
me+m (m,+my) \mi+m, (m,+m) \m+m,(m +m,)

Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 S %
\ y2+z(x+y)Jrs 22+x(y+z)+3 X2 +y(z+Xx) > (X
Demonstratie.

D S S 2. (X

. - >
y:+z(x+y)

2
[y +z(x+y)]? [Z(x +z(x+Y) )] (ZX +22y2)
Folosind Lema pentrux =m,,y =m,,z = m_ este suficient s ardtam ca: ()_m, )5 >33/3r?,
care rezultd din: Z m, > 9r . Ramane sa aratam ca:

(ZQr)g >33/3r? < (9r)" 227-3r* < 81r? >81r?, evident.

Aplicatia 66
In AABC

3 W: +3 W;l +3 m: >33/3r?.
WE W, (W, Fwy ) W Ew (wyHw) W+ wg (w +w,)

Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

N y4 74 g
> .
\ y2+z(x+y)+3 zz+x(y+z)+3 x> +y(z+x) _(ZX)
Demonstratie.

ZS X _ X3 : Ra>don (ZX)§ (ZX)E

2 3
y'+z(x+y) [y +z(x+y)]? [Z(X +z(x+y) )] (ZX +22y2)

SO ) 30 O X

(Ex+2Ev) (o] (X

2
Folosind Lema pentru x =w,,y = W,,Z = W, este suficient sa arétam ca: () w, )* > 33r?,

wIN

care rezultd din: » W, >9r . Ramane si aratam ca:
a

2
(ZQr)E >33/3r? < (9r)" 227-3r? < 81r? >81r?, evident.

Aplicatia 67
In AABC
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4 4 4
31— 5 + 3 S + 3= S >3%/3r?.
Sy +5.(S,+S,)  \sc+S.(s,+5.) \sc+S,(s.+5.)

Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 %
> .
\ y>+z(x+Y) X 22 +x(y+2) i X2 +y(z+Xx) _(ZX)
Demonstratie.

D S S 2. (X

. - >
y:+z(x+y)

-2
[y +z(x+y)]? [Z(x +z(x+Y) )] (Zx +22yz)
Folosind Lema pentrux=s,,y =S,z = S_este suficient si aritam ca: (Zsa)g >3%3r2

care rezultd din: Zsa > Z h, > 9r . Rdmane sa aratam ca:

2
(ZQr)5 >33/3r? < (9r)" 227-3r* < 81r? >81r?, evident.

Aplicatia 68
In AABC

tan’ A
2

>3/3.

2

tan‘2E+tan9 tané+tanE
2 2 2 2

Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 %
> .
\ y*+z(x+Y) 3 22 +x(y+2) R X +y(z+Xx) _(ZX)
Demonstratie.

5. X X3 Ragor (>x)? (D>-x)?

y:+z(x+y) [y2+z(x+y)]g [Z(X s x+y)] (Zx +22yz)
BN G ) S 0 00
(Xx+22 v [(Zxf [ (2¥)

. A B C :
Folosind Lema pentru x = tan > y=tan—,z =tan 5 este suficient sa aratdm ca:

=

[SRN

-
w|N

2
3 3 Doucet 2
(Ztan j >33, care rezulta din: (Ztan ?jg (4R+rj > (\/§)3=§/§
P

Aplicatia 69
In AABC
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cot“é
s, 2 %)

cot? B + cotE coté + cotE
2 2 2 2

Marin Chirciu

Solutie.
Demonstram Lema:
If X,y,z>0then

N y4 74 %
> .
\ y2+z(x+y)Jr3 zz+x(y+z)+3 x> +y(z+x) _(ZX)
Demonstratie.

sy e (@ ()
y +z(x+Y) [y +z(x+y) [Z(x +7 x+y)] (ZX +ZZYZ)

SR % R % I X
(Ex 2y [(Zx ] (X

) A B .
Folosind Lema pentru x = COtE’ y= COtE’ Z= Cot% este suficient sa aritam ca:

W
N

=
N

2
3 Mitrinovic

2
3 2
(Zcot j >3, care rezulti din: [ZCOt 2)3 :(g} > (3\/5)3 =327 =3.

Aplicatia 70
In AABC

2

Bj>@+%f'

sin‘1é
2

2

sin2§+sin2(sin2+sin

Marin Chirciu

Solutie.
Demonstram Lema:
If x,y,z>0then

N y4 74 %
> .
\ y2+z(x+y)+3 zz+x(y+z)+3 x> +y(z+x) _(ZX)
Demonstratie.

