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1. Some applications of H. Bergstrom’s inequality and J. Radon’ s
inequality in triangle

D.M. Bitinetu-Giurgiu and Neculai Stanciu

In this paper we present some new inequalities in a triangle, which follows by Harald Bergstrom’ s
inequality and by Johann Radon’s inequality.

Theorem 1.

1.1) In any triangle ABC holds

a’ b? c? 4p>
+ + > ;
(p—b)-(p—c) (p-c)-(p—a) (p—a)-(p—b) (4R+r)r

1.2) If m,n e R, then in any triangle ABC holds

A B C
th tgz tg?
+ +

>
m-(4R+r)+n-p-tg§ m-(4R+r)+n-p-tg(2: m-(4R+r)+n-p-tg'§

(4R+r)?
~ p(m(4R+r1)* +np?) ’

1.3) If X,y € R_, then in any triangle ABC holds

A B C
tg® =~ tg® — tg® —
° 2 N ° 2 N ) > AR+T
A B B C C AT (x+y)p’
X-tg-+y-tg—- Xx-tg-+y-tg—- XxX-tg_-+y-tg—
92 y 92 92 y 92 92 y 92
1.4) If m,n e R, then in any triangle ABC holds
A B C
tg® — tg® — tg® = 2
i A S SN (G el et 150 I
(m+n)p*

m-t E+n-t ¢ m-t E+n-tgé m-tgé+n-th_
g2 gZ g2 2 2 2

1.5) If m,n e R, then in any triangle ABC holds
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A B C

tg— tg— tg—
°2 N °2 N %2 o (R+n)°
B, C C., A A . B pm@AR+r)+3nr)’
m+n-tg—-tg— m+n-tg—-tg - m+n-tg—-tg—
92 g2 g2 gZ g2 92

1.6) If m,n e R, then in any triangle ABC holds

A B C
tg® — tg® — tg® —
92 . 92 o (4R+1)r

+ n > -
m-ctg|;+n~ctg(2: m-cth2:+n-ctg': m-ctgz+n.ctg§ (m+n)p

1.7) If m,n e R_, then in any triangle ABC holds

A B C
ctg® — ctg® — ctg® =
g 2 g 2 g pz

B c' ¢ ra—— B~ (memr?’
m+n)r

mgo+ntg= mtgo+nitgl megl+n-tge
9Ny My M,

1.8) If m,n e R, then in any triangle ABC holds

3

A B
ctg — ctg — ctg —
92 92 9 D

m+n-tg25 m+n~t92E m+n.tg2E (mp® +n(4Rr+r))r

1.9) If m,n e R, then in any triangle ABC holds

g2 g g
2 2 2 S (4R +r1)%r

" * = 2 ;
m+n-ctg2': m+n-ct922 m+n~ctg2c2: (np? + mr(4R+r))r

1.10) If X,y,z € R, then in any triangle ABC holds

tg“g‘ tg“EZ;
A ___,B cC T B, AT
xsin® = +ysin® — +zcos’ —  Xsin® —+ysin® — +zcos® —
2 2 2 2 2 2 )
'[94E 2 2 242
2 S 2R(16R° +8Rr+r°—p°)

+
xsin? < + ysin? A zcoszz (2x+y+22)R~(x+y~-2)r)p*
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1.11) If X,y,z € R, then in any triangle ABC holds
ctg® A ctg® B ctg® 5
2 . 2 . 2
Xct é+yt E+zt ¢ Xct E+ t E+zt A xct 9+ t é+zt B
92 92 92 92 yg2 92 92 yg2 92

2

p
> &
T (Bx+y+2)r?

1.12) If X,y,z € R}, then in any triangle ABC holds

ctg3é ctgSE
2 " 2 N
xtgé+ th+zthth xth+yth+zthtgé
2 Y 2 2 "2 2 2 2 "2 ,
ctg""’E 4

thEJr ytgﬁJr g ﬁth - ((4R +r)x+(y—2x)p? +32pr)r2
2 2 2 72
1.13)If X,y,Z2 € R: , then in any triangle ABC holds
ctg® A ctg® B ctg® ¢

2 N 2 N 2 S
x+yth+zthtg9 x+ytgg+ztggtgé x+ytgé+ztgéth_
2 2 "2 2 2 "2 2 2 "2

3

> p
((4R +r)x + py +3zr)r?

1.14) If m,n e R_, then in any triangle ABC holds

ctgé cth CtgE
2 N 2 N 2 > op .
B, C C. A A. B 4mR+(m+3n)r’
m+n-tg—-tg—~ m+n-tg—-tg— m+n-tg—-tg—
g2 g2 gZ 92 g2 g2
1.15) If m,n e R_, then in any triangle ABC holds
A zB B ZC C 2A
tg - -tg? = tg - -tg2 = tg~ -tg2 2
R N S S Bl

>
A B B C C A~

m-tg—+n-tg— m-tg—+n-tg— m-tg—+n-tg—
9 92 9 92 97 9

2

> p
(AR+1)*>-m+ p®-(n—2m)
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1.16) If m,n e R_, then in any triangle ABC holds

A B B.,C A
tg® —-tg° — tg® —-tg® — tg® — tgz—

2 2 . 2 2 . 2

m+n-tg E-tg 5 m+n-tg® = tg -

>

m+n-tgzz-tgzg
2

> p
Bm+n)-p?=2-n-r-(4R+r)

1.17) If m,n e R, then in any triangle ABC holds

A B . ,C C
tg" gt tg°-tg* tg" gt 1
— 2 . 2 S .
c. . A A B “3m+n’
m+n-t —-t — m+n-tg—-tg—~ m+n-tg—-tg—
95 92 9,195 919

1.18) If m,n e R_, then in any triangle ABC holds

A B B, C C
th'th tgz'tgz tg— 9* p?
+ + 2
B m-p?>+n-(4R+r)-r’

m+n-t92(2: m+n-tgz'; m+n-tg>—

1.19) If m,ne R:, then in any triangle ABC holds

tng tgE tng tg— 0’
+ + > 5 =
A (m-2n)-p°+n-(4R+r)

A. B
tg? —-tg —
J 2 g2

C C
m-t —+n't — m-tg_—+n-tg—
92 gZ gZ gZ

m-tgé+n-th
2 2

1.20) If m,n e R, then in any triangle ABC holds

tgzé tg— tng tg— tgzg tgé 0’
B c” Az(m 2n)-p®+n (4R+r)2;
m-tg—+n-tg— m-tg—+n-tg— e '

92+ 92 92+ g2

A
m-tg—+n-tg—
95 gz

1.21) If m,ne R, then in any triangle ABC holds
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A B C
gz—tg— gz—tg— gz—tg—
+ +
B C C A A
m-tg®> —+n-tg—~ m-tg> —+n-tg—- m-t —+n-t— -
g 2 g2 g 2 g2 g 2 g2 '
A B C
dm-tg* =+tg* —+tg* = |+n|>1
( (g 279 2" 2j J
1.22) If m,n e R_, then in any triangle ABC holds
sin? A sin’ B sin’C . 16p?
- 2 2
coszEcos29 cos? 2c052'§ coszécosZE p”+(4R+T)
1.23) Tn orice triunghi ABC:
sin® A sin’ B sin’C S 16p2 _
21
siansin29 sin? —sin® — sinzéssz p*+r* -8R
2 2 2 2 2

1.24) If X,y e R, then in any triangle ABC holds

sin® A sin*B
+

xsin? sin? B 4 ycos® — cos A xsin? Bsin? &4 ycos® Acos B
2 2 2 2 2 2 2 _

4(p? —4Rr—r?)?

sin® C .
" R2((x+y)p? +(x+y)r2 +8(2y - x)R? +8Rry)

+
,C

xsin® 9sin2 AL y cos’ Beog &
2 2 2

1.25) If X,y € R, then in any triangle ABC holds

sin? A sin’ B sin?C
+ + >
XSinzé—l— 2E 29 -ZE 2 © 26 -29 zé ZE
yCos® — oS xsin® — + ycos® — cos xsin® = + ycos” - cos
2 2 2 2 2 2 2 2
4p?
16(x+ Y)R? +8(2y — X)Rr + yp®
1.26) If X,y € R, then in any triangle ABC holds
sin? A sin’B sin?C
+ + >
2 A - 2 - 2 B - 2 C - 2 A 2 C - 2 A - 2 B
xcos” — +ysin® —sin® ~  xcos’ — +ysin® —sin®>—~  xcos® — +ysin® —sin® —
2 2 2 2 2 2 2 2 2
16p°

8(4x Y)R? +8Rrx+ y(p* +r?)
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1.27) If X,y,z € R, then in any acute triangle ABC holds

1 1 1 9R
+ + > ;
X+YysinA+zcosB x+ysinB+zcosC x+ysinC+zcoA (3x+z)R+yp+zr

1.28) Daca m,n € R, atunci in orice triunghi ABC:

A _ BY B . CY c _ AY
m+n-ctg—-ctg— | +/ m+n-ctg—-ctg— | +{Mm+n-ctg—-ctg— | =
( 92 gzj ( 92 gzj ( 92 gz) |

. (Bm+ n)?r? +8n(3m+ n)Rr +16n°R?

3r?
1.29) In any triangle ABC holds
4Ap®r
at—t +bt t +Ct—t—> ;
g 9 9 9 g-u9 > AR+r’

1.30) In any triangle ABC holds
B C C A A B
a’ctg —ctg — +b?ctg —ctg — +c’ctg —ctg — > 4p?;
g > g > g > g > g > g > p

1.31) If X,y,z € R, then in any triangle ABC holds

1 1 1
+ >
LA B . B ,C , C L A
X+ysin?=+zcos’ — x+ysin?—+zcos’ = Xx+ysin?—=+zcos’ —
2 2 2 2 2 2
S 18R .
- 2(3x+y+22)R+(z-y)r
1.32) If m,n € R_, then in any triangle ABC holds
sin® A sin* ° sin* & (2R —1)?
+ + > :
mcoszEJrncos29 mcos E+ncoszé mcoszé+ncosZE 2(m+nR(4R +1)
2 2 2 2 2 2
1.33) If m,n € R_, then in any triangle ABC holds
sin® 2 sin® B sin* & ,
2 . 2 s 2 S5 (2R-1) .
msin22+ncoszc2: msin2§+ncosz'; msin22+ncos 2 2R(2(m+2n)R +(n—m)r))

1.34) If m,n € R_, then in any triangle ABC holds
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4

s o4 . 4B .
sin* — sin* — sin® —
2 N 2 N 2 2R-r
msin? 2 +nsin2S msin? S ansin?d  msin? 2 4nsin2® 2M+nR
2 2 2 2 2
1.35) If m,n e R_, then in any triangle ABC holds
sin® = sin® — sin® =~
2 + 2 + 2 >
m- +ncos’— m- +ncos’— m- +ncos
2 2R 2 2
S (2R-r)? )
~ 2R(2(3m+2n)R+(n—-3m)r))’
1.36) If m,ne R:, then in any triangle ABC holds
4 A 4 B 4 C
cos* — cos* — cos* — )
2 n 2 N 2 S (4R +T)
msin2A+nsin2§ 2(m+n)R(2R-r)

- 2 B - 2C - 2C - 2
msin® —+nsin > msin® —+nsin >

1.37) If mne R:, then in any triangle ABC holds
4

cos* — cos* — cos* =
2 N 2 N 2 S AR+r
mcoszE+ncosz— mc0529+ncosZé mcoszé+ncosZE 2(m+mR
2 2 2 2 2
1.38) If m,ne R:, then in any triangle ABC holds
cos’ 5 cos’ E; cos’ 5
>
. B c T _,C AT A B
msin? — +ncos’> — msin? —~+ncos’—~ msin? = +ncos® —
2 2 2
N (4R +r1)?
" 2R(2(M+2n)R+ (n—m)r)
1.39) If m,n e R_, then in any triangle ABC holds
cos’ A cos’ — cos’ ¢
2 . 2 N 2 S
AR+r ___,A' _ 4R+r __ ,B AR+r ___,C~
: +nsin?>= m- +nsin?— m- +nsin 5
(4R+r1)?

ZzR@@m+mR+@m—mn'
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Proof of 1.1) By H. Bergstrom’s inequality we have

i Zaf 4p’

a
U = - == .
z(|o—b)(|o—c)>Z(|o—b)(|o—c) > (p-a)(p-b)

Since,
D (p—a)(p—h)=(4R+1)r,

we deduce the conclusion.

Proof of 1.2) We have

, A

A
tg — tg” —
g2 g2

u-¥ D)

B A A B’
mM(4R+r)+np-tg— M(4R +r)tg — + nptg —tg —
( +)+|092 ( +)92+ p9292

So by H. Bergstrom’s inequality we deduce

,_‘2
(tg}
U= 2

B A A, B
M(4R +r) tg ot npY_tg Etg 5

Because,

A 4R+t A B
tg—= d tg—tg—=1,
ZgZ p an Z“9292

we obtain the desired result.

Proof of 1.3) By H. Bergstrom’s inequality we have

2
: A ( tAj A
'y 2195 Pk

A B~ A
xtg — — X tg—
9+ Y9 (+y)Zg2

X+y

Since,

A 4R +r
2195 =
2 p

we get the conclusion.

Proof of 1.4) We have
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where we apply H. Bergstrom’s inequality and we deduce that,

Zw3)
U= 2A 5
(m+ n)(Ztg Etg 2)

Because,

2
Ztgzé: (4R+2r)

A B
—2and Y tg—tg—=1,
2 Z“€J292

we get the result.

Proof of 1.5) We have

tgé tg26

_ 2 _ 2
V_Z B C_Z A B, C’
m+n-th-th m- tg Aln. tg—tg—tg—

and by H. Bergstrdom’s inequality we deduce

2
(tg 'ZA)
>
V2 C

m> tg 2‘ +3n-tg gtg I;’tg -

2
Because,
Ztg:\ 4R +r dHtg—z—
we get the result.
Proof of 1.6) We have
u=2 =2

mctg B, nctg 54 mctg éctg B, nctg éctg 54
2 2 2 2 2 2

and applying H. Bergstrdom’s inequality we get
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[Zs5)
U= - A B
(m+ n)(z ctg 5 ctg 2)

Since,

Zt A AR +r and thg—cth=4Rr+r,

we obtain the desired result.

Proof of 1.7) We have

ctg3'; ctgz'g
U B0 e e PeC
g2 g2 9292 9292

By H. Bergstrom’s inequality we obtain

st
U= 2A B
(m+ n)(Ztg Etg 2)

Since,

we get the conclusion.

Proof of 1.8) We have

Because,

10
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A_4R+r A
Zt chth_—

we deduce the result.

Proof of 1.9) We have

tgé tgz—
T Sy S

A A A’
m+ nctg® — mtg — + nctg —
g 2 g2 g2

So by H. Bergstrom’s inequality we obtain

Since,

we obtain the conclusion.

Proof of 1.10) Applying H. Bergstrom’s inequality we deduce that

tg* 2 (tgz'gj
2 _ >
2 LA LB ,C 2 5, A , B ,C
xsin® = +ysin® — +zcos® — xsin® ~+ysin® — +zcos’ —
2 2 2 2 2 2

, AY
. [Zw5)
(x+Yy)D sin’ ';‘+ 2y cos’ '2

But we have

A_2R- A 4R+r A (4R+r1)*-2p®
an > cos? = = and Y tg? ==

and we obtain the result.

Proof of 1.11) By H. Bergstrom’s inequality we obtain

11
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ctg3é ctgZé
2 : =2 : z
xct é+yt E+zt E X+ yt Et é+zt Et é_
g 5 g 5 g 5 yig > g 5 g 5 g 5
2
[Zew)
= : A, B
3X+(y+2)) tg-tg—
(y+2)). 919
Using the formulas
A 2R — A, B
sm2 and Y tg—tg—=1
Z 2R Z gZ gZ
we get the result.
Proof of 1.12) Applying H. Bergstrom’s inequality we deduce that
ctg3é ctgZé
> a3 >
xtgA+yth+zthtg— xtgzé+ tgéth+ztgéthth
2 y 2 "2 2 "2 72
2
[T
S 2
B A A, B A, B, C
Xy tg° “+yytg-tg_ +3z2tg —tg_tg
D tg ) ngz g, +329 g 19
Since,
A p 2A (4R+r)* —2p?
ctg—=—, > t t —1and tg—=—
g = 2t 7 Trg ot Hg

it follows the conclusion.

Proof of 1.13) By H. Bergstrom’s inequality we obtain

Ctgsé ctgzé
Z 2 _Z 2
B B A, B C
X+ ytg — +ztg—tg— Xtg — +ytg—tg +ztg—tg—tg—
2
Zeoy
>

x> 'tg +thg—tg +32tg—tg—tg—

Using the well-known

12
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A_P A_AR+T AwB = AT
ZCtgz—r,Ztgz_ . ,Ztgztg2 1andl_[tgz—p

we get the desired result.
Proof of 1.14) We have

cty A 1

Uu=2 : c::Z A C-

B A B
m+ntg—tg — mtg —+ntg —tg —tg
9292 g2 929292

Therefore By H. Bergstrom’s inequality we get
9

m> tg 2 + 3nHtg':

Uu=>

Because,

Zt A 4R+r dHtg—z—

we obtain the conclusion.

Proof of 1.15) Applying H. Bergstrom’s inequality we deduce that

2
tgétgzE tgzétgZE [Ztgtg j
Z 2 2 :z 2 2 >

A B

A A B
mtg — + ntg — mtg?> —+ntg—tg— m> t nt—t—
g, +ntg g +ntg g > tg? +Zg 9

Since,

A (4R+r1)*-2p? A B
tg? — = d ) tg—tg— =1,
zg 2 p* an Zg2 g2

we get the result.

Proof of 1.16) By H. Bergstrom’s inequality we obtain

2
A B ZtAtBj
whed (Do

>
m+ntgzstgzg 3m+n2tgz'§tng

Since,

A ,B p—2r—8Rr
tg? —tg? and t—t—:
29292 7 > tg—tg

we get the result.

13


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2023 www.mateinfo.ro

Proof of 1.17) By H. Bergstrom’s inequality we deduce

A B A B ?
tg® —tg? — ( tgtgj
5 01, 2.t9,19

B. C A B’
m+ntg—tg— 3m+n) tg—tg—
9292 Zg292

Because

Zw—m—:

we obtain the conclusion.

Proof of 1.18) Applying H. Bergstrom’s inequality we deduce that

A B
tg —tg — t =
9292 _ 9 9
C A B A B C C
m+ ntg? — mtg —tg — + ntg—tg —tg —tg —
92 g292 g2929292
A BY
tg—tg —
(29292)

2

A B A C
m> tg Etg St n[ Jto EZtg >

Since,

Ztg_tg_—l Htg_:_ and Zt A 4Rp_|_r

we get the result.
Proof of 1.19) By H. Bergstrom’s inequality we deduce
A, BY
tgzéth tgzétgZE (Ztgtgj
2°2__y 2° 2 o 2 "2
A B A B ,B " A B ,B"
mtg — +ntg — mtg—tg—+ntg°— m) tg—-tg—+n) tg°—
g2 g2 9292 g2 Zg292 Zg2

Since,

A, B » A (4R+r)?
tg—tg—=1and g —=~——"—-2,
we obtain the conclusion.