5, y2+zx(“x+ 53 0 (2x)° - (Xx)? -
[y2+z(x+ y)}3 [Z(X2+z(x+y))]3 (ZX2+22y2)3
(2x)? _ (2x)? =<ZX)2=(ZX)3-

(S [0 (@

w
N
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. A . B . C . N
Folosind Lema pentru x = smz, y= smE, z= smE este suficient sa aratam ca:

2
(Zsingjs > (1+ %ja , care rezulta din: Propozitial, vezi Aplicatia51.

Aplicatia 71
In AABC
4 2
cos 5 1 1\
2 B C(__A By =3 2 2R/
cosz+cos(cos+cosj
2 2 2 2
Marin Chirciu
Solutie.

Demonstram Lema:
If X,y,z>0then

X4 y4 24 %
> .
\ y>+z(x+Y) X 22 +x(y+2) i X2 +y(z+Xx) _(ZX)
Demonstratie.

sy e (3 (3

y'+z(x+y) [y +z(x+y)]? [Z(X +2 x+y)] (ZX +22y2)
B % X )
(ZXZWLZZYZ)5 [(Zx)} (22x)

B
2

=

W

w|N

. A C . c s o
Folosind Lema pentru x = cos? y =CO0S = COSE este suficient sa aratam ca:

2
(Z COS— j (1 + éj care rezulta din: ZCOSE > 3\/_ ( Rj adevarata din:

4
A_3J3(1
Propozitia2: C0S—=> ——| — vezi Aplicatia53.
pozitia2: ) cos— > (2 Rj P
Aplicatia 72
In AABC
sec“'g
>312.
23 , B C( A Bj
Sec” —+SeC—| SseC—+SeC—
2 2 2 2

Marin Chirciu
Solutie.
Demonstram Lema:
If X,y,z>0then

X4 y4 24 >(ZX§
+ - > :
3y2+z(x+y) 322+x(y+z) 3x2+y(z+x) )

33



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — SEPTEMBRIE 2021 RWANEUI0i{sR o)

Demonstratie.

Y. X B X3 Ragor (D>x)? (D>-x)2

y: +z(x+y) [y2+z(x+y)]§ [Z(X +2(x+Y) )] (Zx +22y2)
D20 O X X

. A B C : C e s
Folosind Lema pentru x = sec? y= secE, Z= secE este suficient sa aratam ca:

(Zsec J ( f ) \/72 care rezulta din: ZSeC§> 2«/_ adevarata din:

A 1 AHM 9 Jensen 9
Zsec— = z > 243.
2 cos'g ZCOS A 3‘f
Aplicatia 73
InAABC
A
csct =

2 >336
23 B C A B) '

€SC? — +CSC—| €SC— +CSC—
2 2 2 2
Marin Chirciu
Solutie.

Demonstram Lema:
If X,y,z>0then

X4 y4 24 %
> .
\ y:+z(x+Y) X 22 +x(y+2) i x> +y(z+Xx) _(ZX)
Demonstratie.

s e e (S (5
y +z(x+y) [y2+z(x+y)}5 [Z(X 47 x+y)] (Zx +22yz)

BN 33 SN 6 20 )

(Ex 2y [(Zx ] (X

. A B C . S s«
Folosind Lema pentru x = csc? y= cscE, Z= cscE este suficient sa aratam ca:

=

W

=
N

2
a2 2
(Z CSC?)3 > (6)5 =3/36 , care rezulta din: ZCSCQ > 6, adevarata din:

A 1 AHM 9 Jenseng
— = > > =
ZCSCZZ_A_ 5 2 5=6.
SIn— sin— —
2 2 2

Aplicatia 74
34
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Ifa,b,c, x,y,z>0such thatxyz =1landa’® + b® + ¢* =3 then

1 >i
(a+b)2 (x4 + X2 +1)3 36

Nguyen Van Canh

Solutie.
I oy 1
Ms=3 1 :Z(x4+x2+1)3 R (x“+x2+1)3 _ (x“+x2+l)3 ~
(a+b)*(x* +x* +1)° (a+b) Y (a+b) (3 (a+b))
1 1 1 1
3 3 3 3
B (x4+x2+1) _ (x4+x2+1) cs (x4+x2+1) _ (x4+x2+1) _

(Say  a(zay | 4o%a 433
1

(x“+x2+1)3 1 1 w1
= =—) ———>—=Md,
4.3-3 36 (X4+X2 +1) 36
1 1 - o
unde (1) < 2—3 >l ———— =1, care rezulta din substitutia:
(x*+x* +1) X' +x"+1
x:“BC,y: CA,Z:‘AB,A,B,C>O,xyz:1.
A B C
Obtinem:
1 1 A’ cs
Z 4 2 :Z BZcZ BC :Z A4 AZBC BZCZ 2
\ BC Y, BC +— 41 + +
— |+ —| +1 At A2
A A

s (ZN) _ yasayect o

§ > (A*+A’BC+B’C?) Y A"+ A’BC+) B’C’ =t

ZA4+ZZBZC2 ) s ,
> § B _§ A’B
unde (1) < ZA4+ZAZBC+ZBZCZ >l C > C,
carerezultédinz xzz§ YZ,cu X =BC,Y =CA,Z = AB.