Proof of 1.20) By H. Bergstrém’s inequality we obtain

14
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A B A ,B A, BY
tg® —tqg— tg® —tg? — ( tgtgj
0, 9’ g’ 210,19

A B A B ,B~ A B ,B’
mtg = + ntg — mtg “tg— +ntg®—~ m>tgtg—+nStg? —
9,75 9,9, Z9292 219 2

Using
A B » A (4R +r)?
tg—tg—=1land » tg° —=-—->"--2,
2195195 21975 =5
we get the result.

Proof of 1.21) Applying H. Bergstrom’s inequality we deduce that

A BY A BY
tg —tg— tg ~tg—
[o303)  [Zujuy

c::Z , B C

B B - A A B’
mtg® — + ntg — mtg* —+ntg—tg— m>tg*—+nd> tg—tg—
gz gz g2 gzgz Zgz Zgzgz

A B
tg®> —tg—
g292

and because we have
A B
tg—tg—=1,
Z g 2 g 2
we obtain the conclusion.
Proof of 1.22) By H. Bergstrom’s inequality we deduce
. 2
¥ sinA (> sinA)
» B’

cos? Ecos2 c > cos? écos =
2 2 2 2

Since,

> B _ (4R+1)*+p’
2 16R?

] p , A
sin A=— and C0S® —CO0sS
2 R and 2 cos’ S

we obtain the conclusion.

Proof of 1.23) By H. Bergstrom’s inequality we deduce

3 sin® A N (ZsinA)2

sin? Esin2 ¢ Zsin2 Asin2 B
2 2 2 2

Since,

2 2 _ gp?
D sinA= P and D sin? AsinB =w,
R 2 2 16R
we get the result.

Proof of 1.24) By H. Bergstrom’s inequality we obtain

15
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3 sin A _Z (sin2 A)2 S
- 2 A - 2 B C - 2 A - 2 B 2 C -

xsin? —sin? — + ycos® —cos’ — xsin® —+ysin? — +zcos® =

2 2 2 2 2 2 2

(ZsinzA)2
stm —sm —+cho '; 2

From,
2, .2 aop?
Zsinz A:¢ sz 2 B w and
2 16R

2 2
Zcos2 écos2 B_ (4R i) 2+ P
2 2 16R

we deduce the result.

Proof of 1.25) From H. Bergstrom’s inequality we obtain

Z sin? A S ( sin A)2
., A B C , A B
xsin? =+ ycos®? —cos’ — X sin? —+ cos? —cos® —

2 y 2 2 Z yz 2 2

Because we have

ZsinA:E ,ZSinzé:

we get the result.

2 2
" and > cos® écos2 B_(4R+1) 2+ P
2 2 16R

Proof of 1.26) By H. Bergstrom’s inequality we deduce

sin? A (Zsin A)2
Z > A E
2

A .,B ..,C
xcos®> —+ysin? —sin? =~ x» cos? —+ sin? =
2 y 2 2 Z yz 2

Using the following formulas

. A 4AR+r , A B p®+r?-8R?
sin A= cos® — and Y sin? —sin®>—=-——— _—~
2 Z 2 2R Z 2 2 16R?

we get the conclusion.

Proof of 1.27) By H. Bergstrom’s inequality we have

3 1 9

>
X+ysinA+zcosB  3x+Yy) sinA+z) cosB

Since,

R+r

D sinA= ? and > COSA=

16
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it follows the conclusion.

Proof of 1.28) By H. Bergstrom’s inequality we have

2 2
A BY [Z(m +n-ctg ': .ctg SD (3m +nY_ctg ':ctg S)
Z(m+n-ctg—-ctg— > =
2 2 3 3

Since

thg—cth _ 4Rr+ r

we are done.

Proof of 1.29) By Bergstrom’s inequality we have:

2

a (a+b+c)?
Pigz = >
V=2 tgz thchth_thgActh’
2 2 2 2
but,
thg_cth:4R+r,
r
so g.e.d..

Proof of 1.30) Proof. By Bergstrom’s inequality we have:

B, C a
U=>a%tg—ctg— =) ,
B, C A, B

2 2 tg—tg— Ztg—tg—

2 (a+b+c)?

but,

A B
tg—tg— =1,
219519
so, we get the conclusion.

Proof of 1.31) By Bergstrom’s inequality we have

Z 1 S 9

X+ ysin2§+zc052|: 3X + stin22+ chosz';

Since,

2R

and

ZCOSZA AR +r
2R '

17
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we obtain the conclusion.

Proof of 1.32) By Bergstrom’s inequality we have

2
.4 A .2 A
sin® = ( sin )
2 S 2 2

B Cc A
mcos®’ —+ncos’ — (m+n)-» cos® —
2 2 ( ) z 2

)

Because,

2R

and

P A_4R+r
Zcos
2R

we obtain the desired conclusion.

Proof of 1.33) By Bergstrom’s inequality we have

2
Sin“é (ZSinZAJ
2 >

2

msian+ncoszg mY_sin? —+ano 2 A
2 2 2
Since,
disin® —=="——,
2 2R
and

the proof is complete.

Proof of 1.34) By Bergstrom’s inequality we have

LA _, AY LA

5 sm4§ S (Zsm ZJ =Zs'”22.
C

2

msin IZ’Jrnsm > (ern)Zsinzé

Because,

ZstA 2R—r
2R

g.e.d.

Proof of 1.35) By Bergstrom’s inequality we have

18
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[Zsin2 sz

sm“é
Z 2R ‘ B 2 2R A’
m-“2" ncos? S 3m- _r+anosz—
2R 2 2R 2
Since,
Zsinzé ZR_r,ad
2 2R
, A 4R+r
Zcos Z= ,
2R

the proof is complete.

Proof of 1.36) By Bergstrom’s inequality we have

2
cos“'g (COSZ 2}
2 B C _Z(

msin® — +nsin® —
2 2

2

msinzB+nsinZCj
2 2

(Zcos2 2]2 (Z cos® 'gjz

(stin2 ';Jr nY sin’ ';j (m+n)> sin’ 2

>

Because,
D sin® = = ,
2R
and
» A AR+
D cos’ —= ,
2R

we obtain the conclusion.

Proof of 1.37) By Bergstrom’s inequality we have

19


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2023 www.mateinfo.ro

0034 é (CO
2 - >
Z . B . C Z » B ,CY)
mcos” — +Nncos” — mcos” — +Nncos” —
2 2 2
AY A A
cos® — cos® — 2 A
N (Z ZJ _ (Z zj o8y
- - A -
[chos”é#anos2 ';‘j m+mYcos? s  MFN
Since,
A_4R+T
Zcos
2R
completes the proof.
Proof of 1.38) By Bergstrom’s inequality we have
2
COS4 é (COS2 A)
> 2=y 2
-2 B 2 C -2 B 2 C
msin® —+ncos” — msin® —+ncos” —
2 2 2 2
2
(Zcos2 'gj
= A A
stin2 4 anos2 =
2 2
Since,
, A 2R-r
Dosin? - =",
2 2R
and
, A 4R+r
D cos’ — = ,
2R
we obtain the conclusion.
Proof of 1.39) By Bergstrom’s inequality we have
2
s A ( cos? Aj
Z cos 5 Z 5
m-4R+r nsmZé 3m‘4R+r+nZSinZé
2R 2 2R 2

But,

20


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2023 www.mateinfo.ro

R ’

and

A _4R+r
Zcos ,
2R

and we are done.

Theorem 2.
2.1) If X,y eR] and me R_, then in any triangle ABC holds

tg 2 tg > tg<
92 9 9 o (R+n™

+ + >
B C.n C A, A Bimn (x+y)"p
tg — -tg — -tg — -tg — -tg — t0 —
(19 +ytg-)"  (Xtgo+ytg )" (X9 +y-1g.)

m+1 ?

2.2) If X,y eR] and me R_, then in any triangle ABC holds

m+A m+B m+C
9" g™ g™ AR +r
>

2 2 2 > .
m (x+y)"p

+ +

B C C A A B
-tg— tg )" -tg— tg )" -tg— -tg —
(g2 +y-1g)" (19 +y1g)" (X9 +y-g-)

2.3)If X,y eR] and me R_, then in any triangle ABC holds

tg 2m+1 é tg 2m+1 E tg 2m+1 E
2 s 2 s 2

B C C A A B..
-ctg — -ctg—)" -ctg — -ctg—)" -ctg — -ctg—)"
(x-ctg+y-ctg )" (x-ctgo +y-ctg )" (x-otg+y-ctg )

S 4AR+nr)r™
- (X+ y)m pm+1

2.4)If X,y eR and m € R, , then in any triangle ABC holds

g 9 9"
+ + >

B. C cC . A A B
X+y-tg—-tg-)" (X+y-tg—-tg )" (X+y-tg—-tg—)"
(x+y 92 92) (x+y 92 92) (x+y 92 92)

(4R +r)™*
~ p(X(AR+r1) +3ry)"

2.5) If X,y,z € R, then in any triangle ABC holds
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Ctg 2m+1 é Ctg 2m+1 E
2 N 2 N

A B B C B C C. A
Xctg — + —+ztg—tg—)" (xctg—+vytg— +ztg—tg—)"
( 9 wgz 9292) ( PRRAP 9292)

C
Ct 2m+l >~ e
93 S p=m

C A AL Bin  ((Bx+y)p+3zr
ctg—+ ytg—+ ztg —tg —
(X 92+y92+29292)

+ )m m+1

2.6)If X,y e R: and m € R, , then in any triangle ABC holds

A B C
Ct 2m+1 o Ct 2m+1 . Ct 2m+1 ~ e
g 5 g 2 g 2 . pm

+ +
B Cinm C An A B (x+y)"r
-tg — -tg — -tg — -tg — -tg — g —
(xg2+y92) (xg2+y92) (xg2+y92)

m m+l’

21N If X,y e R: and m € R, , then in any triangle ABC holds

m+1E tg* tgm+1 C tggtgm*'lé
2, 2, 2% 5

A B B C C A
X-tg—+y-tg )" (x-tg_-+y-tg )" (Xx-tg_-+y-tg )"
( 92 ygz) ( 92 ygz) ( 92 ygz)

A
tg -t
92 g

2m

p
(x-(4R+ r)? +(y —2x)- pz)m

2

Proof of 2.1) We have

tg é tg m+1 é

_ 2 _ 2
u=2. =2 v
thE-i- ytgg théth-l- ytgétgg
2 2 2 72 2 2
where applying J. Radon’s inequality we deduce that

A m+1
[Zw})
. A BY"
(X+Y) (Ztg Etg ZJ

U>

Since

A 4R+r1

A B
and » tg—tg— =1,
Z1‘9292

Zt

we get the result.
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m+1 A
g —
Proofof2.2) U =) 2 ,

B c\"
Xtg—+ytg —
(a2 e’
and by J. Radon’s inequality we obtain that
A m+1 A
tg— -
(Z ° ZJ _ 210 2
" A" (9"
o (z?)

U2

Using the fact

Zt A 4R + r
p
we get the conclusion
Proof of 2.3) We have
g A g A
U= Z 2 _ Z 2

(xagﬁn cthj“‘ (xctgAmgm ctgActh}"“'
2 y 2 2 2 y 2 2

By J. Radon’s inequality we obtain that
A m+1
taq —
(Z ’2 j
(X+y)" (Z cty ':ctg l:j

U2

Since

Sig? A_4R+r chtg—cth=4R+r

we obtain the conclusion.

Proof of 2.4) We have

tg': tgm+l':
Bt TPyt Pl
y 92 92 92 y 92 92 92

By J. Radon’s inequality we obtain that
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m+1
=2)
V >

A_B_C
(XZtg +3y-tg g tg )"

Using well-known

Sig? A_4R+r dHtg_:_

we obtain the conclusion.

Proof of 2.5) By J. Radon’s inequality we obtain that

Ctg 2m+1 é Ctg m+1 é
> 2 =2, 2
A B B C A B A B C..~
xctg — + vtg — + ztg —tg —)" X+ ytg—tg— + ztg —tg —tg —)"
( g, *+Ylg+ 9292) (+y9292+ 929292)
m+1
[Ses))
S 2

A B A
33X+ Et —t —+32| |t —
( y 9292 QZJ
Because we have
A p A, B A r
Ect—:—,gt—t—:l d||t —=—
g2 r 9292 an g2 p

we get the result.
Proof of 2.6) We have

Ctg 2m+1 é Ctg m+1 é

V:Z 2 :Z 2

B C A B A, C
Ag—+y-tg—)" g tg—+y-tg—tg—)"
(X 92+y 92) (X 92 92+y 9292)

From J. Radon’s inequality we obtain that

m+1
V> 2

(x+ y)”‘(ztg /;tg Sj

Because

A A B
thgz=$ and Ztgatgazl,

it follows the conclusion.
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Proof of 2.7) By J. Radon’s inequality we obtain that

2
A ..B A, Bina ( A Bj
tg—tg™* — tg—tg — tgtg
9, 19" (tg19-) § 2.t9,19

A B, , A A _B.. , A A B,
xtg — + ytg — Xtg© — + ytg—tg — X tgc—+ tg—tg—
(xtg - +¥19°) (xtg* )+t 19) (x> tg ) ngzgz)

Since

_ (4R+1)*

A, B , A
tg—tg—=1and » tg°— 2,
Zgzgz an Zgz p2

we get the result.
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2. Principiul lui Dirichlet

In acest articol este enuntat Principiul lui Dirichlet si sunt atasate probleme selectate din diverse publicatii
de specialitate, ce se pot rezolva cu acest tip de rationament.

Marin Chirciut

Art 4400

Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie

b, c numerele, deci(1-b)(1-c)>0 < 1-b-c+bc>0 < b+c—bc<1.
Aplicatial.
Ifa,b,c >0, a®+b?*+c? +abc =4then

ab+bc+ca—abc<2.
Bui Anh Khoa, Vietnam
Solutie
Demonstram
Lema

Ifa,b,c >0 then

abc>bc+ca-c.
Solutie

Folosind Principiul lui Dirichlet dintre numerelea—1,b —1,¢ —1 rezulti c doui dintre ele au acelasi
semn, fie ele a—1,b—1, deci(a—1)(b—1)>0.

Avem(a-1)(b-1)>0 <> ab>a+b—-1= abc>c(a+b-1) < abc>bc+ca—c.
Sa trecem la rezolvarea problemei din enunt.
AGM
Din ipotezd @’ +b” +¢* +abc =4 <> 4—c” =(a’ +b’)+abc > 2ab-+abc.
Rezulti4—c? > 2ab+abc < (2-c)(2+c)2ab(2+c) < (2-c)2ab <> ab<2-c, (2).

Folosind (1) si Lema obtinem:

I Profesor, Colegiul National ,,Zinca Golescu”, Pitesti
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(N} ema
Ms :ab+bc+ca—abc;(2—c)+bc+ca—abcLs (2—c)+bc+ca—(bc+ca—c)=2=Md.
Egalitatea are loc daca si numai dacé(a, b, C) = (1,1,1) .

Aplicatia2.
Problema se poate dezvolta.

LetO<A<1.Ifa,b,c>0, a’+b?*+c?+abc=4then
ab+Ai(bc+ca—abc)<3-A.

Marin Chirciu
Solutie
Demonstram
Lema

Ifa,b,c >0 then

abc>bc+ca-c.
Solutie

Folosind Principiul lui Dirichlet dintre numerelea—1,b —1,¢ —1 rezulta c doua dintre ele au acelasi
semn, fie ele a—1,b—1, deci(a—1)(b—1)>0.

Avem(a-1)(b-1)>0 <> ab>a+b—-1=abc>c(a+b-1) < abc>bc+ca—c.

Sa trecem la rezolvarea problemei din enunt.

AGM
Din ipotezia’ +b* +c’ +abc =4 < 4—¢° :(a2 +b2)+abc > 2ab+abc.

Rezulta4—c* > 2ab+abc < (2-c)(2+c)>ab(2+c) < (2—c)>ab < ab<2-c, (1).

Folosind (1) si Lema obtinem:

Lema

Ms:ab+kbc+7»ca—?uabc(2(2—c)+k(bc+ca—abc) < (2—c)+A(bc+ca)—A(bc+ca—c)=
—24c(r-1)<2=Md.

Egalitatea are loc daca si numai dacé(a, b, C) = (1,1,1) si A=1.

Noti.

Pentru A =1se obtine Problema propusa de Bui Anh Khoa in THCS 1/2022.

Ifa,b,c>0, a*+b*+c’+abc =4then

ab+bc+ca—abc<?2.
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Bui Anh Khoa, Vietnam

Aplicatia3.

Problema se poate dezvolta.
Letn>1.Ifa,b,c>0, a’®+b*+c”+abc =4then
nab+bc+ca—abc<2n.
Marin Chirciu
Solutie
Demonstram
Lema
Ifa,b,c >0 then
abc>bc+ca—c.
Solutie

Folosind Principiul lui Dirichlet dintre numerelea—1,b —1,¢ —1 rezulta cd doua dintre ele au acelasi
semn, fie ele a—1,b—1, deci(a—1)(b—1)>0.
Avem(a-1)(b-1)>0 < ab>a+b—-1=abc>c(a+b-1) < abc>bc+ca—c.

Sa trecem la rezolvarea problemei din enunt.

AGM
Din ipotezd @’ +b +¢* +abc =4 <> 4—c¢® =(a’ +b’)+abc > 2ab-+abc.

Rezulta4—c? > 2ab+abc < (2-c)(2+c)=ab(2+c) < (2-c)2ab <> ab<2-c, (1).

Folosind (1) si Lema obtinem:

Lema

Ms=nab+bc+ca—bc(;)n(2—c)+(bc+ca—abc) < n(2—c)+(bc+ca)—(bc+ca—c)=
= n(2—c)+c:2n+c(1—n)n§2n =Md.

Egalitatea are loc daca si numai dacé(a, b, C) = (1,1,1) sin=1.

Noti.

Pentrun =1se obtine Problema propusda de Bui Anh Khoa in THCS 1/2022.

Ifa,b,c>0, a®+b*+c?+abc =4then

ab+bc+ca—abc<?2.

Bui Anh Khoa, Vietnam

Aplicatia4.
Vasile Cartoaje , Mathematical Inequalities 1/2022.
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Ifa,b,c>0,2> a+ > bc=9 then

+ + + >—
ab+4 ac+4 b+4 c+4

1 1 1 1 _4
£

Vasile Cartoaje
Solutie
Folosim Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie

b, c numerele, deci(1-b)(1-c)>0 < 1-b—c+bc>0 < b+c—bc<1, (1).

Din ipoteza 9 = ZZa+ZbC SSZZ&H—%(Za)Z = ZaZ 3, (2).

Rezulti9=2> a+» bc>2-3+» bc=6+» bc = > 'bc<3, (3).

@
Avem(a+1)(b+c)=ab+ac+b+c=(ab+ac+bc)+(b+c—bc)=> bc+(b+c—bc) <

@0
< 3+1=4, deci (a+1)(b+c)<4,(4).