Egalitatea are loc daca si numai dacia=b=c=x=y=z=1.

Aplicatia 75
Ifa,b,c,x,y,z>0suchthatxyz =1, a’ +b*+c¢®=3 and A >0then
1 1
2 3 2 2"
(b+ac) (x*+x*+1)  9(h+1)
Marin Chirciu
Solutie.
o 1 i
1 (X4 +x° +1)3 Radon (X4 + X2 +l)3 (X4 + %2 +1)3

Ms=>" => > - =

(b+2c) (x* +x? +1) (b+2c)’ Y b+re)  (X(b+ic))
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1 1 1 1
(x“+x2+1)3 (x“+x2+1)3 cs (x“+x2+1)3 (x“+x2+1)3
= 2 2 7 2 2 P 2 =
(A+1)>a)  (a+1)°(Xa) (r+1) -3 a (A+1)"-3-3
1
4 2 3
1
(X +2X+): . 2 ! 3(21) . z:Md’
(k+1) -3-3 9(k+l) (x4+x2+1) 9(k+l)
unde (1) < >l >1, care rezulta din substitutia:
Z(x +X +1) ZX +x° +1

X*=X,y"=Y,2=2,Z,Y,Z>0,XYZ =1.

Inegalitatea ) — >1 sescrie )| 21 > X2>)YZ, evident.
X

+x*+1 X2+ X +1
Egalitatea are loc daca si numai dacia=b=c=x=y=z=1.

Aplicatia 76
Ifa,b,c,x,y,z>0suchthatxyz=1, a"+b"+c"=3 and L >0,ne N,n>2then

1 1
> .
(b+7»c)"(x“+x2+1)n+l 3”(k+1)"

Marin Chirciu
Solutie.
1 1 1
(x4 +x? +1)n+1 Radon (x4 + X2 +1)n+l ~ (x4 +x? +1)n+1 ~

_ 1 _ >
v Z(b+7»c)n(x“+x2+1)n+l z (b+xc)’ > (b+xc) (Z(b+kc))n

1 1 1 1
(x“+x2+1)n+l Z(x“+x2+1)n+l CSZ(X +X +1)n+1 (x“+x2+1)n+1
= — = : — > - —— =
(r+1)>a) (r+1)' ()  (a+1)-37 A" (A+1)'-377-3
1
(oh L y2 1\
1
= (X +Xn+) = : n . n+1(>i) : n:Md’
(r+1) -3 3"(r+1) (x4+x2+l) 3"(A+1)
unde (1) < Z— le Zx 1 >1,care rezulta din substitutia:

+1 =
(x + X +1)
x2=X,y2=Y,z =7,2,Y,Z>0,XYZ =1.

Inegalitatea ) —, >1 se scrie ) >1e Y X?2)YZ, evident.

X +x% +1 X%+ X +1
Egalitatea are loc daca si numai dacia=b=c=x=y=z=1.

Aplicatia 77
Ifa,b,c,x,y,z>0suchthatxyz=1, a"+b"+c"=3 and A >0,ne N,n>2then

1 1
> .
(b+7uc)”(x2+x+1)n+l 3" (A +1)"
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Marin Chirciu
Solutie.
uti o, 1 1
Ms= Y 1 (X2+X+1)n+1 R (x2+x+1)n+l (x2+x+1)n+l
5= - > - _
(b+7»c)"(x2+x+1)n+l (b+xc)" > (b+2c)' (X (b+1c))
I I o o
B (x2+x+1)n+l B (x2+x+1)n+lc>s (x2+x+1)n+1 B (x2+x+1)n+1 B
Gz () U RE (e aa
1
~ (x2+x+1)n+l 1 1 "

(A+1)"-3" 3 (A+1) Z(xz rx+1)" 3 (1) )

unde (1) @Z;leaz >l Y x* > yz, evident.

(x2+x+1) X"+ x+1
Egalitatea are loc daca si numai dacia=b=c=x=y=z=1.
Aplicatia 78

In AABC
a b C .3
(bl (c+alh (a+byn’ 32F7
a b c
D.M.Bitinetu-Giurgiu & Dan Nanuti
Solutie.
Aplicatia 79
In AABC
a + b + ¢ > 3 neN
(b+c)™h’  (c+a)™h' (a+b)™h" 2(4F)"’
Marin Chirciu
Solutie.
n+l n+1 n+l n+1
oo _lots) we(Zole) e 3
a (b + C)n+ b+c Holder b+c Nesbitt { 9 3
MS:Z(b+C)n+lhg =Z anh; =Z (2F)n 2 3n(2F)n 2 3n(2F)n =2(4F)n =Md
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Aplicatia 80
In AABC
a.n+l + bn+1 + Cn+l Z n?l n,kZO,neN.
(b+4c) h! (c+4a) hy (a+ab) h! (A+1) (2F)
Marin Chirciu

Solutie.

n+l

ai a n+l a n+l
Ms :Z a :Z (b+nﬂ’cn)n+l :Z(b-l'/lCnJ RaZdO” (Zb+/10} NESZbitt
ah (2F) (3 2F)

(b+2c)™" h!
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( 3 jnJrl
Nesbi
Ztt A+1 _ 3 _Md

3(2F)"  (2+1)"7(2F)
Aplicatia 81

In AABC
a‘n-¢—1 n+ bn+1 n+ Cn+1 n2§( rzj ,neN.,
(b+c) ' r] (c+a) r (a+b) r’ 2(pR
Marin Chirciu
Solutie.
n+1 n+l nel
AL (A y 2
Ms=z a :z(b+c)"+1=z(b+cj Ra;’"”( b+cj Negbi“
(b+c)™ry a't (@) (XYan)
3 n+1 3 n+l
= B L .y,
- (2p(2R-T))’ ~ (3pr?) 2\ pR’
2r
Aplicatia 82
InAABC
a‘n+1 n+ lDn+l n+ Cn+1n2 3 n(zrzj ,)\‘ZO,nGN.
(b+4c)"r (c+1a) r (a+ib) " r) (A+1) \ PR
Marin Chirciu

Solutie.

(b+c)™ amr! (ar)" (Zara)n

an+1 a n+l a n+l
MS:Z a _Z(b+/1c)n+l zz[bJ”?“Cj Ra;on(zmlc] Ne;bitt

( 3 jm—l ( 3 jl’H—l
Nesbitt Euler "
e\ A+1 der\ A+1 3 (Zer vd

pR

Aplicatia 83
In AABC

Marin Chirciu

amt a n+1 a n+1
Ms = Z a B Z (b + C)n+1 B Z (b-ﬁ-C) Raﬁon (Zb_'_cj Ne;bitt

(b+c)™" m! am’ (am,)’ (Sam,)
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(3)n+1 (sjnJrl
Nestitt 2 n Eu_>ler 2 n 3( 1
(3Rp)"  (3Rp) 2pR
Aplicatia 84

j =Md . Am folosit mai sus > am, <3Rp.

InAABC
a“+l n+ bn+1 n+ Cn+1 n> 3n+1[1j A=20,neN.
(b+4c)" m] (c+4ia)”" m) (a+ib)" m! (A+1)" (PR
Marin Chirciu
Solutie.
olufie a”*l a n+l a n+1
P v (v e e I
(b+c)"™ m! a"m; (am,)’ (Zama)n
( 3 )ml
Nes_bm Avl) 3 — (ij = Md . Am folosit mai susZamaSBRp.
(3Rp)"  (2+1)"" (PR
Aplicatia 85
In AABC
a s b . c >§( 1 jn TeN
(b+c)n+1W2 (C+a)n+lWS (a+b)n+l 2—2 2pR ) .
Marin Chirciu
Solutie.
cam [a) (Za)
MSIZ a :Z(b-i-C)nJrl :Z b+c Ragon b+c Ne;bitt
(b+c)™" w a"w, (aw, )" (Faw,)
HIMH
i) rle) 30 L ) yg . Am folosit mai sus > aw, <3Rp.
(3Rp)"  (3Rp)" 2\ 2pR
Aplicatia 86
InAABC
a”+1 n+ bnl n Cn+1 n2 3n+l(lj A20,neN.
(b+Ac)"w] (c+1a)" w (a+/1b) w  (2+1)7 (PR
Marin Chirciu
Solutie.
olutie L o .
I\/IS:Z a :Z(b+c)/1”+1 z(b_,_/lcj Reﬁon(zb_i_/lcj Ne;bitt
(b+4c)"™ W, a"w; (a)”  (Daw,)

3 n+l
Nesbltt ﬂ’ +1 B 3 ( 1

o) _(/1 7 —j = Md . Am folosit mai sus > aw, <3Rp.
p +

PR
Aplicatia 87
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InAABC

a b C 3( 1Y
n+1 n+ n+1 n+ n+1 nZ_( J,nGN.
(b+c)" sl (c+a)s; (a+b)"s] 2\ 2pR

a c

Marin Chirciu

Solutie.
an+1

: (ajnﬂ (Zajnﬂ
Ms=y oy Br _ybres mrlfbrel v

(b+c)™ s X (as,)" (Zasa)”