Obtinem:
2
Mot L 1 1 (1+1+1+1) _
ab+4 ac+4 b+4 c+4 (ab+4)+(ac+4)+(b+4)+(c+4)
4)
_ 16 _ 16 S 16 :E:Md.
a(b+c)+(b+c)+16 (b+c)(a+1)+16 4+16 5
Egalitatea are loc daca si numai dacia=b=c=1.
Aplicatia5.
Problema se poate dezvolta.
Ifa,b,c>0,2) a+» bc=9andA >0 then
1 1 1 1 S 4

ab+h  ac+h bk C+h A+l
Marin Chirciu
Solutie
Folosim Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie

b,c numerele, deci(1-b)(1-c)>0 < 1-b—c+bc>0 < b+c—bc<1, (1).
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Din ipoteza 9 = ZZa+ZbC SSZZ&H—%(Za)Z = ZaZ 3, (2).

Rezulti9=2)a+» bc>2-3+» bc=6+» bc = > bc<3, (3).

@
Avem(a+1)(b+c)=ab+ac+b+c=(ab+ac+bc)+(b+c—bc)=> bc+(b+c—bc) <

(3.
< 3+1=4,deci (a+1)(b+c)<4,(4).

Obtinem:

2
1 1 1 1 (1+1+1+1)

Ms = >
STabin actn bin crh (ab+21)+(ac+1)+(b+2)+(c+2)

B 16 B 16 © 16 _ 4 _
“a(b+c)+(b+c)+4n  (b+c)(a+l)+4r  4+4n A+l

Egalitatea are loc daca si numai dacia=b=c=1.
Nota.

Pentru A = 4se obtine Problema propusa de Vasile Cartoaje in Mathematical Inequalities 1/2022.

Aplicatia6.

Problema in aceeasi clasi de problem.

Ifa,b,c>0,2> a+» bc=9 then

1 11 1 4
ab+4 ac+4 b+4 c+4 5

Vasile Cartoaje
Solutie
Folosim Principiul lui Dirichlet:
Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie

b,c numerele, deci(1-b)(1-c)>0 < 1-b—c+bc>0 < b+c—bc<1, (1).

RezultéZbC < %(Za)z = %(3)2 =3= ZbCS3, 2).

Avem(a+1)(b+c):ab+ac+b+c:(ab+ac+bc)+(b+c—bc)ZZbc+(b+c—bc)(2)é(l)

(2).,(1)
< 3+1=4,deci (a+1)(b+c)<4,(3).

Obtinem:
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1 1 11 (1+1+1+1)°
>

Ms = + + + > =
ab+4 ac+4 b+4 c+4 (ab+4)+(ac+4)+(b+4)+(c+4)
16 16 ® 16 4
a(b+c)+(b+c)+4r (b+c)(a+1)+16 4+16 5
Egalitatea are loc daca si numai dacia=b=c=1.
Aplicatia7.
Problema se poate dezvolta.
Ifa,b,c>0,a+b+c=3and\ >0 then
1 1 1 1 S 4

ab+h ac+)h bk C+h A+l
Marin Chirciu
Solutie
Folosim Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie
b, c numerele, deci(1-b)(1-c)>0 < 1-b—c+bc>0 < b+c—bc<1, (1).

RezultéZbC < %(Za)z = %(3)2 =3= ZbCS3, (2).

Avem(a+1)(b+c)=ab+ac+b+c:(ab+ac+bc)+(b+c—bc)=Zbc+(b+c—bc)(2)é(l)

2.)
< 3+1=4 deci (a+1)(b+c)<4, (3).

Obtinem:

1 1 1 1 (1+1+1+1)°
= + + + >
ab+A ac+A b+i c+i (ab+i)+(ac+r)+(b+r)+(c+1)

Ms

_ 16 _ 16 (>3) 16 _ 4 _
a(b+c)+(b+c)+4r (b+c)(a+1)+4r 4+4n A+l

Egalitatea are loc dacd si numai dacia=b=c=1.

Aplicatia8.
Ifa,b,c >0, a+b+c=3then find Min of

P= abc+(a—1)2 +(b—1)2 +(C_1)2 :

Biswajt Ghosh

Solutie
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Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie
b, c numerele, deci(b—1)(c—1)>0.

Folosind principiul lui Dirichlet obtinem:

P=abc+(a-1)"+(b—1)° +(c-1)° =abc+a? —2a+1+(b-1)" +(c-1)" =
=a(bc+a-2)+1+(b-1)"+(c-1)" =a(bc+3-b—c—2)+1+(b-1)" +(c-1) =
=a(bc—b—c+1)+1+(b—-1)° +(c-1)" =a(b-1)(c-1)+(b—1)" +(c-1)" +1>1,
cu egalitate pentrua=b=c=1.

Deducem ca: min P =1pentru(a,b,c)=(111).

Aplicatia9.

Problema se poate dezvolta.

LetA > Ofixed. Ifa,b,c >0, a+b+c =3then find Min of
P=abc+(a—1)" +(b-1)" +A(c-1)°.
Marin Chirciu

Solutie

Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie
b, c numerele, deci(b—1)(c—1)>0.

Folosind principiul lui Dirichlet obtinem:

P=abc+(a-1)"+(b—1)° + A(c-1)" =abc+a? —2a+1+(b-1)° + A(c-1) =
=a(bc+a—2)+1+(b-1)"+A(c-1) =a(bc+3-b—-c—2)+1+(b-1)" + A(c-1)’ =
=a(bc—b—c+1)+1+(b—1)° + A(c-1)° =a(b-1)(c—1)+(b-1)" + A(c-1)" +1>1,
cu egalitate pentrua=b=c=1.

Deducem ca: min P =1pentru(a,b,c)=(111).

Nota.
Pentru A =1se obtine Problema propusa in Higher Secondary Mathematics 10/2021.

Ifa,b,c >0, a+b+c=3then find Min of
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P =abc+(a-1)"+(b—1)" +(c-1)".
Biswajt Ghosh

Aplicatial0.

Problema se poate dezvolta.

LetA > Ofixed. Ifa,b,c >0, a+b+c =3then find Min of
P=abc+(a-1)"+A(b-1)"+(c-1)’.
Marin Chirciu

Solutie

Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie
b, c numerele, deci(b—1)(c—1)>0.

Folosind principiul lui Dirichlet obtinem:
P=abc+(a-1)"+A(b-1)" +(c—1)° =abc+a’ —2a+1+A(b-1)" +(c-1)’ =
=a(bc+a—2)+1+2(b—-1)° +(c-1)" =a(bc+3-b—c—2)+1+ A(b—1)" +(c-1)’ =
=a(bc—b—c+1)+1+A(b-1)"+(c-1)’ =a(b-1)(c~1)+ A(b-1) +(c-1) +1>1,
cu egalitate pentrua=b=c =1.

Deducem ca: min P =1pentru(a,b,c)=(111).

Nota.
Pentru A =1se obtine Problema propusa in Higher Secondary Mathematics 10/2021.

Ifa,b,c >0, a+b+c=3then find Min of
P=abc+(a-1)" +(b-1)" +(c-1).
Biswajt Ghosh

Aplicatiall.

Problema se poate dezvolta.

LetA > Ofixed. Ifa,b,c >0, a+b+c =3then find Min of
P=abc+(a—-1)"+A(b-1)" +A(c-1)".
Marin Chirciu

Solutie

33


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2023 www.mateinfo.ro

Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie

b, c numerele, deci(b—1)(c—1)>0.

Folosind principiul lui Dirichlet obtinem:

P=abc+(a-1)"+A(b-1)"+1(c-1)" =abc+a®—2a+1+A(b-1)"+A(c-1) =
=a(bc+a-2)+1+A(b-1)"+A(c-1)" =a(bc+3-b-c—2)+1+A(b-1)" + 2(c-1)’ =
=a(bc—b—c+1)+1+A(b-1)° +2(c-1)’ =a(b-1)(c—1)+ A(b—1)" + A(c—1)° +1>1,
cu egalitate pentrua=b=c=1.

Deducem ca: min P =1pentru(a,b,c)=(111).

Nota.
Pentru A =1se obtine Problema propusa in Higher Secondary Mathematics 10/2021.

Ifa,b,c >0, a+b+c=3then find Min of
P=abc+(a-1)"+(b—1)" +(c-1)".
Biswajt Ghosh

Aplicatial2.

Problema se poate dezvolta.

LetA >0,n>0fixed. Ifa,b,c >0, a+b+c =3then find Min of
P=abc+(a-1)"+A(b-1)"+1(c-1)".
Marin Chirciu

Solutie

Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie

b, c numerele, deci(b—1)(c—1)>0.

Folosind principiul lui Dirichlet obtinem:

P=abc+(a-1)"+A(b-1)" +n(c-1)° =abc+a®—2a+1+A(b-1)" +n(c-1)’ =
=a(bc+a—-2)+1+2(b—-1)° +n(c-1)° =a(bc+3-b-c—2)+1+ A(b-1)’ +n(c-1)’ =
=a(bc—b—c+1)+1+A(b-1)"+n(c-1)’ =a(b-1)(c~1)+ A(b-1)* +n(c—-1)° +1>1,
cu egalitate pentrua=b=c=1.
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Deducem ci: min P =1pentru (a, b, C) = (1,1,1) .
Nota.
PentruA =1,n =1se obtine Problema propusa in Higher Secondary Mathematics 10/2021.

Ifa,b,c >0, a+b+c=3then find Min of
P=abc+(a-1)" +(b-1)" +(c-1).
Biswajt Ghosh

Aplicatial2.
Ifa,b,c>0,abc =1then

1 2 S
Z(a.+j|_)2 +H(a+1) =1

Ha Thanh Dat, Vietnam

Solutie

Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie
a,b numerele, deci(1-a)(1-b)>0.

Sa trecem la rezolvarea problemei din enunt.

Folosim Principiul lui Dirichlet

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie
a,b numerele, deci(1-a)(1-b)>0<1-a—b+ab>0 <

<:>a+bsab+1a+b3ab+1=CT+1.
Rezulta:
[J(a+1)=(a+b+ab+1)(c+1)<2(ab+1)(c +1)£2(CT+1)2 = H(a+1)£2(CT+1)2,(1).
Lema.
Ifa,b,c>0,abc =1then
1 N 1 5 _C

(a+1)" (b+1)" c+1

Demonstratie
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1 N 1 Cis 1 N 1 _ b N a _
(a+1)2 (b+1)2 (1+ab)(1+2j (1+ab)(1+2) (1+ab)(a+b) (1+ab)(a+b)
1 o
“1+ab c+1

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema si (1)obtinem:

LHS = 1 + ! + ! + 2 Le>ma ¢ + ! + 2 (;)
(a+1)’ (b+1)" (c+1) [J(a+l) e+l (c+1) [l(a+1)"
0 c 1 2 c 1 c
> + 5+ > = + 5+ >=1.
c+l (c+1)" 2(c+1)" c+1 (c+1) (c+1)
c

Egalitatea are loc daca si numai dacaa=b=c=1.
Aplicatial3.
Inegalitatea se poate dezvolta.

Ifa,b,c>0,abc=1land0 <A <2then

1 A A+6
+ > .
Z(a+1)2 [T(a+1) 8
Marin Chirciu
Solutie

Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie
a,b numerele, deci(1-a)(1-b)>0.

Sa trecem la rezolvarea problemei din enunt.
Folosim Principiul lui Dirichlet

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie

a,b numerele, deci(1-a)(1-b)>0«<1-a—b+ab>0 <

<:>a+bsab+1a+b3ab+1=CT+1.

Rezulta:

2(c +1)2 +1)2

:>H(a+1)£2(CT

[J(a+1)=(a+b+ab+1)(c+1)<2(ab+1)(c+1)< (1).
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Lema.

Ifa,b,c >0, abc =1then

1 1 c
-+ s>

(a+1)" (b+1)" c+1

Demonstratie
1 1 css 1 1 b a
>+ > = + 5 = + =

(a+1)" (b+1) (l+ab)(1+2j (1+ab)(1+a) (1+ab)(a+b) (1+ab)(a+b)
__ 1 _c
" 1+ab c+1’

Sa trecem la rezolvarea problemei din enunt.
Folosind Lema si (1)obtinem:

1 N 1 N 1 N A L‘;“a c N 1 N A (;)
(a+1)2 (b+1)2 (c+1)2 [[(a+1) ~c+1 (c+1)2 [T(a+1)~

o c 1 A c 1 A OA+6

> + >+ 5= + 5+ > ,

c+l (c+1)° 2(c+1)° c+1 (c+1) 2(c+1) 8
c

unde (2) < ¢ 1 5+ re 22}#6

c+l (c+1)° 2(c+1) 8

ipoteza0<A <2,

LHS =

=4 (2 — K)(C —1)2 >0, care rezultd din conditia din

Egalitatea are loc daca si numai dacaa=b=c=1.
Nota.
Pentru A = 2se obtine Problema propusa in THCS 1/2023.

Ifa,b,c>0,abc=1then

1 2 S
2y et

Ha Thanh Dat, Vietnam

Aplicatiald.
CazulA =1

Ifa,b,c>0,abc =1then
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Marin Chirciu
Solutie

Principiul lui Dirichlet:

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie
a,b numerele, deci(1-a)(1-b)>0.

Sa trecem la rezolvarea problemei din enunt.

Folosim Principiul lui Dirichlet.

Din trei numere pozitive a,b, C exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie
a,b numerele, deci(1-a)(1-b)>0«<1-a—b+ab>0 <

<:>a+b§ab+1a+b£ab+1:CT+l.
Rezulta:
2 2
TT(a+1)=(a+b+ab+1)(c+1)< z(ab+1)(c+1)s@ - H(a+1)s@,(1).
Lema.
Ifa,b,c>0,abc=1then
1 N 1 S c
(a+1)2 (b+1)2_c+1'
Demonstratie
1 1 ©¢8s 1 1 b a

>+ s > + = + =

(a+1)” (b+1) (1+ab)[1+sj (1+ab)(l+b) (1+ab)(a+b) (1+ab)(a+b)
a

1 _c
" 1+ab c+1’

Sa trecem la rezolvarea problemei din enunt.
Folosind Lema si (1)obtinem:

ema (8]
1 1 1 A L> C 1 1 J

LHS = + + + > + + >
(a+1)" (b+1)" (c+1)° [I(a+1) e+l (c+1)® [(a+2)
O c 1 1 c 1 c @7
> + >+ > = + 57+ 7 2o
c+l (c+1)° 2(c+1)” c+1 (c+1)° 2(c+1)” 8

c
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unde 2) c . L +—° ZZ <:>2(c—1)220.

c+l (c+1)® 2(c+1)" 8

Egalitatea are loc daca si numai dacia=b=c=1.
AplicatialSs.
Ifa,b,c €(0,1),abc =(1-a)(1-b)(1-c)then

a’+b* _15
2 b ~ 8
Ha Thanh Dat, Vietnam
Solutie
PRV (1-a)(-b)(1-c) ,  1-a 1-b1-c_ B
abc=(1-a)(1-b)(1-c) < e =l PR =1< xyz =1,
1-a 1-b 1-c 1 1 1
unde X = Y= JI= < a= b= ,C= .
a b C 1+X l+y 1+z

Principiul lui Dirichlet:

Din trei numere pozitive X, Y, Z exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie
X, y numerele, deci(1-x)(1-y)>0.

Sa trecem la rezolvarea problemei din enunt.

Folosim Principiul lui Dirichlet

Din trei numere pozitive X, Y, Z exista cel putin doua numere care sunt situate de aceeasi parte a lui 1. Fie

X, y numerele, deci (1-x)(1-y)>0 < 1-x-y+xy >0 <

z+1
S X+YSIXY+l X+y<xy+l=—.
z

Lema.

IfX,y,z>0,Xxyz =1then

1 N 1 ..z
(x+1)" (y+1)° z+1

Demonstratie
CBS
1 N 1 2 1 N 1 _ y X _

(x+1) (y+1)2_(1+xy)(1+;J (1+xy)(1+ij (1+Xy)(x+y)+(1+xy)(x+y)

1 Z

Tlixy 741
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Sa trecem la rezolvarea problemei din enunt.

Folosind Lema obtinem:

2 2 2 1 1 1 lema gz 1 2°+2+103
a‘+b"+c = >+ =+ - > + s = —>=
(x+1)" (y+1)" (z+1) z+1 (z+1) (z+1) 4

unde(1) < 2%<:>(z—1)220:>a2+b2+c22%,(2).

b* 15 a’ 315
ZE = ZF+Za ZE

2
Vom arata céz% Zggi Za?’ > g

a?_3
Sa demonstram ca: ZF > E

Z%:Z (%Zzg (3)J£§a;;a \/ = \/3276[_\/7 , vezi(3):

Zazb:Zaoabczs,/ZaZZazb2 Sgs\/Za2 -%(Zaz)2 =>a’ %Zaz .

3
Sa demonstram ca: z a’> § .

a cs(Za CBS Za Za (2) 4
27 _Z \/3Za -\

15
5

OOIOO

Egalitatea are loc daca si numai dacia=b=c=

w—a’_ 3. iy 3
1
2

Aplicatials.

Inegalitatea se poate dezvolta.

Ifa,b,c €(0,1),abc =(1-a)(1-b)(1—-c)and A > Othen

a’+Ab* _ 3(h+4)
> .
2 7T

Marin Chirciu
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Solutie
(1N R (1-a)(-b)(1-c) ,  1-a 1-b1-c_ B
abc=(1-a)(1-b)(1-c) < e =1 b e =1< xyz=1,
l1-a 1-b 1-c 1 1 1
unde X = Y= 2= < a= b= ,C= .
a b C 1+X l+y 1+z

Principiul lui Dirichlet:

Din trei numere pozitive X, Y, Z exista cel putin doua numere care sunt situate de aceeasi parte a lui 1. Fie
X, y numerele, deci (1-x)(1—y)>0.

Sa trecem la rezolvarea problemei din enunt.

Folosim Principiul lui Dirichlet

Din trei numere pozitive X, Y, Z exista cel putin doua numere care sunt situate de aceeasi parte a lui 1. Fie

X, y numerele, deci (1-x)(1-y)20 < 1-x-y+xy>0 <

S X+Yy<xy+ls x+y£xy+1=z—+1.
z

Lema.

IfX,y,z>0,Xxyz =1then

1 N 1 ..z
(x+1)" (y+1)° z+1

Demonstratie
CBS
1 N 1 2 1 N 1 _ y X _

(1+xy)(1+zj ) (x+y) @ )(c)

1 Z

Tlexy 241

Sa trecem la rezolvarea problemei din enunt.
Folosind Lema obtinem:

ema 2 @
1 1 N 1 ez 1 _77+7+103

a’+b’+c*= >+ . . =
(x+1)" (y+1)" (z+1)

+ 2 2 =4
z+1 (z+1) (z+1) 4

2’+z+1

. >3 <:>(z—1)220:>a2+b2+c22§,(2).
(z+1)" 4 4

unde(l) <

2 bt 3(h+4 :
Inegalitatea de demonstratzla JLMJ > ( 8+ )QZ%-i-kZagz
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2
Vom arata céz% ngi Za?’ > g

a’_3
Sa demonstram ca: ZF > E

B e

Zazb:Za-abczs,IZaZZazbz Sgs\/Zaz -%(Zaz)2 =>a’ %Zaz .

3
Sa demonstram ca: Z a’> § .

. wa cs(Za CBS Za Za (2)\/7
zo-pisigl el 2

3 X+4

D'”Z_>_ iya’> :>Z—+x2a 5

Egalitatea are loc dacd si numai dacia=b=c==

Nota.

Pentru A =1se obtine Problema propusa in THCS 1/2023.

Ifa,b,c €(0,1),abc =(1-a)(1-b)(1-c)then

2 4
za +b ZE.
b 8

Ha Thanh Dat, Vietnam

Aplicatial6.
CazulhA =4

Ifa,b,c €(0,1),abc=(1-a)(1-b)(1-c)then

2 4
Za +4b 53
b

Marin Chirciu

Solutie
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(1N R (1-a)(-b)(1-c) ,  1-a l1-b1-c_ B
abc=(1-a)(1-b)(1-c) < e =1 b e =1< xyz =1,

1-a 1-b 1-c 1 1 1
unde X = Y= 2= < a= b= ,C= .
a b C 1+X l+y 1+z

Principiul lui Dirichlet:

Din trei numere pozitive X, Y, Z exista cel putin doua numere care sunt situate de aceeasi parte a lui 1. Fie
X, y numerele, deci (1-x)(1-y)>0.

Sa trecem la rezolvarea problemei din enunt.

Folosim Principiul lui Dirichlet

Din trei numere pozitive X, Y, Z exista cel putin doua numere care sunt situate de aceeasi parte a lui 1. Fie

X, y numerele, deci (1-x)(1-y)>0 < 1-x-y+xy >0 <

S X+Yy<xy+ls x+y£xy+1=z—+1.
z

Lema.

IfX,y,z>0,Xxyz =1then

Demonstratie
1 1 css 1 1 X
+ > + = y + =

I I

1 Z

Tlexy 241

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema obtinem:

s Lo o 1 1 1 lema 7 1 22 +72+103
a‘+b“+c = 5>+ >+ = > + 5= >
(x+1)" (y+1)" (z+1) z+1 (z+1) (z+1) 4
2
unde(l)@LZ?ZE<:>(z—1)220:>a2+b2+czz§,(2).
(z+1) 4 4

2 4 2
Inegalitatea de demonstrat a L4b >3 Z% +4 a’>3.
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2
Vom arata céz% ngi Za?’ > g

a’_3
Sa demonstram ca: ZF > E

2%222 (§Zzg @\/é%al;a \/ = @_\/7 vezi(3):

Zazb:Za-abczs,IZaZZazbz Sgs\/Zaz -%(Zaz)2 =>a’ %Zaz .

3
Sa demonstram ca: Z a’> § .

. wa cs(Za CBS Za Za (2)\/7
zo-pisigl el 2

. a®_ 3. 3.3 3 3
Din) = >2 >= 4 Z4+4.2=

mZb 2§|Za 8:>Z +Za >+ 8 3.
Egalitatea are loc daca si numai dacéa:b:C:%.
Aplicatial7.
Ifa,b,c €(0,1),abc =(1-a)(1-b)(1-c)then

a’+b*+c’>
Marin Chirciu
Solutie
(NI (1-a)(1-b)(1-c) l1-a 1l-b 1-c _ B
abc=(1-a)(1-b)(1-c) < e SHIREN PR =1< xyz=1,
1-a 1-b 1-c 1 1 1
unde X = Y= 2= < a= b= ,C= .
a b C 1+X l+y 1+z

Principiul lui Dirichlet:

Din trei numere pozitive X, Y, Z exista cel putin doua numere care sunt situate de aceeasi parte a lui 1. Fie

X, y numerele, deci (1-x)(1-y)>0.

Sa trecem la rezolvarea problemei din enunt.
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Folosim Principiul lui Dirichlet
Din trei numere pozitive X, Y, Z exista cel putin doua numere care sunt situate de aceeasi parte a lui 1. Fie

X, y numerele, deci (1-x)(1-y)>0 < 1-x-y+xy >0 <

S X+Yy<xy+ls x+y£xy+1:2—+1.
z

Lema.

IfX,y,2>0,Xxyz =1then

1 N 1 S 2z
(x+1)" (y+1)° z+1

Demonstratie
1 1 cBs 1 1 X
+ > + = y + =

R O B ]

1 Z

Tlixy 741

Sa trecem la rezolvarea problemei din enunt.
Folosind Lema obtinem:

1 1 1 lema 7 1 2°+72+103
+ > =

a’+b’+c*= -+ . > + . —>=,
(x+1)" (y+1)" (z+1) z+1 (z+1) (z+1) 4

2
z +z+1>3

unde(l) < (z+l)2 27

<:>(z—1)220:>a2+b2+c22%.

Egalitatea are loc daca si numai dacia=b=c= >

Aplicatial8.
Ifa,b,c €(0,1),abc =(1-a)(1-b)(1-c)then

2

2 2
a_+b_+c_2§
b ¢ a 2
Marin Chirciu
Solutie
abc = (1-a)(1-b)(1c) < (1-a)(1-b)(1-c) e l1-a 1-b 1-c 1wzl

abc B a b
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1-a 1-b 1-c 1 1 1
unde X = Y= 2= < a= b= ,C= .
a b C 1+X l+y 1+z

Principiul lui Dirichlet:

Din trei numere pozitive X, Y, Z exista cel putin doua numere care sunt situate de aceeasi parte a lui 1. Fie
X, y numerele, deci (1-x)(1-y)>0.

Sa trecem la rezolvarea problemei din enunt.

Folosim Principiul lui Dirichlet

Din trei numere pozitive X, Y, Z exista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie

X, y numerele, deci (1-x)(1-y)>0 < 1-x-y+xy >0 <

S X+Yy<xy+ls x+y£xy+1=z—+1.
z

Lema.

IfX,y,z>0,Xxyz =1then
1 N 1 S 2z
(x+1)" (y+1)° z+1

Demonstratie
1 1 css 1 1 X
+ > + = y + =

I I

1 Z

Tlexy 241

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema obtinem:

a’+b*+c?= ! ! ! Lezmaz + ! :ZZ+Z+1(§§
(x+1) (y+1) (z+1)2 z+1 (z+1)2 (z+1)2 4’
unde(1) <> Z(;Zl)tl% (z—1)220:>a2+b2+c22%(2).
a’_3

Sa demonstram ca: ZF > E

Z%2=Za CS(%:zg (@\/é%iéa jzga Za _\/7 , vezi(3):
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cBS s0s 1 ) 1
YT W) WO W V) Ve W 0
Egalitatea are loc dacd si numai dacia=b=c= E .

Aplicatial9.
Ifa,b,c €(0,1),abc =(1-a)(1-b)(1-c)then

a3+b3+c32§.
8

Marin Chirciu
Solutie
(1-a)(1-b)(1-c) 1-a 1-b 1-c
= — — _— = . . :1 :1

abc=(1-a)(1-b)(1-c) < e 1< T < xyz=1,

1-a 1-b 1-c 1 1 1
unde X = Y= 2= < a= b= ,C= .

a b C 1+X l+y 1+z

Principiul lui Dirichlet:

Din trei numere pozitive X, Y, Z exista cel putin douad numere care sunt situate de aceeasi parte a lui 1. Fie
X, y numerele, deci (1-x)(1-y)>0.

Sa trecem la rezolvarea problemei din enunt.

Folosim Principiul lui Dirichlet

Din trei numere pozitive X, Y, Z exista cel putin doua numere care sunt situate de aceeasi parte a lui 1. Fie

X, y numerele, deci (1-x)(1-y)20 < 1-x-y+xy>0 <

S X+Yy<xy+ls x+y£xy+1:2—+1.
z

Lema.

IfX,y,2>0,Xxyz =1then
1 N 1 S 2z
(x+1)" (y+1)" z+1

Demonstratie
CBS
1 + 1 > 1 + 1 = y X =

Ol O 1] o1 Lm)(cey) o))
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1 Y4

Tlexy 241

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema obtinem:

s Lo o 1 1 1 Lema 7 1 22+7+103
a‘+b"+c = >+ =+ - > + s = >
(x+1)" (y+1)" (z+1) z+1 (z+1) (z+1)° 4

2
unde(1) <:>Z+—Z+212§ <:>(Z—1)220:>a2+b2+c2 2§(2).
(z+1)" 4 4

3
Sa demonstram ca: Z a’>=,

a cs(Za) CBS Za Za (2)\/7
Za —Z \/3Za \/

Egalitatea are loc dacd si numai dacia=b=c==

Aplicatia2(.

Ifa,b,c>0, abc=1 then

1 1 1 9 9
—_—t—t >
a b c 2(a+b+c) 2

Mongolia 2018
Solutie.

Folosind principiul lui Dirichlet , doua dintre numerele a —1,b—1,¢ —1 au acelasi semn.

Fiea—1,b—1 cele doud numere.
Avem(a-1)(b-1)>0< a+b<1+ab.

Cu inegalitatea mediilor obtinem:

M —1+l+l+ 9 > 2 +=+ ng
a b ¢ 2(a+b+c) Jab ¢ 2(l+ab+c) 2

=M, unde (1) rezulta din:

Notind+/ab =t inegalitatea (1) se scrie:
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g+t2+leg S2AT T+ M 423+ 47 -0t +4>0 &
2(1+t2+t—2j

= (t —1)2 (2t5 A4t -t —2t2 —t +4) >0, care rezulta din(Zt5 +4t* —t3 - 2t2 —t+4) >0,

adevarata din (2t°+4t* —t° - 2t° —t+4)=2t° +%(t3 + 2)+%(t ~1)°(8t* +13t+12) > 0.

Egalitatea are loc daca si numai dacia=b=c=1.

Aplicatia2l.
Ifa,b,c>0, abc=1 then

Marin Chirciu
Solutie.

Folosind principiul lui Dirichlet , doud dintre numerele 8 —1,b—1,¢ —1 au acelasi semn.

Fiea—1b—1 cele doui numere.
Avem(a-1)(b-1)>0«< a+b<1+ab.

Cu inegalitatea mediilor obtinem:

@)
MS=1+1+1+ n > 2 +l+ n 23+E=Md,unde(l)rezultédin:
a b ¢ a+b+c ab c¢ l+ab+c 3

Notind \/E =t inegalitatea (1) se scrie:
3+t2+%23+9 3" —(N+6)t°+6t* +(2n—6)t° +6t> —(nN+9)t+6 >0

(1+t2 +—2j 3

t

& (t-1)°[3t°+6t* +(3-n)t* +(6-2n)t* +(3—n)t+6 | >0,
adevarata din | 3t°+6t" +(3—Nn)t’ +(6—2n)t* +(3—-n)t+6 | > 0 si conditian <6.
Tntr-adevar:
[3t°+6t* +(3—n)t°+(6—2n)t* +(3—n)t+6 | > [ 3t° +6t" +(3-6)t° +(6-12)t" +(3-6)t +6 | =
=3(t°+ 2t~ - 2" ~t+2) =3+ (t-1) (2t +3t+2) | > 0.

Egalitatea are loc daca si numai dacaia=b=c=1.

Nota.
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9
Pentrun = > se obtine Mongolia 2018.

Aplicatia22.

Pentrun =6 se obtine:

Ifa,b,c>0, abc=1 then

1+1+1+L25.
a b ¢ a+b+c

Solutie.
Punem n=671n inegalitatea 4) .

Egalitatea are loc daca si numai dacia=b=c=1.

Aplicatia23.

Fiea,b,c > Oastfel incata+b+c=3 . Aratati ca
(a®+2)(b*+2)(c* +2) 2 27.

Solutie.

Conform principiului lui Dirichlet : doua dintre numerele a* —1,b* —1,¢* —1 au acelasi semn.

Wiog(a®~1)(b*~1)20 < a’b® +1=a’ +b*.

Obtinem(a’ +2)(b* +2)(c* +2) =(a’h® +2a° + 20° +4)(c* +2) =

[(a%” +1)+2(a” +b?)+3](c*+2) 2| (a® +b%)+2(a’ +b*)+3](c* +2) =

CBS

=[3(a2 +b2)+3](c2 +2) =3(a2 +b? +1)(c2 +2) = 3(a2 +b? +l)(1+1+ cz) >

CBS

> 3(a+b+c) =27.
Egalitatea are loc daca si numai dacaia=b=c=1.

Aplicatia24.
Fiea,b,c > Oastfel incita+b+c=3 si k>2 . Aratati ca

(a®+k)(0? +K)(c*+k) = (k+1)’.

Solutie.( Octavian Stroe).

Consideram trinomul de gradul al doilea T (X) =
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(a+x)(b* +x)(c? +x)—(x+1)’ =(a® +b* +c* —3)x* +(a’h® +b°c* +c’a* —3)x +a’h’c’ 1.
Distingem cazurile:
Cazul 1). Dacia® +b*+¢®>—3=0, se aratd ca a=b=c=1, care rezulta din
2 2 2 . . . . - - .
(a —1) + (b —1) + (C —1) =0 si de aici inegalitatea din enunt este adevarata, cu egalitate.
Cazul 2). Dacaa’® +b* +¢*—3#0, se aratd caa” +b* +¢c* —3> 0, care rezulti din

a’?+b%+c? 2%(a+b+c)2:9.

Din inegalitatea mediilor obtinem 3=a+b+c>3%abc , de undeabc <1 , cu egalitate pentru
a=b=c=1si cuma’®+b*+c*—-3>0, rezulti ci inegalitatea este strictd, deci abc <1.

Dinabc <1lobtinem ca A >0 ; intr-adevar: A>0<

< A=(a’h’+b’c* +c’a’ —3)2 —4(a’ +b?+¢* -3)(a’h’c* 1) <

= (azb2 +b%c? +c?%a’ —3)2 > 4(a2 +b?+c? —3)(a2b2C2 —1), evident deoarece

(a®+b* +c*—3)>0si (a’b’c® ~1) <0.

Din A> 0 rezulta ca ecuatia T (X) =0 are doua radacini reale distincte X, <0< X,, deoarece

a’b’c? -1

Wd) ,evidentdin(a2+b2+cz—3)>0§i (a2b2c2—1)<0,
a“+b"+c” -

produsul radacinilor X, X, =
in consecinta T (k) >0, Vk > x,.

Aratam caT (2)>0.

AvemT (2)>0 < (a*+2)(b* +2)(c* +2) 2 27.

Conform principiului lui Dirichlet : doud dintre numerele 8> —1,b? —1,¢? —1 au acelasi semn.
Wiog(a® ~1)(b* 1) 20 < a’h® +1>a’ +b’.

Obtinem(a’ +2)(b* +2)(c* +2) =(a’h* +2a° + 20° +4)(c* +2) =

[(a%” +1)+2(a” +b?)+3](c*+2) 2| (a® +b%)+2(a’ +b*) +3](c* +2) =

CBS

=[3(a2 +b2)+3](c2 +2) = 3(a2 +b? +1)(c2 +2) = 3(a2 +b? +l)(1+1+ cz) >

CBS

> 3(a+b+c) =27.
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EvidentT (k)>T(2)>0,vk>2.

Aplicatia2$5.

Inegalitatea poate fi intarita.
. N . 3 e s
Fiea,b,c > Oastfel incadta+b+c=3 si k ZE . Aratati ca
(a*+k)(0* +K)(c*+k) = (k+1)’.

Marin Chirciu

Solutie.
o . U B, C B, C
Deoarece in triunghiul ABC este adevarata identitatea Ztg Etg 5= l < Z3tg £ tg 5= 3

B, C C, A A, B
fectuam substitutia: a =3tg—tg—,b =3t —tg—,c=3tg—tg— .
etectuam substitutia 9292 9292 9292

Inegalitatea se scrie:
(9tg —tg® +k}(9tgzEtgzé+kj(9t929tgzé+kj2(k+1)3<:>
2~ 2 2~ 2
AvemEz(thzg gZC+kj[9thC g §+kj(9tgzctg —+kj
4 A 2 C 3
=729] [to E+81kHtg Ztg +9k Ztg 2+k =

4 _9n2 2 _np2
=729.(%j 81k[pj (4R+r)2 2p +9k2~w+k3=

p*(k®+9k?)— p*(72k?Rr +162kr* +18Kk*r? ) +81kr* (4R + r)’ +729r
p* '

Ultima inegalitate se scrie:

p*(K® +9k?)— p*(72k?Rr +162kr* +18Kk*r? )+ 81kr* (4R + r)’ +729r

0" Z(k +1)3<:>

< p*(6k?—3k—1)- p°r(72k°Rr +162kr* +18k’r*) +81kr’ (4R+r) 20 <
< p*[ p?(6Kk? ~3Kk —1) —r(72K?Rr +162kr? +18k?r? ) |+ 81kr? (4R +1)" +729r" 2 0.

Distingem cazurile:
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Cazul 1). Dacé[ p? (6k2 -3k —1) - r(72k2Rr +162kr? +18k*r? )] >0, inegalitatea este evidenta.
Cazul 2). Dacé[ p° (6k2 -3k —1) —~ r(72k2Rr +162kr? +18k>r? )] <0, inegalitatea se rescrie:

81kr (4R -+1)° +729r* > p?| r(72k*Rr +162kr* +18k°r”) - p* (6k” ~3k ~1) |, care rezulta din

inegalitatea luiGerretsen16Rr —5r° < p* <4R”+4Rr +3r°.
Raméne si aratim ca: 81kr? (4R +r)” +729r* >
> (4R?+4Rr +3r°)| r(72k*Rr +162kr” +18k°r?) - (16Rr —5r° ) (6k* ~3k 1) | <

< R®(24k” - 48k —16) - R°r (24k* ~129k +11) - Rr? (30k” + 21k +7) —r*(36k* + 90k —186) > 0
& (R—2r)| R*(24K* - 48k —16)+ Rr (24k” +33k — 43)+ r° (18k° + 45k —93) | > 0, evident din

inegalitatea lui Euler si conditia din enuntk > E , care asigura

[R2(24k2 — 48k —16)+ Rr (24k? +33k — 43)+ r? (18Kk” + 45k —93)] >0.

Egalitatea are loc daca si numai daca triunghiul ABC este echilateral.

Aplicatia26.

Ifa,b,c>0,a+b?+c® =3then find min of

9a’bh?c?
P= 2(a4 +b* +c4)+—.
ab+bc+ca
Pu Tin Dao, Vietnam
Solutie.

Lema

Ifa,b,c>0anda’®+b?+c?=3then

21n2 A2
ﬂ > 3a2b2C2 .
ab+bc+ca
9a’h?c?

— —  _>3a’h’c’.
a’+b%+c?

Dinab+bc+ca<a’+b’+c?=3=

Sa trecem la rezolvarea problemei din enunt.

Principiul lui Dirichlet:
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Din trei numere pozitive a?,b?,c?exista cel putin doud numere care sunt situate de aceeasi parte a lui 1.

Fie a,b®numerele, deci (a2 —1)(b2 —1) >0 <

o ah’za’+b’-1=3-¢’-1=2-¢’ = a’h* 2 2-¢*, (1),

Folosind Lema obtinem:

21h2-2  ema cs @
_9abc 7 2(a4 +b* ) +2¢* +3a%%c? > (a2 +b? )2 +2¢* +3a%%c >
ab+bc+ca

P=2(a*+h"+c*)+
@ 22 4 2\ A2

>(3-¢%) +2¢" +3(2-c?)c* =9,

Egalitatea are loc daca si numai dacia=b=c=1.
Deducem caminP =9pentrua=b=c=1.
Remarca.