3 n+l 3 n+l

Nesit (2) Eulr (2) 3( 1 " _vd A o

> _ > == =Md . Am folosit mai sus > as, <> am, <3Rp.
(3Rp)"  (3Rp)" 2(2pR

Aplicatia 88
In AABC

a b c 3 1Y
o+ - = 1(-} A>0,neN.
(b+4c) s (c+4a) sy (a+4b)s] (A+1) (PR

Marin Chirciu
Solutie.

n+l

& ( a )nﬂ (Z a j'”l
Ms :Z a :Z (b+c)a™ ZZ b+ Ac Ra>don b+ Ac Ne;bitt

(b+c)™ s a"s! (as,)" (> asa)n

( 3 jn+1
Nesbitt "
Si\A+l) 3 ( L J =Md . Am folosit mai sus > as, <> am, <3Rp.

(3Rp)"  (2+1)"" (PR
Remarca.
La inegalitatile de mai sus egalitatea are loc daca si numai daca triunghiul este echilateral.
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2. A Result by Using Beta Function

By Toyesh Prakash Sharma

Abstract

In this article, we are introducing a result by using beta function. Here we
provide our result on behalf of observations we will claim our result right.

Main Result

With reference to [1] we have,

C{m)I(n) B rognt
m Jg{ﬂ? '?".'} [de

Put m=1-n as a result
[= =]
n—1

| r-{l_n)r{n}=[f+ —ds

0
Now, we can rewrite above equation as

aa
mﬂ—l -
dr = ———— | 0,1
,ﬂ[ (14 =) v sin(nw) n €]0,1

It was originally discovered by Euler [2], using above equation and by using DUIS
(Differentiation Under Integral Sign) [3] Article on Brilliant “ Differentiation Under
Integral Sign “ https://brilliant.org/wiki/differentiate-through-the-integral/

We get,

B i w
1:]” d = ':-1“.-—
f / (14 ) e sin(nw)
0

S gn-1 72
=>/ —El_l_mjiog,:{n:}dn: «:—5_111 o) cos(n)
il

Consider it as equation (1). Then, now using eq. (1) and DUIS we can write that

9 [ Eﬂg Vdz = -2 [{:us[n:rr}}
T e Ty | ——

sin®(nw)
I (a)d ™4 cost(
= og-(x)dr = o lfmr}[ cos”(n)]

Con51der it as equation (IT). Then, now using eq. (i1) and DUIS we can write that

1 + cos®(nw)
sin®(n)

In—l 5 ) )
il i " d - .ian
, 0 ,!{l-l—x}mg“(i'] r = |
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= / it (zx)dr = —M[ﬁ + cos®(nm)|

(14 | e sin®(nm)

Con51der it as equation (iii). Then, now using eq. (iii) and DUIS we can write that

o[

= i:': m!agj{m)d&: W[S + (15 + 7) cos®(nm) + cos*(nn)]

Ior;rf (z)dx = -8,

5 cos(nm) + cos®(nr)
sin*(n)

Consider it as equation (iv). And this will go on...
Now we can take some observations from eq. (I) and eq. (II). So, our eq. (I) and eq. (ii)
are
2
= j T n’ogﬁ{ z)dr = T cos(n)

sin”(nm)
And
< n—1 4
T cos(n)
-] 3.,:1?..,:——'3 2
(1+z) 0ge(w)dz sin®(nm) 5 + cos™{nm)]

0
As we can observe the pattern that for every odd number as power of In™x we get
cosine term common on the right-hand side.
If we supposed to calculate the value of integral contain odd powered log there in
integrals of such kind when above used n=1/2.

o0
» loge(x) _ 2 .
{Wd&: (_—v—'zmn — LDS(H?T))HZ%
- T loge(z) dr = 0
| wrave
Likewise
0? n—1
'({ E—“_'_I logd(z)dz = ( —A,J—l”mfs?;ﬂ [5 + cos? nw)})ﬂ;i =0

Then in similar fashion we obtain

[ log(@) 4o
' ta)v/z9c =0

For m belongs to the odd numbers.

Theorem 1. If n>0 and m belong to odd number. Then,

x]"_l-llﬂ.”"“xaI
. (1+x)-x

Proof: we can say that for integrals of above kind if we assume m=5,7,9 or other even

numbers then we found cos(n 1) in all of them and we also knows for
Zn—1

2
equations we can write the generalization equation of all i.e.

T = nw —g, n > 0 cos (nn - g) = 0. Accordingly on behalf of above expressed
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* xn—l

™ —
J-(l-i-x) Inmxdx=0
0

With replacing n with ? because when it consists, we got right hand side reduced to
zero due to presented con(nx) there. With it we obtained

NC=
[ W “InMxdx =0
0

[ xnt. lnmxdx _
g (142 Vx

Hence Proof.