Problema se poate dezvolta.

Ifa,b,c>0,a+b+c=3then find min of
P=2(a2+b2 +c2)+3abc.

Marin Chirciu
Solutie.

Principiul lui Dirichlet:

Din trei numere pozitive a,b, Cexista cel putin doud numere care sunt situate de aceeasi parte a lui 1. Fie
a,b numerele, deci(a—1)(b-1)>0 <

< ab>a+b-1=3-c-1=2-c = ab>2-c, ().
Folosind Lema obtinem:

P=2(a2+b2+cz)+3abc=2(a2+b2)+202+3abcczs(a+b)2+2c2+3abc(zl)

o )
>(3—-c) +2c*+3(2-c)c=9.

Egalitatea are loc daca si numai dacaa=b=c=1.
Deducem camin P =9pentrua=b=c=1.

Ifa,b,c>0,a+b®+c® =3then find min of
P= 2(a6 +b? +ca)+3a3b303.

Marin Chirciu
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Solutie.

Principiul lui Dirichlet:

Din trei numere pozitive a®,b®,c?exista cel putin doud numere care sunt situate de aceeasi parte a lui 1.

Fie a®,b®numerele, deci (a3 —1)(b‘°’ —1) >0 <

sabh>a’+b’-1=3-c*-1=2-c*=a’v’>2-c?, (1.

Folosind Lema obtinem:
cs 2 ()]
P= 3(a6 +b®+ c'3)+3a3b3 3= 2(a6 + b6)+ 2¢c® +3a%h’c® > (a3 + b3) +2c® +3a%h’c >

g(3—03)2 +2c° +3(2-¢%)c* =9.

Egalitatea are loc daca si numai dacia=b=c=1.

Deducem camin P =9 pentrua=b=c=1.
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3. Inegalitatea lui Holder

Marin Chirciu ?
Articolul prezintd inegalitatea lui Holder si aplicatii ale acesteia, selectate din diverse

publicatii de specialitate.

Inegalitatea lui H6lder:

ZaZsz > (Z:ab)z,a:(al,az,...,(:\h),b=(b1,b2,...,bn),a1.,bI eR,i 2171 , (Bergstrom).

Za32b32c3_2(2abc)3,a:(al,az,...,an),b =(b,b,,...b,),c=(c,C,,..0C,) s

a,b,c.>0,i=1n.

Z X" (ZX) )

> ,undeX,a,a,,...a. >0.
8,8, .08, 2.8 a..0.4a %8

Aplicatial.

1) Prove thatin any triangle ABC the following relationship holds
(i + e+ )2 r(4R+ r).

Proposed by Nguyen Viet Hung, Hanoi, Vietnam,16 RMM-Spring 2020,JP.227

Solutie:
Xyt 2 (x+ y+z)3 § 5
Inegalitatea lui Hélder — +-"—+—>-———"-VX,Y,Z,a,b,c >0, cu egalitate daci si numai dac
a b ¢ 3(a+b+c)
X Z 1 1 1 1
—:X:—siidentitétile:ra+rb+rc:4R+I’,—+—+—:—.
a b c L L rr
3 3 3 3 3
L oo r,+n+r 4R+r 1
e’ vrri=24°¢ 42 (+h+1) _( ) == r(4R+r)3,
1117 /111 3.1 3
3 —+—+—
ra rb rc r,L b I r

de unde 3(r,i+6Lr7+rr’)>r(4R+r)’.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2) In4AABC

2 2 2 2
LE 2+l >r(4R+r)".

Marin Chirciu, Pitesti

Solutie:

2 Profesor, Colegiul National ,, Zinca Golescu”Pitesti
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Ly (x+ y+2)’

Inegalitatea lui Bergstrom — +-—+—2>~———2- VX,V,Z,a,b,c >0, cu egalitate daca si numai
a b ¢ a+b+c
X Z 1 1 1 1
dacd —:X:—si identitatile:r, +1, +1, =4R+r, —+—+—=—.
a b c B L rr

o2 or2_(r+r +rc)2 _ (4R+r)2 ~ 3
I+I+IZ 111" 1 =r(4R+r)",
r Lo,

2 2 2 _
rr +Lr +rr =
+—+= =

, T r

C

a rb

2
deunde LK +nr2+rr’>r(4R+r)".

Egalitatea are loc daca si numai daca triunghiul este echilateral.

3) In4ABC
3 (ry + i+ )2 r(4R+r)", unden>2,ne N .
Marin Chirciu, Pitesti
Solutie:
X"y 7" X+y+2)
Inegalitatea lui Hélder —+y—+—2r£2y—) , VX, y,2,a,b,c>0sin>2,ne N,
a b c¢ 3*(a+b+c)
X z 1 1 1 1
cu egalitate daca si numai dacd — _Yy_Z siidentitatile:r, +1, +1, =4R+r, —+—+—=—.
a b c b n r.r
A A L+t +r) AR+r)" 1
rarbn"‘rbr(;n-’_r(;ran:l—i_L—i_i2 (a . C) :( ) = n72'r(4R+r)n'
111 (1,1, 1) 2103
I Iy I r, r, I r

deunde 3"°(ri + !+ )= r(4R+r)".

Egalitatea are loc daca si numai daca triunghiul este echilateral.

4) InAABC
3(hiP+hr? +hr?)>r(4R+rY’.
Marin Chirciu, Pitesti
Solutie:
Folosim:
3
. oo xR (x+y+2) . .
Inegalitatea lui Holder — +-—+—2—"F"——"- VXY, z,a,b,c >0, cu egalitate dacd si numai daci
a b c¢ 3(a+b+c)
X Z 1 1 1 1
§i—=X=—$iidentitétile:l’a+rb+rc:4R+r,—+—+—=—.
a b c B L rr
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3 3 3_
rr, +rr.+rr, —T
h

de unde 3(h,i’+hrd+hr)>r(4R+r).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

5) InAABC
hor +hr? +hr? > r (4R + r)2 .
Marin Chirciu, Pitesti
Solutie:
2 2 2 2
X Z X+y+17
Inegalitatea lui Bergstrom —+y—+— > u , VX, Y,2,a,b,c >0, cu egalitate daca si numai
a b ¢ a+b+c
X Z 1 1 1 1
dacs ==Y =2 siidentitatile:r, +6 +1, =4R+r,—+—+—=~.
a b c L L rr
2 2 2 2
, ) , 2o or? _(n+n+r)  (4R+r) 3
hry +hr el =24 o > = =r(4R+r)’,
h, h h h h h r

deunde hr2+hr2+hr?>r(4R+r)".

Egalitatea are loc daca si numai daca triunghiul este echilateral.

6) InAABC
3 (i + i +hrl )2 r(4R+1)", unden=2,ne N .
Marin Chirciu, Pitesti
Solutie:
X" nogz" X+y+2)
Inegalitatea lui Holder —+y—+—2£_2y—) , VX, y,z,a,b,c>0sin>2,ne N,
a b c¢ 3*(a+b+c)
. . . Lo X Yy oz . 1 1
cu egalitate dacd si numai dacd — == =— siidentitatile:r, + +1, =4R+r, —+—+—=—.
a b c L n rr
e e 1 1 1
si identitatile cunoscute in triunghir, +1, +r, =4R+r, —+ —+—=—.
h, hy h r
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n n n —rL e 'a a c X n
hr'+hr+hr _i+l+i oof1.1,1 = oo =3 r(4R+r),
ha hb hc ha hb hc r

deunde 3" (" +hr" +hr7)=r(4R+r)".

Egalitatea are loc daca si numai daca triunghiul este echilateral.
7) InAABC
3" p(tggrb” +tg%rc” +tg%ra”jz r(4R+r)",unden>=2,neN.

Marin Chirciu, Pitesti

Solutie:
nooyn o gn X+y+2)

Inegalitatea lui Holder —+y—+—2r£2y—) ,VX,y,2,a,b,c>0sin>2,ne N,
a b c¢ 3%(a+b+c)

X
cu egalitate daca si numai daca —
a

A B
si identitatile cunoscute in triunghir, + 1, +r, =4R+r ,Ctg EY +ctg £y + Ctg% _P .
r

n n n r+r+r.)" 4R +r)"
tgérbn_i_thrcn_l_thran: rb + rc + ra > (a b c) ( )
2 2 b
"

A B C A B C _
ctg— ctg— ctg— 3"? = = 32,
92 92 g2 3 (ctgz+ctgz+ctg2j

:3n12 p-r(4R+r)n,

de unde 3"? p(tggrb” +tg§rcn +tg%ra“)2 r(4R+r)".

Egalitatea are loc daca si numai daca triunghiul este echilateral.

8) InAABC
3”‘2(ctg§rb” +ctg§rc" +ctg%ra") > p(4R+ r)"fl, unden>2,neN .

Marin Chirciu, Pitesti

Solutie:
X" y" " X+y+2)

Inegalitatea lui Holder —+y—+—2r£2y—) ,VX,y,2,a,b,c>0sin>2,ne N,
a ¢ 3*(a+b+c)

X
cu egalitate daca si numai daca —
a
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si identitatile cunoscute in triunghir, +1, +r, =4R+r, tgg + tg%+tg% = 4R+ .

p
" " " r+n+r,) 4R+r)"
ctgérb"+cthrc"+cthra"= LS WS (+5+1) __(4R+1) _
2 2 27 g2 g2 S 3"-2(tgé+tg§+tg9j g2 ARAT
2 2 2 2 2 2 p

= 3nlz p(4R+ r)"fl,

-1

de unde 3”Z(Ctggrb”+ctg§rc"+ctg%ra")2 p(4R+r1)"".

Egalitatea are loc daca si numai daca triunghiul este echilateral.

9) InAABC
3" (a’) +b*r +¢’r ) 2 4r*(4R+r)", unden=2,ne N .
Marin Chirciu, Pitesti
Solutie:
oyt oZ" X+y+z)
Inegalitatea lui Hélder —+y—+—2£_2y—) , VX, y,z,a,b,c>0sin>2,ne N,
a b c¢ 3%(a+b+c)
. . . . Xy oz 1 1 1 1
cu egalitate dacd sinumaidacd —==—=—si:I. +r +r. =4R+r, —=—+—=+—=<— .
8 ' a b c P a? b? c? 4r?
oot r+r+r)" AR+r) 1 ;
a’r +br" e = e > (L +h+r) 2( ) =——-4r*(4R+r)’,
i i i 3n_2 i_l_i_l_i 3n_2.i 3”
a? b* ¢ a2 b* c? 4r?

deunde 3"7(a’) +b’r] +¢’r) = 4r* (4R+r)".

Egalitatea are loc daca si numai daca triunghiul este echilateral.

10) In AABC
3"*p(an) +br +cr )2 Rr(4R+r)", unden=2,ne N .

Marin Chirciu, Pitesti
Solutie:

n n

y

. R X z"
Inegalitatea lui Holder — +-—+—
a C

(x+y+2)
3"?(a+b+c)

\%

,VX,y,2,a,b,c>0sin>2,ne N,

1 11
X:Esira+rb+rc:4R+r,—+—+—< P
b c¢ a

b ¢ 3Rr’

X
cu egalitate daca si numai daca —
a
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oo D r+r+r) AR +r)" "
arb”+brc"+cra“:rl+r—+ri_ (+h+1) 2( +r) = 1_ ‘Rr(4R+r)’,

111 gn-2 l+£+1 g2, p 3

a b ¢ a b c 3Rr

deunde 3"°p(an +br +cr )= Rr(4R+r)".

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Aplicatia2.
1) Determinati maximul expresiei
a+b
E(a,b)= ,
(ab) (4a”+3)(4b° +3)

pentrua,b numere reale.
Marius Stanean, Primul Baraj pentru OBMJ, Deva, 25 Aprilie 2019

Solutie:

(1+a+b)2

Avema+b < <:>(a+b—1)220.

Folosind CBS obtinem (4a’ +3)(4b° +3) =(4a” +1+2)(1+4b” +2) > (2a+2b+2)".

(1+a+b)’ )
Rezultd E(a,b) = a+b < 4 = (L+a+b) =i.
7 (42 +3)(40°+3) " (2a+2b+2)° (2a+2b+2)° 16

1 1
Deducem ca maximul expresiei este E si maximul este atins pentrua =b = E .

2) Determinati maximul expresiei
3
(a+b+c)

(42°+1)(40° +1)(4c>+1) ’

E(ab)=

pentru a,b,C numere reale pozitive.

Marin Chirciu, Pitesti
Solutie:

Cu inegalitatea lui Holder avem:

(8a°+2)(8b° +2)(8¢® +2) =(8a® +1+1)(1+8b* +1)(1+1+8¢°) > (2a+2b+2c)’,

de unde(4a°+1)(4b° +1)(4c® +1) = (a+b+c)’, ().
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(a+b+ 0)3
(4a°+1)(4b° +1)(4c>+1)

(a+b+c)3

< 3
(a+b+c)

Din (1) obtinem E(a,b,c): < =1.

(a+b+c)3
43° +1)(4b3 +1)(4c3 +1

Deducem ca valoarea maxima a expresiei E(a, b,C) = (

te 1
)es

1
care este atinsd pentrua=b=c= rh

3) Determinati valoarea maxima a expresiei
4
(a+b+c+d)

E(ab.cd)= (16a* +3)(16b* +3)(16¢* +3)(16d" +3)’

canda,b,c,d parcurgR.
Marin Chirciu, Pitesti

Solutie:

Cu inegalitatea lui Holder avem:

(16a* +3)(16b* +3)(16¢" +3)(16d* +3) =

=(16a* +1+1+1)(1+16b* +1+1)(1+1+16¢* +1)(1+1+1+16d*) > (2a+2b+2c+2d)", deci
(16a‘ +3)(16b* +3)(16c* +3)(16d* +3) >16(a+b+c+d)", (1).

, , (a+b+c+d)4 (a+b+c+d)4 1
Din (1) obtinem: E(a,b,c,d)= < =
(16a* +3)(16b* +3)(16¢* +3)(16d* +3) " 16(a+b+c+d)’ 16

Deducem ca valoarea maxima a expresiei

(a+b+c+d )4
(16a“ +3)(16b4 +3)(16c4 +3)(16d4 +3)

pentrua:b:C:d:%.

E(ab,c,d)=

are baloarea maxima 1, care este atinsa

4) Determinati valoarea maxima a expresiei
3
(a+b)

E(a,b):m,

canda,b parcurg(O,oo).
Marin Chirciu, Pitesti

Solutie:

Cu inegalitatea lui Holder avem:
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(a°+1)(1+b*)(1+1) = (a+b)’, de unde(a®+1)(b* +1) > @ (1).

(a+b)3 . (a+b)3
(a3+1)(b3+1) (a+b)3
2

Din (1) obtinem E(a,b) = =2.

3
) . » (a+b) .
Deducem ca valoarea maxima a expresiei E(a,b) = ( ) este 2, care este atinsa pentru

a3+1)(b3+1
a=b=1.

5) Determinati valoarea maxima a expresiei

4
(a+b)
E(ab)= (@) 1)’

a +1)(b +1)
canda,b parcurgR.
Marin Chirciu, Pitesti

Solutie:

Cu inegalitatea lui Holder avem:

(a*+1)(1+b*)(1+1)(1+1) = (a+b)’, de unde(a* +1)(b* +1) = (a+4b)“ ().

(a+b)4 < (a+b)4
(a4+1)(b4+1) (a+b)’
4

Din (1) obtinem E(a,b) = =4,

4
) L - (a+b) .
Deducem c3 valoarea maxima a expresiei E(a,b) =7 este4, care este atinsa pentru
(a +1)(b +1)
a=b=1.
Aplicatia3.

1) Fiea,b,c>0, astfel incata+b+c=1. Aratati ca

a N b N c >\/§
Jo+c Je+ra Ja+b N2°

Inequalities Marathon, Problem 16

Solutie.

Cu inegalitatea lui Holder obtinem:
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Z:\/ba+cZ:\/ba+cZ:a(b%)ZZ:a'

a 1 @3

2
2 _ a _
de unde M, _(z\/b+cj ZZa(bJrc)_ ZZbczz_

2
M7,

unde (1) < 123> bc < (a+b+c)2232bc < > (b—c)* >0.
Egalitatea are loc daca si numai dacaa="b :c:%.
2) Fiea,b,c>0, astfelincata+b+c=1si ne N . Aratati ca
(=) () () =
Jo+c Jec+a Ja+b) 6

Marin Chirciu, Pitesti

Solutie.
Demonstram rezultatul ajutator:
Lema.

Fiea,b,c >0, astfel incata+b+c=1. Aratati ca

a b ¢ >\/§
Jo+c Je+a Ja+b N2°

Demonstratie.

Cu inegalitatea lui Holder obtinem:

Z\/ba+c2\/ba+cza(b+c)zza'

de unde M, :(Z\/ba+cj2 } Za(baJrc) B Zzl‘lbcgg: Ms,
unde (1) <1>3% bc < (a+b+c) 23 be < >'(b-c) 20.
Egalitatea are loc daca si numai dacaa=b=c :% .

Folosind inegalitatea lui Hélder obtinem:

Jbrc R S

, pentrun>2.
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. . a f3 . . .

Pentru n=1 se obtine inegalitatea sz_ > > vezi Lema, iar pentrun=0 se obtine
+C

egalitatea 3=3.

3) Fiea,b,c>0, astfel incata+b+c=1sin>0 . Aratati ca

a b c>3

+ + > .
Jb+nc +c+na +a+nb \n+1

Marin Chirciu, Pitesti

Solutie.

Cu inegalitatea lui Holder obtinem:

a a
Z\/b+ncZ\/bJrncza(bJrnc)ZZa'

2
a &
de unde Mfz(sza j L >3 Mg,
+nc

. > a(b+nc) - (n+1)> bc n+l
unde (1) <1>3) bc < (a+b+c)’ >3) bc < Z:(b—c)2 >0.

. . . . y 1
Egalitatea are loc daca si numai dacaa=b=c=

4) Fiea,b,c>0, astfel incata+b+c=1si n>0,ke N . Aratati ca

[\/binc]k J{«/C-tinajk J{\/ai“b]k ) \/( ;

n+1)k .

Marin Chirciu, Pitesti

Solutie.

Lema.

Fiea,b,c>0, astfel incata+b+c=1sin>0 . Aratati ca
a b c 3

+ + >, [—.

Jb+nc +Jc+na +a+nb \/n+1

Cu inegalitatea lui Holder obtinem:

Demonstratie.
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Z\/binclebincza(b+nc)zza'

)
a 1 R 3

2 _ a 2> _ —
de unde M, _(Z\/b-i-n(:j “>a(b+nc) (n+1)>dbc n+l

MZ,
unde (1) < 123> bc < (a+b+c)’ >3 'bc < > (b—c) >0.

. . . . y 1
Egalitatea are loc daca si numai dacaa="b :czé .

Folosind inegalitatea lui Holder obtinem:

a ) 3
a O\ Zm tema | \'n+1 3
Z( j 2 > = ,pentrun>2.

Jo+nc 3t -

3 \/(Sn +3)"

Pentru k=1 se obtine inegalitatea ZJba > / 3 1’ vezi Lema, iar pentrun=0 se
+nc n+

obtine egalitatea 3=3.

Aplicatia4.
1) Dacia,b,c>0 atunci
a® p® c)y1 1 12>a b ¢
P @\ ) e )
RMM 8/2019, Dan Sitaru
Solutie.

Folosind inegalitatea lui Holder obtinem:

PR u— | ay
Egalitatea are loc dacd si numaidacda=b=c.

2) Dacda,b,c>0 atunci
2 3
a b c a b c
(a+b+C)(F+g+¥) Z(F-'_C_Z_'_gj .
Marin Chirciu

Solutie.

Folosind inegalitatea lui Holder obtinem:
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3
a a a

M, :zazﬁzﬁz(zgj M,

Egalitatea are loc dacd si numaidacda=b=c.

Aplicatia5.

1) Fiea,b,c>0astfel incata+b+c=3. Aratati ca

2

Z a S 1
b(a+5c)’ 24(\/5+\/5+\/6) '

Hoang Le Nhat Tung, Hanoi, Vietnam

Solutie.

Folosind inegalitatea lui Bergstrom obtinem:

a 2 a 2 1 2
Z _z(a+5cj (Za+5cj ‘Q(Ej 1 (§> 1
b(a+50 b(a+5c) > b(a+5c) 6) bc 24> bc 24(\/5+\/5+\/E)'

1 o g . . N
unde(1) & Z >E , care rezulta din inegalitatea lui Bergstrom:

a+5c

o f . (X geegwea;

Z +5ac Z(a +5ac) >a’+5Y bc 2

a+5c

a‘+2) bc
unde(3) & =—=— z Z 1 = Za >Zbc evident cu egalitate pentrua=b=c.

Ya’ +52bc 2

Sa demonstram inegalitatea (2).

ZDC Z\/_<:>Z\/a>2bc <:>\/§+\/_+\/E>ab+bc+ca resulting from:
GM

Ja+a+al > 33Ja-Va-a% = 3a :>2\/5+a223a:>2(2«/§+a2)223a<:>

3=a+b+c

2D Va+da?23da o 2> Ja+da? >(Da ) =N
2> Ja+da?=da’+2> be = D> Vaxd be < Ja+rb+Jc>ab+be+ca.

Equality occursifand onlyifa=b=c=1.

(a+b+c)’ _3_2_3

Avem Zbcs 3

Egalitatea are loc dacd si numai dacda=b=c=1.

67


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2023 www.mateinfo.ro

2) Fiea,b,c>0astfel incita+b+c=3. Aratati ca

a’ 1
——>=
Z:b(a+50)3 2

Marin Chirciu

Solutie.

Folosind inegalitatea lui Bergstrom obtinem:

M ZZ a’ ) :Z(af50j2>(zﬁjz‘>” (%T 1 (2) 1

" “~p(atsc) “blatsc) .b(atbc) 6y.bc 24Zbc [

unde(l) & Z

1 o g . . .
>—, care rezulta din inegalitatea lui Bergstrom:
a+5c 2

yoa s & (28] Fau2ybeor

a+5¢c a2+5ac_2(a +5ac) > a*+5Y bc 2’

a“+2>» bc
unde(3) oo =—=— Z Z 1 = Za >Zbc evident cu egalitate pentrua=b=c.

Ya +SZbc 2

2 2
(a+b+c) :3_:3.

Inegalitatea (2) <> » bc<3, care rezulti din ) bc< 3

Egalitatea are loc daca si numai dacda=b=c=1.

3) Fiea,b,c>0astfel incdta+b+c=3sineN,n>2. Aratati cd

a" 3
_—,
Z b(a+50)n+1 6n+1
Marin Chirciu

Solutie.

Folosind inegalitatea lui Hoder obtinem:

), (Eas] o [
-y a+sc) a+5c (;) 2 __ 3 93 _

b(a+5c)  3"?> b(a+5c) 326> bc 6" ZZbc [

m=>—2

b(a+50)”+1

1
unde(l) & Z E , care rezulta din inegalitatea lui Bergstrom:

a+5

Z -y > a’ (Za) DS +2Zbc<3>1

a+5c +5ac Z(a +5ac) > a’+5y bc 2’
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Qat+2y b 1
Ya’ +52bc 2

unde(3) o =—=— = Za >Zbc evident cu egalitate pentrua=b=c.

(at+b+c) 3

Inegalitatea (2) < Zbcs3, care rezulta din Zbcs =—=3.

3
Egalitatea are loc daca si numai dacaa=b=c=1.
4) Fiea,b,c>0sineN,n>2. Aratatica
z a" 27
b(a+5c)n+1 6™ (a+b+c)’

Marin Chirciu

Solutie.

Folosind inegalitatea lui Hoder obtinem:

( : jn ( i )n (ljn
n Z ) (2)
Ms:z a M_Z a+5c) | a+5¢c N 2 _ 3 S 27 M,

b(a+5c) - b(a+5c)_3"’22b(a+50)_3“’2-62bc_6”-22bc_6n+1(ghLb+c)2

unde(l) & z

1 o g . . .
>—, care rezulta din inegalitatea lui Bergstrom:
a+5c 2

Z _z . a2 S (Za) Za +22bc(3)1’

a-+5¢c +5ac Z(az+5ac) > a’+5) bc 2

Za +22bc 1
Ya’ +52bc 2

(a+b+c)2

unde(3) o =—=— = Za >Zbc evident cu egalitate pentrua=b=c.

Inegalitatea (2) < Zbcs , care rezult3 din(a+b+c)2 >3(ab+bc+ca) <

(a—b)2 +(b—c)2 +(C—a)2 >0, evident cu egalitate pentrua=b=c.
5) Fiea,b,c>0sin>2. Aratati ca

a’ S 9
b(a+nc)3 _(n+1)3(a+b+c)2 '

Marin Chirciu

Solutie.

Folosind inegalitatea lui Bergstrom obtinem:
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2 2 2
o), Zerw) o ()
a+nc a+nc) @ (n+1 3 @ 9
M, _Z > > = > =M,
Z (a+nc) b(a+nc) > b(a+nc) n+1)Zbc n+1) Zbc (n+1)’ (a+b+c)’

3 . g . . .
>——, care rezulta din inegalitatea lui Bergstrom:
a+nc n+l

IR, g (Za) _Ya+2ybeo 3

unde(l) < Z

a+nc “~a’+nac Z(a +nac) da’+ny bc n+l’
Yl +22bc ) . e .
unde(3) < S +anc n+1 (n—Z)Za Z(n—Z)Zbc,care rezultd din conditia din ipoteza

n=2si Za ZZbC, evident cu egalitate pentrua=b=c.

(a+b+c)’

Inegalitatea (2) <> » bc< , care rezulta din(a+b+c)2 >3(ab+bc+ca) <

(a—b)2 +(b—c)2 +(C—a)2 >0, evident cu egalitate pentrua=b=c.
Egalitatea are loc daca si numai dacia=b=c.

6) Fiea,b,c>0,1>2 sineN,n>2. Aratati ca

Z a" S 9

b(a+c)™  (2+1)™ (a+b+c)’

Marin Chirciu
Solutie.
Folosind inegalitatea lui Hoder obtinem:
=5 %) (—3J”
® 2 @
M, Z n+1=Z arac 2o arac 2 N2 At L:)Jrl 2 n+19 7 =My
b(a+Ac) b(a+ic) 3 b(a+ic) 3-(A+1)3be (1+1)" Sbe  (A+1) " (a+tb+c)
unde(l) < z >i, care rezulta din inegalitatea lui Bergstrom:
a+ic A+1

yoa oy &, (23 _Fazybeo s

a+Ac a2+/1ac_2(a +/1ac) dal+Ay be A+l

Y’ +22bc ,
Yal +/12bc /1+1 =(1-2)2a

A=>2si Za ZZbC evident cu egalitate pentrua=b=c.

unde(3) &

Z(E—Z)Zbc,care rezultd din conditia din ipotez

(a+b+c)’

Inegalitatea (2) <> » bc< , care rezulta din(a+b+c)2 >3(ab+bc+ca) <
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(a—b)2 +(b—c)2 +(C—a)2 >0, evident cu egalitate pentrua=b=c.

Deducem ca are loc inegalitatea din enunt, cu egalitate daca si numai dacaa=b=c.

Aplicatia6.
1) JP.294. Leta,b,C be positive real numbers such thata+b+c = 3.Prove that
a b c 9
2t 2 Tt 7 2 3"
b(b+2c)” c(c+2a)” a(a+2b) (\/5+\/5+\/E)
Proposed by Hoang Le Nhat Tung, Hanoi, Vietnam,20RMM-Spring 2021,JP.294
Solution.

a \ a Y 3 )
oSty el gl

@)
2 9

= 9 >
(Zab)3 (J§+ b +\/E)3

=RHS.

,resulting from:

We have( 1)©Zb+2c > Zbc

Z a =Z a’ C>S (Za)z (za) ©_ 3 where(3)<:>za=3
b+2c ab+2ac_2(ab+2ac) 3> be 3Zbc Zb '

@
2 9 - < Ja+Jb+Jc>ab+hc+ca,

9
(Zab)3 - (\/5+ b+«/€)

Inequality(2) <

resulting from:

Ja++fa+a? AM;M:%\S/«/E-«/E-aZ =3a :>2\/5+a223a:>2(2«/5+a2)223a<:>

3=a+b+c

<:>22J5+Za >3a < 2> Ja+> a? >(>a ) =
2> Ja+da?=da’+2> be = D> Vaxd be < Ja+b+c>ab+be+ca.

Equality occursifand onlyifa=b=c=1.
2) Leta,b,cC be positive real numbers such thata+b+c=3andn >0 .Prove that
a b C 9
+ + 2

b(b+nc)” c(c+2na)’ a(a+nb)2_(n+1)2(\/§+\/5+\/6)3.
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Proposed by Marin Chirciu, Romania

Solution.

2
sl
LHS Z _Z(b+ncJ CZS(ZbJrnc) ~ (n+1)2 ab _
b+20) ab > ab > ab
J 2 J — RHS

B (n +1)2 (Zab)3 (n +1)2 (\/5+\/5+\/E)3

We have(l) < Z

,resulting from:

b+nc (n+1 z c

3 a -y a® < (> a) (2a) ©

b+nc “ab+nac Y (ab+nac) (n+1)>bc (n+1)> be

, where(3) < Za =3.

9 @ 9
Inequality(2) < > ;& a++b+Jc>ab+bc+ca,

(Zab)3 (\/5+ b+\/5)

resulting from:

Ja++fa+a?

AM GM

3YVa-a-a? =3a = 2/a +a? >3a:>2(2«/5+a) >3

3=a+b+c

<:>22\/5+Za >3)a 22\/5+Za >(z ) =
2> Ja+da?=2da*+2> be = D> Vaxd be < Ja+b+Jc>ab+be+ca.

Equality occursifand onlyifa=b=c=1.

3) Fiea,b,c>0astfel incdta+b+c=3. Aratatica

e
3
Marin Chirciu

Solutie.

Folosind inegalitatea lui Bergstrom obtinem:

5 (z5s]
3 a -y b+2c) \=b+2c) ¢ 12 1 @1
b(b+2c)’ ab — Dab  Dhc Zbc 3’
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a o e . . ..
unde(l) & E 5 >1, care rezulta din inegalitatea lui Bergstrom:
+ZC

3 a 5 a (>a) >a +22bc<3)

b+2c ““ab+2ac Y (ab+2ac) 3> bc b

Za +22bc
3 be

unde(3) & &——=—

2 2
(atbte) & o

Inegalitatea (2) <> » bc<3, care rezulti din ) bc< 3

Egalitatea are loc daca si numai dacaa=b=c=1.

4) Fiea,b,c>0astfel incata+b+c=3sineN". Aratati c3

Za—nzi

b(b+2¢)™" 3

Solutie.

Folosind inegalitatea lui Hoder obtinem:

a n+l a n+l
" _Z(mzc] >(zb+2c) (;) 12 1 91
e ab 37> ab 37> hbc 3"1Zbc 3

Z a

b(b+2c)

a T . . ..
unde(l) < Zb+20 >1, care rezulta din inegalitatea lui Bergstrom:

5 a ¥ . (Za) D +22bc(3)

b+2c ““ab+2ac Y (ab+2ac) 3> bc b

Za +22bc
3 be

unde(3) & =&——=—

2 2
(a+b+c) :3_:3.

Inegalitatea (2) < ZbCSS, care rezulta din Zbcs 3

Egalitatea are loc daca si numai dacda=b=c=1.

5) Fiea,b,c>0. Aratatica

a 3
2 72

b(b+2c)’ (a+b+c)’

>l Zaz ZZbc, evident cu egalitate pentrua=b=c.

>1 <> Y a’>» bc, evident cu egalitate pentrua=b=c.

Marin Chirciu

Marin Chirciu
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Solutie.

Folosind inegalitatea lui Bergstrom obtinem:

( : T (Z : jz
2
a -y b+2c) \=b+2c) 9 ¥ 1 (i) 3

b(b+2c)’ < ab ~  Yab “She be (a+b+c)’

b

a T . . ..
unde(l) & Zb >1, care rezulta din inegalitatea lui Bergstrom:
+2¢

5 a -y a’ . (Za) D +22bc<3)

b+2c ““ab+2ac Y (ab+2ac) 3D bc =t

Za +22bc
3 be

unde(3) o === >1 & Za ZZbc, evident cu egalitate pentrua=b=c.

(a+b+c)2

Inegalitatea (2) < Zbcg , care rezultd din(a+b+c)2 >3(ab+bc+ca) <

(a—b)2 +(b—c)2 +(C—a)2 >0, evident cu egalitate pentrua=b=c
Egalitatea are loc daca si numai dacda=b=c=1.

6) Fiea,b,c>0sineN". Aritati ci

Z a" S 9

b(b+2c)"™ 3'(a+b+c)’

Marin Chirciu

Solutie.

Folosind inegalitatea lui Hoder obtinem:

( a )nﬂ (Z a jl’Hl
n (6] 2 (2)
M:Z b+2c) b+2c) @ ¥ 1 ¥ 9

ab — 3)ab "3y bc 3Ybc 3 (at+b+c)

Z a

b(b+2c)

a < g . . ..
unde(l) < Zb+2c >1, care rezulta din inegalitatea lui Bergstrom:

3 a -y a’® (Za) DS +22bc(3)

b+2c “ab+2ac Y (ab+2ac) 3> bc b

Za +22bc
3 be

unde(3) o === >1< zaz ZZbC, evident cu egalitate pentrua=b=c.

(a+b+c)’

Inegalitatea (2) <> » bc< , care rezulta din(a+b+c)2 >3(ab+bc+ca) <
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(a—b)2 +(b—c)2 +(C—a)2 >0, evident cu egalitate pentrua=b=c
Egalitatea are loc daca si numai dacaa=b=c=1.

7) Fiea,b,c>0si n>0. Aratati ca

a 27
Z 2Z 2

b(b+nc)’ (n+1)*(a+b+c)”
Marin Chirciu
Solutie.
Folosind inegalitatea lui Bergstrom obtinem:
8) Fiea,b,c>0. Aratatica

Z a22 3

b(b+2c) (a+b+c)2 '

Marin Chirciu

Solutie.

Folosind inegalitatea lui Bergstrom obtinem:

a 2 a 2
Z a :Z(b+2c) >(Zb+20]@ 1?1 (i) 3

b(b+2c)’ ab — Dab Ybc Ybc (atb+c)

a T . . ..
unde(l) < Zb+2c >1, care rezulta din inegalitatea lui Bergstrom:

a a’ N (Za)z Y’ +22bc(3)
Zb+2c_ZabJrZac_Z(ab+2ac) 3> bc =t

Za +22bc
3 be

unde(3) & === —2>1< Zaz ZZbc, evident cu egalitate pentrua=b=c.

(a+b+c)’

Inegalitatea (2) < Zbcs , care rezulta din(a+b+c)2 >3(ab+bc+ca) <

(a—b)2 +(b—c)2 +(C—a)2 >0, evident cu egalitate pentrua=b=c
Egalitatea are loc dacd si numai dacda=b=c=1.

9) Fiea,b,c>0sineN". Aratati c3

a" 9
Z n+l e

b(b+2c)"™ 3"(a+b+c)’

Marin Chirciu
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Solutie.

Folosind inegalitatea lui Hoder obtinem:

(a jn+l (Z a erl

n 2

3 a -y b+2c) _\(“b+2c) © ¥ 1 @ 9
n+l

b(b+2c) - ab  37)ab _3”’1Zbc_3”’12bc_3"(a+b+c)2'

a T . . ..
unde(l) & Zb >1, care rezulta din inegalitatea lui Bergstrom:
+2¢

5 a -y a’ . (Za) D +22bc<3)

b+2c ““ab+2ac Y (ab+2ac) 3D bc =t

Za +22bc
3 be

unde(3) o === >1 & Za ZZbc, evident cu egalitate pentrua=b=c.

(a+b+c)2

Inegalitatea (2) < Zbcg , care rezultd din(a+b+c)2 >3(ab+bc+ca) <

(a—b)2 +(b—c)2 +(C—a)2 >0, evident cu egalitate pentrua=b=c
Egalitatea are loc daca si numai dacda=b=c=1.

10) Fiea,b,c>0si n>0. Aratati ca

a 27
Z = 2

b(b+nc)” (n+1) (a+b+c)2 '
Marin Chirciu
Solutie.
Folosind inegalitatea lui Bergstrom obtinem:

2 2 2
(o) (T ol
> a 5 b+nc) \=b+nc) D{n+l) _ 9 (i) 27

b(b+nc)’ ab  Yab  Ybc (n+1)’Ybc (n+1)’(a+b+c)’’

unde(l) & Z , care rezulta din inegalitatea lui Bergstrom:

b+nc n+l

> 2 =3 & (2a)  >a +23bc® 3

b-+nc ab-+nac Z ab+nac) (n+1 Zbc _n+1

Za +22bc
3 be

7’

unde(3) & === —2>1< Zaz ZZbc, evident cu egalitate pentrua=b=c.

(a+b+c)’

Inegalitatea (2) < Zbcs , care rezulta din(a+b+c)2 >3(ab+bc+ca) <
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(a—b)2 +(b—c)2 +(C—a)2 >0, evident cu egalitate pentrua=b=c
Egalitatea are loc daca si numai dacaa=b=c=1.

11) Fiea,b,c>0,1>0sineN". Aratati c3

Z a" S 27

b(b+c)™  3"(1+1) (a+b+c)’

Marin Chirciu

Solutie.

Folosind inegalitatea lui Hoder obtinem:

n+l n+l 2
( : ) [z : j ( : j
n (&) (2)
Z a z b+ic) b+ic) J\A+1) _ 9 S 27

b(b+ac)™" ab 37 ab T 3Ybe 3(a+1) Ybe 3" (1+1) (a+b+c)

a 3
unde(l) < zb+ﬂc Zm, care rezulta din inegalitatea lui Bergstrom:

Z 2 Z a’ > (Za) _Za2+22bc(>3) 3

b+ic ab+dac » (ab+dac) (A+1)>bc ~ A+1’

D> a’+2> b
bc

unde(3) < S—=“=—>1< ) a’>) bc, evident cu egalitate pentrua=b=c.