0

Conclusion
In conclusion we can say that, in this article we have showed a result that gives help us
to save our precious time to solve it from start, first judge the integral if it comes
under the range of integrals or here, mentioned theorem then you directly say its
answer is zero only. Many times, we found such a situation where we can apply, well
known integrals on place of proving them likewise we may use them while dealing
with some other types of integrals.
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3. Trei solutii ale unei probleme din RMT2/2020

Daniel Vacaru, Colegiul Economic ,,Maria Teiuleanu”, Pitesti

Enuntul problemei este:
VII.525. Aflati aria trapezului ABCD stiind ca AB”CD JAB=3cm, BC=4cm, AD=5cm, CD = 6 cm.
drRMT

Prima solutie (discutatd cu elevii Mihai Lacrimioara, Stefan Dennis, Deaconeasa Stefana, Isbayescu Cristina, clasa a X —a) ar consla
in a completa trapezul pana la triunghiul ECD, unde ‘[E =ADN BC. Observim ci 4B este linie mijlocie in triunghiul ECD, de unde

EC=2-BC=8cm ,iar ED=2-AD=10cm .Si mai observim si c¢d triunghiul ECD este dreptunghic, cu ipotenuza ED, de unde
3A, 3EC-CD

4 8

-

18em™ .

aria cerutd este
not

In cea de — a doua solutie discutati cu cleva Bebu Elena (clasa a IX —a), notam E=pr.pB si F=prA sifie FC = x .

Evident, EF=3cm , deoarece ABEF este dreptughi. Atunci aplicim teorema lui Pitagora pentru a exprima  AF =BE  si gisim
AF’=AD’—DF*=5"—(3—x)*(1)

si BE'=BC’—CF’=4"-x’(2) .FEgaland, obtinem
5—(3—x)=4"—x"25"-4=(3—x)—x"=(5-4)-(5+4)=[(3-x)—x]-[(3—x)+x]>9=3-(3-2x)
=3-2x=3=x=0
ardtind ¢ca  AF 1 CD , deci trapezul ABCD este dreptunghic. Atunci aria sa este
_(AB+CD) AD (3+6)-4

A = =18cm’
ABCD > >

Cea de — a treia solutie constd in a considera punctul )X, mijlocul lui [CD], si a observa ca patrulaterul ABCX este un paralelogram, caci
AB=CX =3 cm si,prinipotezi AB|/CD=CX .Si observim ci triunghiul ADX are laturile AD = 5 cm, DX =3 cm i AX = 4cm,
este, deci, dreptunghic (reciproca teoremei lui Pitagora) si 4BCX este dreptunghi. Atunci, cu proprietatea de aditivitate a ariei, avem

A A +A_w_‘.=3-4+¥=18cm2

ABcD = A ypex
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4. Teorema chinezeasca a resturilor si exemple

Prof. Petreanu Irina
Colegiul National ,,Unirea”
Turnu Magurele

Teorema chinezeasca a resturilor este un rezultat provenit din teoria numerelor, cu
aplicatii in criptografie. Teorema a fost cunoscuta de matematicienii chinezi din secolul al 111-
lea, aparand intr-0 carte a matematicianului Sun Tzu, iar apoi, in 1247, intr-o alta carte a
lui Qin Jiushao.

Lema chineza a resturilor
Dacd my,m,,...,m, € Z cu (m;m;) =1, pentruorice i,j € {1,2,..,n}, i =j

si dacda aq,@s,..,a, € Z , atunci existd un numar intreg x , solutie a sistemului de

congruente
x =a; modm,
X = a; modm,
x=a, modm,
Pentru orice altd solutie y a sistemului, avem y =xmodm, unde
m=mqy- My-...- M,
Demonstratie.

Fie k; :3 € N pentru oricare i € {1,2,...,n}. Avemca (m;k;)=1si

atunci exista w;,v; € Z astfel incdt m;-w; +k;- v; =1. Notam k;- v; =¢; si
obtinem m; - u; +¢; = 1, de unde rezultd ca ¢; = 1 mod m;, unde

i€{12,..,n} si ¢ =0modm; pentru i + ;.

. . . -1
Din m;-u; +k; - v; = 1rezultd ca k; - v; = 1 mod m; adica v; =k, m; (

inversul multiplicativ al lui k; modulo m;.

Construim pe x de forma

de unde putem scrie

n

-1
X = Zﬂi - ki -kimﬂdmi
i=1

Atunci x = b; mod m; pentru orice i € {1,2, ..., n}.
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Daca y este altd solutie a sistemului, avem x =y modm,;, adica m;|x—y

pentru i €{1,2, ..,n}. Cum (mi.mj-) = 1 pentru orice i # j , rezulta ca
my- my-..-m, |x—y, adicd m|x—y. De aici avem y=xmodm.
Multimea tuturir solutiilor este S={x+km|keZ}

Caz particular (n =2)

x=amodp

x=bmodq unde (p,q) = 1 atunci

Daca {

X=(a" q qmoap+ b P Pubag) modpgq
Exercitiu

Sa se determine numerele ntregi care dau restul 7 prin impartire la 43 si restul 3
prin impartire la 47 .