)

(a+b+c)2

Inegalitatea (2) < Zbcg , care rezult3 din(a+b+c)2 >3(ab+bc+ca) <

(a—b)2 +(b—c)2 +(C—a)2 >0, evident cu egalitate pentrua=b=c.
Deducem ca are loc inegalitatea din enunt, cu egalitate daca si numai dacaa=b=c.

Aplicatia?.
1) If a,b,c >0 then

Mathematical Olympiads 7/2020

Solutie.
a a . e . L
Avem Z 1 22 Z\/ﬁ >1, care rezultd din inegalitatea Hélder .
b2+*bC+C2 4b +bC+4C
\/ 4
Obtinem:

77


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2023 www.mateinfo.ro

Z\sz —>" > a(4b® +bc+4c?)2(D a), de unde

+be+4c2 “ \J4b? + be + 4c?

2
a
M? = > _
) [Z«/4b2+bc+4c2J >Za(4b2+bc+4c2)>

3
unde (1) <> (22) 21<:>(Za)322a(4b2+bc+4c2)<:>

Za(4b2 +bc+4cz)
< Y a’+3(a+b)(b+c)(c+a)=4> be(b+c)+3abc <
< Y a’+3> bec(b+c)+6abc>4> be(b+c)+3abe <
< > a’+3abc > ) be(b+c),(inegalitatea lui Schur).

Egalitatea are loc daca si numai dacda=b=c.

2) Fiea,b,c>0si %Snﬁ;.Arétati ca

> 3
>

+nbc+c? Vn+2

Marin Chirciu
Demonstratie.

Folosim inegalitatea lui HGlder obtinem:
S P Tl nbe)2 (Sa).

+nbc+c? “\b? +nbc+c?
3
de unde(z a (Za) (>l) 9

2
> > ,
«/b2+nbc+c2] Za(b2+nbc+c2) n+2

far (1) < (Za) 59 <:>(n+2)(za)3292a(b2+nbc+c2)<:>

Za(b2+nbc+cz) n+2

< (n+2)[a*+b*+c’+3(a+b)(b+c)(c+a) |29 a(b’+nbc+c?) <

< (n+ 2)[a3 +b°+¢*+3(D he(b+c)+ 2abc)] >9Y be(b+c)+27nabe <

< (n+2)(a°+b° +¢*)+3(n+2) Y bc(b+c)+6(n+2)abc > 9Y b (b+c)+27nabe <
< (n+2)(a’+b° +c*)+3(4-7n)abc 23(1-n) > bec(b+c), (2).

Inegalitatea (2) rezults din combinarea inegalitatilor »_a®+3abc> > bc(b+c), (3),
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si 2> a’>> bc(b+c),().
Inegalitatea (3) rezulta din inegalitatea lui Schur: Zar (a—b)(a—c) >0,a,b,c>0,r >0, pentru

r=1, de unde a°+b®+c®+3abc> Zbc(b+c).

Inegalitatea (4) rezults dina®+b® > ab(a+b) = (a+b)(a—b)2 > 0 si analoagele, de unde

2> a*>> be(b+c).
Inmultim inegalitatea (3) cu (4— 7n) > Osi inegalitatea (4) cu (4n —1) >0 si adundm cele doud

inegalitati obtinute, de unde obtinem inegalitatea (2).

a S 3

2
a 9

Din > obtinem concluzia > .

(Zx/b2+nbc+c2j n+2 Zx/b2+nbc+c2 Jn+2

Egalitatea are loc dacd si numaidacda=b=c.

Aplicatia8.
1) Ifa,b,c>0suchthata+b+c=1then
2020
(3a) 27
>

25(b+1ﬂc+1)_16'
George Apostolopoulos, Greece,RMM 8/2020
Solutie.
Folosind inegalitatea lui H6lder obtinem:

Z ( ( 3a)zozo HO;jer (z 3a)2020 ) 32020 (z a)2020 32 ( 1)2020

b+1)(c+1) 320182(b+1)(c+1)_320182(bc+b+c+1):Zbc+22a+3:

@
9 9 ®27_

_ _ >20 g,
Y bc+2:1+43 > bc+5 16
unde (1) < ﬁz% <16>3) bc+15 < 123> he < (a+b+c)2 >3) bc <

1
= Z:(a—b)2 >0, evident cu egalitate pentrua=b=c = 3

Egalitatea are loc dacd si numaidacda=b=c= § .

2) Ifa,b,c>0suchthata+b+c=1andneN,n>2, 4 >0then
¥ (3a) .2 ~
(b+2)(c+2)  (32+1)
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Marin Chirciu

Solutie.
Folosind inegalitatea lui HSlder obtinem:

s () (L) o

b+a)(c+2) ~ 373 (b+A)(c+A) 37 (be+Ab+ic+A’) Dbet2ay a+3il

9 9 w27

= = > =Md,
D bc+24-1+32% Y bc+24+32°  (32+1)

9 27

de (1 >
el S Sther 22430 (3aray

& (34+1)° 23(D bc+22+34%)

<922 +64+123) bc+61+94% <> 123) be < (a+b+c) 23> be <

1
= Z:(a—b)2 >0, evident cu egalitate pentrua=b=c = 3

1
Egalitatea are loc dacd si numaidacda=b=c= 5 .

Aplicatia9.
1) If a,b,c>0suchthata+b+c=1then
z a® S 1 27
1+b(c+2) 3° 16°
Kostas Geronikolas, Greece,Mathematical Inequalities10/2020
Solutie.
Folosim inegalitatea lui H6lder obtinem:

a* (X a)” 1 1

Ms=zl+b(c+2) T30y (1+bc+2b)  3°(3+ 3 bc+2y.b) 3°(3+ b+ 2)

1 ®1 27
>

zw_?-E:Md,undeﬂ) =

1 1 27 1 3 2
QWZ?-EQWZE<:>123Zbc<:>(a+b+c) >3) bc <

2

= Z(a—b) >0, evident cu egalitate pentrua=b =c.
. ‘. . 1

Egalitatea are loc dacd si numaidacda=b=c= 5 .
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2) If a,b,c>0suchthata+b+c=1andthen
1+b(c+2) 3° 16
Marin Chirciu

Solutie.
Folosim inegalitatea lui H6lder obtinem:

a® N (Z a)zo 1 1

Mszzl+b(c+2) 37 (L+bc+2b) I (3+2 bc+23°b) i 3°(3+ 2 bc+2)

&)
1 01 27

=W_3W-E=Md,unde(l) =

1 > 1 2 ;>i<:>1232bc<:>(a+b+c)zz32bc<:>

S =25 T >
3°(5+ ) bc) 3 16  (5+).bc) 16

= Z:(a—b)2 >0, evident cu egalitate pentrua=b=cC.

Egalitatea are loc dacd si numaidacda=b=c= 5 .

Solutie.

Lema

3) If X,¥,2>0 suchthatx§/yz® + y3/2x* +z3/xy? > X+ y+Z then
XY+ YZ+IX> X+ Y+12.

Demonstratie.

Folosind inegalitatea mediilor obtinem:

> x3yz? <> x- y+;+z =>yz.
Dinipotezd > x3[yz2 = > x, (1) si > x3[yz? <> yz, (2) obtinem:
Z yz ZZ X?/ yZ2 = ZX, de unde Zyz ZZX , Cu egalitate pentruX=y=12.

Folosim inegalitatea cunoscuta (X+ y+ 2)2 > 3(xy+ yZ + ZX) , (3) siLema Z yz ZZX , (4).
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Din (3) si (4) obtinem(X+ y+ 2)2 > 3(xy+ yzZ + ZX) > 3(X+ y+ Z) , de unde rezulta

(X+y+Z) 23(X+y+2)<:>X+y+ZZ3,deC|m|n|mulexpre5|e|E:X+y+Zeste3,S|esteat|ns

pentrux=Yy=z=1.

Problema se poate extinde la radical de ordinulne N,n> 2.

4) I X,Y,2>0such that x{/yz"* + y¥zx™* +zQ/xy"‘l >X+Y+2,neN,n>2 then

find the minimum of the expression
E=x+y+z.
Marin Chirciu
Solutie.

Lema

5) If X,¥,2>0 such thatXQ/yZ"_l +yYzx™t +zQ/xy”‘1 >X+Y+2z,neN,n>2then
XY+ YZ+IX>X+Y+12.

Demonstratie.

Folosind inegalitatea mediilor obtinem:

an’yZ”*1 SZx.%;Zyz_

Din ipotezéZX{‘/ yz"t > ZX, (1) si ZX{‘/ yz"t < Z yz, (2) obtinem:
z yz Zz X{‘/ yZ"’l > ZX, de unde Zyz ZZX, cu egalitate pentruX=y=12.
Folosim inegalitatea cunoscuts (X + Y + Z)2 >3(xy+Yyz+12x), (3) si Lema Z yz ZZX , (4).

Din (3) si (4) obtinem(x+ y+ Z)2 > 3(xy+ yz + ZX) > 3(X+ y+ Z) , de unde rezult3

2
(X+ y+ Z) 23(X+ y+ Z) < X+ Y+2 23, deci minimul expresiei E = X+ Y + Z este 3 si este atins

pentrux=Yy=z=1.

6) If a,b,c,d > Osuch thatad/bed +bd/cda +ci/dab +d¥/abc >a+b+c+d then
find the minimum of the expression

E=a+b+c+d.

Marin Chirciu
Solutie.

Lema
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7) If a,b,c,d > 0such thatad/bed +b3/cda +ci/dab +d3/abc >a+b-+c+d then

(ab+ac+ad +bc+bd +cd) >

N w

(a+b+c+d).

Demonstratie.

Folosind inegalitatea mediilor obtinem:

> adbed sZa-bH;er :g(ab+ac+ad +bc+bd +cd).

Din ipoteza Zai’/bcd > Za, (1) si §Zab > Za, (2) obtinem:

2 ab>"» ai/bcd > ) a, deunde abZ§ a, cu egalitate pentrua=b=c=d.
3 2

Folosim inegalitatea cunoscuta: (a+b+c+d)2 > %(ab+ac+ad +bc+hbd +Cd) =
= (a—b)2 +(a—c)2 +(a—d)2 +(b—c)2 +(b—d)2 +(d —c)2 >0, (3) si Lema:

(ab+ac+ad +bc+hbd +cd)>

N W

(a+b+c+d), (4).
Din (3) si (4) obtinem :

(a+b+c+d)2 zg(ab+ac+ad +bc+bd +cd)>

w| o
N | w

(a+b+c+d)=4(a+b+c+d),

de unde rezulta (a+b+c+d)2 24(a+b+c+d) < a+b+c+d >4, deci minimul expresiei
E =a-+b+c+deste 4sieste atins pentrua=b=c=d =1.
Aplicatial0.

1) If a,b,c>0suchthata+b+c=1then
Za—zo > iﬂ
1+b(c+2) 3° 16
Kostas Geronikolas, Greece
Solutie.
Folosim inegalitatea lui H6lder obtinem:

a® N (Z a)zo 1 1

I\/lszzl+b(c+2) T 392Y (1+bc+2b) 3 (3+> bc+2)"b) - 3°(3+) hc+2)
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1 (1) 1 27

=W 320 1 =Md, unde (1)

1 1 27 1 3
QWZF.E©(5+ZbC) 16<:>1 3) bc < (a+b+c) >3Zbc<:>

= Z:(a—b)2 >0, evident cu egalitate pentrua=b =c.

1
3

Egalitatea are loc dacd si numaidacda=b=c=
2) If a,b,c>0suchthata+b+c=1andA>0,neN,n>2then

Z a" S 27
1+b(c+4) 3"(10+31)

Marin Chirciu

Solutie.
Folosim inegalitatea lui H6lder obtinem:

(Xa) _ 1 B 1

Ms= Z1+b (c+4) 3”22(1+bc+/1b)_3"-2(3+Zbc+/12b)_3“-2(3+Zbc+/1):

o
1 J 27

_ > - M
37(3+ 4+ bc) 3 (10+34) d unde (1) <

1 27 1 S 3

<3 (3+2+ hc) 3 (10+34) (3+/1+Zbc) (10+31) it

& (10+34)>3(3+4+ Y bc) < 1>3) be < (a+b+c) 23> b <

= Z:(a—b)2 >0, evident cu egalitate pentrua=b=c.

Egalitatea are loc dac3 si numai dacsa=b=c= 5 .

Aplicatiall.
1) Ifa,b,c >0 suchthatabc =1then
b’ +c” +C2 +a + a’+b” >a+b+c+3.
a b c
Mircea Lascu, Zaldu, GM 12/2002, GM9/2020
Solutie.

Folosind inegalitatea lui Bergstrém obtinem:
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2 2
MS:(b_2+§+a_2J+(§+a_2+b_2J:Zb_z_i_zéBerg;trom(za) +(Za) _
a a Ya Da
AGM

=>a+Ya> >a+3¥fabc=>a+3=Md.

Egalitatea are loc dacd si numaidacda=b=c=1.

2) Ifa,b,c >0 suchthatabc =1and A > 0then

2 2 2 2 2 2
b ch + & +bla + 2 tfb >A(a+b+c)+3.

Marin Chirciu
Solutie.

Folosind inegalitatea lui Bergstrém obtinem:

2 2
Ms = b_2+§+a_2 +A g+a—2+E =Zb—2+/’tZ£Berg§mm(Za) +/1<Za) -
a b c a b ¢ a a Da D a

—ﬂZa+Za ﬂZa+3\/abc Ay a+3=Md.

Egalitatea are loc dacd si numaidacda=b=c=1.

3) Ifa,b,c >0 suchthatabc =1land A >0then
b® + Ac? +c3+la ad+ Ab®
a b c

>A(a+b+c)+3.

Marin Chirciu
Solutie.
Folosind inegalitatea lui H6lder obtinem:

o[22 2] 2,2 0] g s Gal (BT

AR + = >
a b c a b ¢ a a BZa 3Za
2 AGM

> ﬂZa abc += (3«/5)

~24(Sef +4(Saf ~2Xa tTar (S
=AY a+3=Md.

Egalitatea are loc dacd si numaidacda=b=c=1.

4) Ifa,b,c>0suchthatabc=1andA1>0,neN,n>2then
b"+Ac" c"+4a" a"+Ab"
+ +
a b

>A(a+b+c)+3.

85


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2023 www.mateinfo.ro

Marin Chirciu
Solutie.
Folosind inegalitatea lui H6lder obtinem:
n n n n n n n N Holder a : a "
Y A Y A S =Zb—+ﬂzc— > (_ZZ ) + (_ZZ ) =
a b ¢ a b ¢ a a 3?>a 3?Ha
1 11 n-1 1 2 1 n_1 AGM
= ﬂ 3n—2 (Za) +F(Za) = ﬂza 3n—2 (Za) + 3n—2 (Za) 2
AGM n-2 n-1
> /’LZa-gn—lz(&"*/abc) +3n—12(3\3/abc) =1) a+3=Md.
Egalitatea are loc dacd si numaidacsa=b=c=1.
5) Ifa,b,c>0suchthatabc =1and A >0then
3 3 .3 3 3 3
b +2}“C 48 Efa .2 :ﬁb >A(a+b+c)+3.
a C
Marin Chirciu
Solutie.
Folosind inegalitatea lui Radon obtinem:
3 3
3 3 3 3 3 3 3 3 Radon a a
Ms = b_2+c_2+a_2 +A c_2+a_2+b_2 :Zb—2+izc—2 > (2 )2 +ﬂ(z )2 =
a~ b° ¢ a~ b° ¢ a a (Za) (za)
AGM
=AY a+y a > A a+Xabc=2> a+3=Md.
Egalitatea are loc dacd si numaidacda=b=c=1.
6) Ifa,b,c>0suchthatabc=1and A >0,n e Nthen
n+l n+1 n+1 n+1 n+1 n+1
b +n/lc & +n/1a L2 +n/1b >A(a+b+c)+3.
a b c
Marin Chirciu

Solutie.

Folosind inegalitatea lui Radon obtinem:

Ms — (bn+1 . oMt . an+1J+/1(Cn+l . ™! . bn+1j _ z pt +/12 ¢t Reﬁon (Z a)n:1 2 (Za)n:l B
a" b" ¢ a" b" " a" a" (Z a) (Z a)

:ﬂZa+ZaA§M A a+3Kjabc=1) a+3=Md.
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Egalitatea are loc dacd si numaidacda=b=c=1.

Aplicatial2.

Ifa,b,c>0suchthata+b+c=3, then
(a®+2)(b° +2)(c*+2) 2 27.
Daniel Sitaru,28-RMM-Spring 2023,JP.406

Solutie.

Folosind inegalitatea lui HGlder obtinem:

Holder

Ms =(a° +1+1)(1+b*+1)(1+1+¢*) > (a+b+c)’ =27=Md.

Egalitatea are loc dacd si numaidacda=b=c=1.
Remarca.

Problema se poate dezvolta.

ifa,a,,...,a,,a , >0suchthata +a,+...+a,+a, , =n+1, then

(a7 +n)(a; +n)...(a] +n)(ay, +n)= (n+1)"".

Marin Chirciu
Solutie.

Folosind inegalitatea lui H6lder obtinem:

Holder

=(a +1+..+1)(1+a) +1+..+1). (1414 +a), ) > (a,+3,+..+3, +a,,)" =

n+1

=(n+1)  =Md.

Egalitatea are loc dacd sinumaidacda =a, =...,a, =, =

Aplicatial3.
1) Ifa,b,c>0then

a
E —— >.Ja+b+c.
Jb+2¢c

Kostas Geronikolas,Greece,Problem(702)7/2021

Solutie.

Folosind inegalitatea lui H6lder obtinem:

Holder

Z«/b+2cZ\/b+ZCZa (b+2c) (Za) -
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a Y. (X)) (o) (Xa) a_ Y
> = > > >
:{ZMJ ~ Y a(b+2c) 3> be _(Za)z_zaz( \/b+2cj 222=
a
21/ .
:z\/b+2c Za
Egalitatea are loc dacd si numaidacda=b=c.
2) Ifa,b,c>0andA >0then
a 3(a+b+c)
> .
Z\/b+kc_ A+1
Marin Chirciu

Solutie.

Folosind inegalitatea lui HGlder obtinem:

Holder

Z\/bjkclebixcza(bﬂc) - (Za)sj
Sof (o (S sy

:(Z./b+ij ZZa(b+kc) (k+l)zbc_(7»+l)é(2a)2 A+l

j(zhjzzxilzajzdbjﬁz\/ﬁ'

Egalitatea are loc dacd si numaidacda=b=c.

Aplicatial4.
1) If a,b,c >0 such that ab + be + ca =1then
1+bc 1l+ca 1+ab
1 1 1

Boris Colakovic, Mathematical Inequalities 7/2021
Solutie.

Lema

ab bc ca
2) If a,b,c >0 such that =1then

+ +
1+bc 1+ca 1l1l+ab

ab+bc+ca§g.

Demonstratie.
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v ab (ab)’ cs (Zab)2 cs (Zab)2 _3Yab
1—21+bc Zab(1+bc)_ZabJracha_Zab+;(Zab)z 3+) ab’

3 ab
Dinl> 32— = Zbc < 2 cu egalitate pentrua=b=c.