Rezolvare

X =7 mod43
X =3 mod47

x= (747 477 .43 +3- 43-43;1,,) mod 43 - 47

Din enunt, deducem ca { ,cum (43,47) =1 atunci

47 ' mod 43 = 11 deoarece 47-11=43-12 +1
43 1 mod 47 = 35 deoarece 43-35=47-32+1
Obtinem x=(7-47-11+3- 43-35)mod 2021
x = (3691 + 4515) mod 2021
x = (1598 + 473) mod 2021
x =2071mod 2021
x = 50mod 2021
De aicirezulta cda x € {50 + 2021k | k € Z}

Caz particular (n =3)

x=amodp
Daca {x = bmod q , unde p,q,r sunt numere intregi prime intre ele doud cate

x=cmodr
doua, atunci
x=(a (qr) (@) poap + b @) @) baq + ¢ @ 0Q) mpa,)mod pqr
Exercitiu
Sa se determine numerele ntregi care, prin impartire la 2, 3, 337, dau resturile 1, 2
respectiv 7 .

Rezolvare

46


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — SEPTEMBRIE 2021 RWANEUI0i{sR o)

x=1mod?2
Din teorema impartirii cu rest, rezulta sistemul de congruente x =2mod3

x = 7mod 337

Cum 2, 3,337 sunt numere Intregi prime intre ele doud cate doud, atunci

x=(1-(3-337)-(3-337) ,hq2+2- (2-337)-(2-337) . 45 +7- (2-3)
(2-3) ,k4337) mod2-3-337
x=(1-1011-1011,},,+2- 674- 674,15 +7 6-6,),337) mod 2022

Cum 10117 'mod2=1"1'mod2=1

674 'mod3=2"1mod3 =2

671 mod 337 = 281 deoarece 6-281 =337-5+1
Se obtine

x=(1-1011-1+2-674-2+7- 6-281) mod 2022
x = (1011 + 2696 + 11 802) mod 2022
x = (1011 + 674 + 1692) mod 2022

x = (1685 + 1692) mod 2022
x = 1355 mod 2022

Rezultica x € {1355+ 2022k | k € Z}

Bibliografie
https://ro.wikipedia.org/wiki/Teorema_chinezeasc%C4%83_a_resturilor
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5. PROBLEME INTERESANTE

prof. Anton Flavia , Scoala Gimnaziala “Stefan cel Mare” Vaslui
Clasa a V-a
1) Cu3cifrede 5siocifral sicu operatiile invatate obtineti 24.

Solutie.
Solutial:  5-5-1°=24

Solutia 2: 5(5—%) =24

Clasaa Vl-a

1) Gasiti cel mai mic numar natural a carui ultima cifrd este 6, astfel incat daca ultima
cifrd este mutatd in fata numarului(exemplu: 14576 prin mutare devine 61457)
acesta se mareste de 4 ori.

Solutie.

Avem aa,...a,6 numarul dat. Notam n=aa,....a,, (m cifre) deci numarul dat devine né,

iar dupa mutare 6n. Conditia din enunt devine 4(10n+6)=6-10" + n, prelucratd obtinem

13n+8=2-10" deci n este numir par si are forma n=2k. Inlocuind obtinem
13k =10™ — 4 . Cele mai mici valori care verifica relatia sunt m =5, k = 7692 . Numarul cerut
este 153846.

2) Tn triunghiul ABC, M este mijlocul laturii BC, AN este bisectoarea unghiului BAC,
BN este perpendiculard pe AN. Dacd AB =14, AC =19 sa se afle MN.

Solutie.

B M C
Prelungim BN si notim BN nAC ={E}. Se aratd usor ca ABNA=AENA, deci N este

mijlocul segmentului BE; avem AB=AE =14 si EC=5. MN este deci linie mijlocie in

triunghiul BEC — MN :%:g.
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Clasaa Vll-a

1) Pe catetele triunghiului dreptunghic ABC, m(xC)=90°, se construiesc in exterior,
patratele ACFG si BCED. Notém {H}=ADNBG, {K}=CH n AB . Aratati ca:
AP CQ AC 1 1 .1 1 1

a) — — b)) —= si = +
CP BQ BC PC AC BC QC AC BC
Solutie.
A
G [
K
P
FL c 9 B
E [ 1]
a) Din APAG ~ APCB —» PA_AG _PG ;  Din AQCA~AQBD—>QC = CA: QA
PC CB PB QB BD QD
Avem si AG = AC, BD =BC de unde rezulta — AP CQ &
CP BQ BC
b) Din AGFB ~ APCB — GF _FB GB i AAED ~ AACQ —» AE = ED=AD
PC CB PB AC CQ AQ
Scriem GF =AC, FB=FC+CB - AC = AC +BC de unde i=i+i Analog se
PC BC PC AC BC

arata relatia cealalta.

2) Se di triunghiul dreptunghic si isoscel ABC cu m(<«B)=90° si BC=AB=2cm.
Un arc de cerc de razd 2 cm cu centrul in C intersecteaza ipotenuza in D, iar un arc de
cerc de raza 2 cm cu centrul in A intersecteaza ipotenuza in E, conform figurii. Aflati

aria portiunii hasurate.

Solutie.
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< . . 1 P4 U
Se calculeaza aria unui sector de disc A, :gnRz ==cm*; se calculeazd aria

triunghiului A, = ABéBC :2:2 cm®; se calculeazd aria unei portiuni hasurate prin

. - 4-— ) . N . .
diferenta A = 2—% =Tﬂ si aceasta se Tnmulteste cu 2 pentru aflarea intregii porfiuni

hasurate: A, =(4—x) cm’.

final

3) Pe cercul de centru O se iau punctele A, B, C astfel incat B sa fie mijlocul arcului

AC . Se alege un punct D pe arcul mic AB, si fie E piciorul perpendicularei din B pe
DC. Aratatica CE =ED+ DA.

Solutie.

Fie D’ simetricul punctului D fata de dreapta BE. Aratam ca ABDA = ABD'C (folosind cazul
L.UL.). Din simetria construiti avem BD=BD'; avem BA=BC (la arce congruente
corespund coarde congruente).Folosind faptul ca patrulaterul ACBD este inscris in cerc:avem
<BDD"'=«BD'D (din simetrie), <BAC = «BCA (triunghiul BAC isoscel),
<BDD'= «BAC (patrulaterul este Tnscris in cerc). Din Toate acestea rezultd ca si
<DBD'=«BAC care au o parte comund si anume <ABD' . Deci rezultd ca
<DBA=<«D'BC. Obtinem astfel congruenta celor doud triunghiuri, din care avem
DA=D'C.Infinal CE=CD'+D'E = AD +ED.

Clasa a Vlll-a

1) Pentru m si n numere intregi definim o noud operatie notata ,* ” astfel:

m+n

m*n=— . Calculati ((((...(2007*2006)*2005)*2004).......) *1) 0)
mn+

Solutie.
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Observam cd pentru h=2 avem m*2 = m+2 m+2 1

2m+4  2(m+2) 2
Notand cu x = ((((.....(2007 * 2006) * 2005) * 2004)........ )*3) ceea ce aveam de calculat devine

(x*2)*1*0) = ((%*1)*0) EESVNES

1
3 12°

Clasa a IX-a

1) Fie a, b, ¢ numere reale pozitive. Gasiti cel mai mare numar real C, pentru care este
(2a+b+c)(a+2b+c)(a+b+2c) SC

satisfacuta inegalitatea:
abc

Solutie.

Din inegalitatea mediilor avem a+a+b+c>4%a’c, a+b+b+c>4iab’c,
a+b+c+c>4%abc’ . Inmultind realtiile membru cu membru obtinem

(2a+b+c)(a+2b+c)(a+b+2c)

abc
Punénd a =b = c in relatia anterioara, obtinem 64 >C deci C =64.

264 —>C2>64

2) Aritati cd ecuatia 2X’ =1—X are o singurd solutie in intervalul [0; 1].
Solutie.

Daca x>1 atunci 1-x<0 si 2x’ >1.
Daci x<O0 atunci 1-x>0 si 2x’ <0. Deci solutia este in intervalul [0;1]. Aritim
unicitatea. Presupunem ca exista 2 solutii distincte X;, X, astfel incat

2% +% —1=2X,"+ X, =1 = 2(x,' =X, )+ (X —X,) =0. Cum am presupus ci solutiile sunt
6 . .

distincte avem 2(2 x1'x26'j+1=0. Cum x2>0,%x,>20 ultima relatie devine
i=0

imposibila(membrul stang al ei este mai mare sau egal cu 1). Condradictie, deci avem
unicitatea solutiei.

Clasa a X-a

1) Stiind ca a"°%®° 4 p'%%? —m , gasiti valoarea expresiei %2 4 g'o%b

Solutie.

log, c log, a 1 1
aIogbc +b|ogca _ aIogab + b'OQbC — CIogab + aIogbc — Clogba + a‘Iogcb -m
ol
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