Folosind inegalitatea lui H6lder si Lema obtinem:

3

1 3 1 3 9 9 3
Holder (22) CS (Z) CS { bC] Lema( j
Ms:Zi > a ) S\7be) O 2 3/2 =%-62=24:Md.

a® 9 B 9 B 9 9
. . . 1
Egalitatea are loc daca si numaidacda=b=c= ﬁ
3) If a,b,c>0 suchthat ab + be + a _ 3 and A > Qthen
A+bc A+ca A+ab 2A+1
l 1 1
— —=24.
2 b c
Marin Chirciu
Solutie.
Lema
4) If a,b,c>0 such that ab + be + ca _ 3 and A > Othen

A+bc A+ca A+ab 20+1

ab+bc+ca§§.

Demonstratie.
Folosind inegalitatea lui Bergstrém obtinem:

b g (@) ¢ (X)) o (Za) _ 3Fab
k+bc ab(r+bc) 1D ab+abcd a xZabJr;(Zab)z 3h+ ab

2x+1_

, cu egalitate pentrua=Db=c.

BZab Zbc_

o
" 2x+1 D YT

Folosind inegalitatea lui Hélder si Lema obtinem:

3
1Y 1Y 9 9 Y
Holder (ZZJ CS (Zj CS ( bc] Lema (j
Mszzi > a3 be > Z > 3/2 =é-62:24=|\/|d.

a® 9 9 9 -9
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Egalitatea are loc dacd si numaidacda=b=c= %
5) If a,b,c >0 such that ab + be + ca _ 3 andA >0, neNthen
A+bc A+ca A+ab 2A+1
5%;+B%;+E%;23-ZV
Marin Chirciu
Solutie.
Pentrun = 0 se obtine 3=3.
Tn continuare vom consideran e N
Lema
6) If a,b,c>0 suchthat ab + be + a _ 3 and A > Qthen

A+bc A+ca A+ab 20+1

ab+bc+ca£§.

Demonstratie.

Folosind inegalitatea lui Bergstrém obtinem:

y® g (@ ¢ (X)) e (T 3Fab
k+bc ab(h+bc) 1D ab+abcd a AZabJr;(Zab)z 3+ ab

2k+1

32 ab

o
" 2>L+1 3+ > ab

3
= Zbc < > cu egalitate pentrua=b =c.
Folosind inegalitatea lui HGlder si Lema obtinem:

1Y 1Y 9 9 Y
Ms—zi'@”(zazj Cﬁ(zb‘:j Cﬁ(zbcj Lema(3/2j -1 e=3.0=Md.

a2n = 3n—1 = 3n—1 = 3n—1 2 3n—1 - 3n—l

Egalitatea are loc dacd si numaidacda=b=c=

i

Aplicatial5.

Ifa,b,c>0andabc =1prove that

a+b
1. —— >a+b+c.
Z\/a+c
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a+b
2. 3 >a+b+c.
a+cC
Nguyen Van Canh, Vietnam,RMM7/2021
Solutie.
Lema.
If a,b,c>0andabc =1then
1 1 1 a+b+c
+ + < :
a+b b+c c+a 2

Demonstratie.

Folosim pqgr -Method.

Notam p=a-+b+c,g=ab+bc+ca,r =abc.

2

Avem p23,q23,r=1,q£%.

1 1 1 a+b+c
[ itat + + < ie2p®+2q+ p< p%q, It3 di
ne,<ga|aeaa_|_b bic cra > se scrie2p g+ p < peq, care rezultd din

2
2ﬁ+2q+p£2p2+2€;+p~§=3p2£qﬁ.

Folosind Lema obtinem:

L \/a+bC“Jz a+b)Y T oy a. Z Y.

a+cC a+cC
Egalitatea are loc dac3 sinumaidacda=b=c —1.

a _|_ a + b Holder Lema
Y O (L I XD I

Lema?’32§:a J}:a2§}a§: =>a.

Egalitatea are loc dacd sinumaidacdsa=b=c=1.

If a,b,c>0,abc=1andn e N,n>2then

a+b
}:n >a+b+c.
a+c

Marin Chirciu
Solutie.

Lema.
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If a,b,c>0andabc =1then

1 1 1 a+b+c
+ < .
a+b b+c c+a 2

Demonstratie.

Folosim pqgr -Method.

Notdm p=a-+b+c,g=ab+bc+ca,r =abc.

2

Avem p23,q23,r:1,qs%.
Inegalitatea aib+bic + cia < a+k2)+c se scrie 2p” +20+ p < p°q, care rezults din:

2
2p° +2q+ p32p2+2-%+ p-§:3p2 <qgp®.

Folosind Lema de mai sus obtinem:

a+c a+c

a+c

Holder Lema
\/Zl Y (a+b Z— <

< J -3:2) a- z ZZSnJZa a2y a Z =Y a=Md.

Egalitatea are loc dacd sinumaidacda=b=c=1.

Aplicatial6.

1) Ifa,b,c>0suchthatab+bc+ca=_3then

[+

George Apostolopoulos, Greece

Solutie.

Folosim inegalitatea lui Hélder si Zab =3 obtinem:
a® 1 a 1)(b® b 1 1)1 c® ¢* 1)Hodr
Ms=3|| —+=+—+=|| —=+—+=—+=|| =+—+—+=| =
2 2 2 6){l2 2 2 6)\2 2 2 6

3
Holder | [43 B2 1 \/1 b® ¢ Ja3 1¢ [111
> 33— — - —-+3— — — 4+ 3 — e — 43— — .=
2 22 V22 2"\V222"\666
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i/a3b31 \/1b3c3 a1c¢ [111 a bc ca 1 3 1 5
=3 . .43 g3 43 = =+ 4 "4 ="=MNd.
2 2 2 2 2 2 2 2 2 666 2 2 2 6 2 6 3
Egalitatea are loc dacd si numaidacd a=b=c=1.
2) Ifa,b,c>0suchthat(a+1)(b+1)(c+1)(d+1)=16then
Q/(a“ +1)(b4 +1)(C4 +l)(d4 +1) >2.
Marin Chirciu
Solutie.
Folosim inegalitatea lui Hélder si H(a+1) =160btinem:
wocer [(a+1)" (b+1)* (c+1)* (d+1)°
Ms = gf(a* +1)(b* +1)(c* +1)(d* +1) > 4J g =
_(a+1)(b+1)(c+1)(d +1) —E—Z
- 8 8
Egalitatea are loc dacd si numaidacd a=b=c=d =1.
3) Ifa,a,,..,a, >0suchthat(a, +1)(a, +1)...(a,+1)=2",ne N,n>2 then
(@ +1)(a +1)..(a0 +1) > 2.
Marin Chirciu
Solutie.
Folosim inegalitatea lui Hélder si I_I(a1 +l) = 2" obtinem:
- - —rocer (a,+1)" (a,+1)" a +1)"
MSZQ/<a1 +1)(a2 +1)"'<an +1) 2 \/( 2n1) ( 22n1) ( 2nl) =
_(a+Y(a,+1)..(a,+1) 2" _
- 2n—l _2n—1_ :
Egalitatea are loc dacd sinumaidacd a, =a, =...=a, =1.
4) Ifa,b,c>0suchthatab+bc+ca=3then
il(a3 +1)(b3 +1)(c3 +1) >2.
Marin Chirciu

Solutie.

Folosim inegalitatea lui Hélder si Zab =3 obtinem:
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a® 1 a b® b® 1 1)1 c® ¢ 1)Holder
Ms = 3 —+—+—+ —t—t—F= || ==+ —+=| =
2 2 2 20N\2 2 2 2)\2 2 2 2

3
Holder 3 3 3 3
> 3[3a_b_l+3Jlb_C_+ a .l.c +31£1J =

2 2 2 2 2 2 2 2 2 222
3 13 3 .3
:i/a_.b_.th.b_.c Jalc JLTT abbe ca 1.3 1 , 0
2 2 2 2 2 2 2 2 2 222 2 2 2 2 2
Egalitatea are loc daca si numaidacd a=b=c=1.
5) Ifa,b,c > 0suchthatab+bc+ca=3then
a2 bl d)s2,
3 3 3 3
Marin Chirciu

Solutie.

Folosim inegalitatea lui HGlder si Zab =3 obtinem:

a® 1 a® 5)b> b 1 5)1 ¢ ¢ 5)Holdr
Ms=3|| —+=+—+—-|| —=+—+=—+=|| =+—+—+=| =
2 2 2 6)2 2 2 6){2 2 2 6

3
Holder { a b1 \/1 b® ¢ a 1¢& |55 SJ
3 + +3 43

Egalitatea are loc dacd si numaidacd a=b=c=1.

3
6) Ifa,b,c>0suchthatab+bc+ca=3andA ZEthen

3 (a3+ij(b3 +ij(c3 +i] >142
3 3 3 3

Marin Chirciu

Solutie.

Folosim inegalitatea lui H6lder si Zab =3 obtinem:

a® 1 a® 24-3\(b> b® 1 21-3)(1 ¢ c® 243 Holder
Ms=3)| —+—+—+—|| —+—+—+— || =+ —+—+— | =
2 2 2 6 2 2 2 6 2 2 2 6
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222 222

22 6 6 6

3
Ho.der{sas =1 i/1 ¢ @ 1c +§/2@—3'2&—3 21—3} B
2 272

ilas b 1 \/1 b° ¢ fa'1c \/2/1—3 21-3 24-3 ab bc ca 21-3
—+3 =—t—F—+——=

2 22 N2 2 2"\V222 6 6 6 2 2 2 6
_ 3,243 _A+3 1y
2 6 3

Egalitatea are loc dacd si numaidacd a=b=c=1.

1
7) Ifa,b,c>0suchthatab+bc+ca=3andA ZEthen

g/(a3 +2)(0°+2)(cP +2) 2 2 +1.
Marin Chirciu

Solutie.

Folosim inegalitatea lui HGlder si Zab =3 obtinem:

a® 1 a® 22-1\b® b* 1 24-1)(1 ¢ c® 24-1)Houer
Ms=3)| —+=—+—+— || —+—+—-F+— || =+ —+—+— | 2
2 2 2 2 2 2 2 2 2 2 2 2

3
Holders( a3 b3 1+\/1 b3 C3 a 1 C \/2&—12/1—122—1]

2 2 2 222 2 2 2

i/af‘ b® 1 \/1 b* ¢ Ja8 1 ¢ \/2/1—1 21-1 24-1 ab bc ca 24-1
= - +3 —+3 . . =—4+—+—
2 2 2 2 2 2 2

_3,22-1_2i+2
2

=A1+1=Md.

Egalitatea are loc dacd si numaidacd a=b=c=1.

Aplicatial?.

1) Ifa,b,c,d >0then
a +b—3+c—3+—3>a+b+c+d
bc cd da ab
Dorin Marghidanu, Mathematical Inequalities9/2021
Solutie.

Folosind inegalitatea lui H6der obtinem:
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8 b° ¢ dd e (a+b+c+d) ©

MS=—4+—+—4+— > >a+b+c+d=Md,
bc cd da ab 4(bc+cd +da+ab)
3
unde (1) < (a+b+c+d) 2a+b+c+d<:>(a+b+c+d)224(bc+cd+da+ab)<:>
4(bc+cd+da+ab)

= (a—b+c—d)2 >0.

Egalitatea are loc dacd si numaidacia=b=c=d.

2) Ifa,b,c>0then
a3 3 3

Cc
—+—+—2>a+b+c.
bc ca ab

* %k %k
Solutie.

Folosind inegalitatea lui H6der obtinem:

3 3 3 Hoder (g +b+cC 2o
Ms:a—+b—+c— > ( R ) >a+b+c=Md,
bc ca ab 3(bc+ca+ab)

(a+b+cf
3(bc+ca+ab)

unde (1) < >a+b+c < (a+b+c) 23(ab+bc+ca) < > (a-b) >0,

Egalitatea are loc daca si numaidacda=b=c.

Aplicatial8.

1) IfX, Y,z >0suchthatX+Yy+Z =3then
XC+y+22+xyz>4.
Imad Zak, Lebanon, Mathematical Inequalities, 9/2021
Solutie.
Lemal
If X, ¥,z >0such that X+ Yy + Z = 3then
C+y +22 > +y 4+ 27
Demonstratie.

3 3 3Chebyshev1 2 1 2 2 2 2
Avemx®+yi+27® > 3 XY X :E-BZX =x*+y*+7°.

Lema2

If X, ¥,z >0such that X+ Yy + Z = 3then
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X +y +7°+xyz>4.
Demonstratie.
Omogenizand avem: X° +y* +2° +Xyz > 4 & <

%(x+ y+2)(X* +y?+2% )+ xyz 221'7(x+y+z)3 =N

SN 9(x+y+z)(x2+y2+zz)+27xyz > 4(x+ y+z)3<:>

<9 X +9) yz(y+z)+27xyz 24> P +12) yz(y+12)+24xyz <

< 5> x*+3xyz >3 yz(y+2), care rezult din adunarea inegalititilor:

DX +3xyz = yz(y+2),01) si 4> x°=2> yz(y+2),(2).

Inegalitatea (1) este Schur pentrur =1, iar inegalitatea (2)rezults din X° + y° > xy (X +Y).

Egalitatea are loc dacd si numaidacax=y=2z=1.

Solutie2.

Omogenizand avem: X’ + Y} + 2 +xyz>4 & < X+ y* + 2 +xyz > %(x+ y+z) <
S 27(x3 +y o+ 23)+27xyz >4(x+y+ z)3 SN
S 27(x3 +yi+ 23)+27xyz > 4[Zx3 +3[ J(y+ z)]
27(x3 +y 23)+ 27xyz > 4[Zx3 +3(2xyz +> yz(y+ z))}
27> X +2Txyz24) x* +12) yz(y +1)+24xyz
= 23ZZX3 +3xyz 212Zyz(y+ Z), care rezultd din adunarea inegalitatilor:
DX +3xyz> > yz(y+2),(1) si 22> X° 211> yz(y+2),(2).
Inegalitatea (1) este Schur pentrur =1, iar inegalitatea (2)rezulta din X3+ y3 > xy(x+ y).
Egalitatea are loc dacd si numaidacax=y=2=1.
6 3
2) IfX,y,z>0suchthatx+y+2z=3and 7SXS§then
XC+y + 22+ Axyz > 1+ 3.

Marin Chirciu

Solutie.
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Lemal

If X, ¥,z > 0such that X+ Yy + Z = 3then
XY+ > +y + 7%,
Demonstratie.

3 3 3Chebyshev1 ) 1 ) ) ) )
AvemX®+y*+27° > 3 X)X :E-BZX =x*+y’+17°.

Lema2
If X, ¥,z >0such that X+ Yy + Z = 3then
X2+ Y2 +22 + Axyz > A+3.
Demonstratie.
Omogenizand avem: X> + > +2° + AXyz > 1+3 & <

%(x+ y+z)(x2 +y2+22)+/1xyz 2%(x+ y+z)3 SN

& 9(x+y+2) (X +y? +2%)+ 27Axyz > (A+3)(x+y+2) &

9> X*+9> yz(y+12)+27hxyz 2(%+3)[Zx3+31_[(y+ z)]
9> X +9> yz(y+12)+27hxyz 2(x+3)[2x3+3(2xyz+2yz(y+z))}

<9 X +9D yz(y+2)+27hxyz = (A+3)D 3 +(A+3) D yz(y+2)+6(A+3)xyz <

& (G—K)ZXB' +3(7x—6)xyz 23%2yz(y+ Z) , care rezulta din adunarea inegalitatilor:
(7—6)D> X +3(7TA—6)xyz = (7A—6)>_yz(y+2).(1) si

4(3-21)D x*>2(3-21)D yz(y+2).(2).

Inegalitatea (1) rezultd din inegalitatea lui Schur pentrur =1si (77»—6) >0, iar inegalitatea (2)rezulta
dinX* +y° > xy(x+Y) <:>(x—y)2 >0si(3-21)>0.

Egalitatea are loc dacd si numaidacax=y=2z=1.

3) IfX,y,z>0suchthatx+y+2z=3and ggxsg,ne N,n>2then
X"+y"+2" + Axyz > A1 +3.
Marin Chirciu

Solutie.

Lemal
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IfX,¥,Z>0suchthatXx+y+z=3andneN,n>2then
X"+ y"+2" > X+ y* + 7%
Demonstratie.

Chebyshev 1

n-2
older n-2
Avem X" +y"+2" > §ZXHZXZH§ E(ZX) szzé.‘g S X=Xyt

Lema2

If X, ¥,z >0such that X+ Yy + Z = 3then

X+ Y+ 27+ AXyz > A+3.
Demonstratie.
Omogenizand avem: X° + y* +2° + AXyz > A+3 & <

1 A+3
§(X+ y+2)(X° +y?+ 2% )+ Axyz 27(x+ y+z) <

SN 9(x+y+z)(x2+y2+zz)+27/1xyz 2()b+3)(x+y+z)3 SN

9 x*+9> yz(y+z)+27Axyz 2(k+3)[2x3+31_[(y+ z)]
9> x*+9> yz(y+1z)+27TAxyz 2(k+3)[2x3+3(2xyz+Zyz(y+z))J

<9 K +9> yz(y+2)+27axyz = (A +3) D X +(A+3)D_yz(y+2)+6(1+3)xyz <

= (6—7»)Z:X3 +3(7k—6)xyz 23%2yz(y+ Z) , care rezultd din adunarea inegalitatilor:
(72-6)D x° +3(TA—6)xyz > (7TA—6)>_yz(y+2),(1) si

4(3-21)D x*=>2(3-21)D yz(y+2).(2).

Inegalitatea (1) rezulta din inegalitatea lui Schur pentrur zlsi(7k—6) >0 , iar inegalitatea (2)rezulta
din x> +y* > xy(x+Y) o (x-y) >0si(3-21)20.

Egalitatea are loc dacd si numaidacaXx=y=2=1.

4) IfX,y,Z>0suchthatx+y+2z=3 and Oéksg,neN,nZZthen
X"+y"+2"+Axyz > 1+3.
Marin Chirciu
Solutie.

Lemal
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IfX,¥,Z>0suchthatXx+y+z=3andneN,n>2then
X"+ y"+2" > X+ y* + 7%
Demonstratie.

n-2
ebyshev older n-2
Avemx“+y”+z”Chgh %ZXHZXZHS %.%ZXZ:%.gn_szx2:x2+y2+zz.

Lema2

If X, ¥,z >0such that X+ Yy + Z = 3then

"y > 4(xy+ y;+zx)—9 |

Demonstratie.

2
Notdm p:x+y+z:3,q:xy+yz+zxs%:3,r:xyz.

49-9
Folosind inegalitatea lui Schur p* +9r > 4qr rezultd r > q .

Egalitatea are loc dacd si numaidacax=y=2z=1.

Folosind cele doud Leme de mai sus obtinem:

Lemal 4(xy+yz+zx)-9®
Ms=x"+y”+z”+2,xyzL22x2+y2+zz+i (5 y3 ) >1+3=Md,
ema

4(xy+yz+2x)—9

unde (1) < x> +y*+2°+ 1 >1+3 <

3(x2 +y+ 22)+4/1(xy+ yZ+2X) 2124 +9, care rezults din pgr -Method.

2
Avem p:X+y+Z:3,q=xy+yz+zx§%:3,r=xyz_

Ultima inegalitate se scrie:

3(9-2q)+449>121+9 < 9-3q+2Lq—-61 >0 < (3—-q)(3-21)>0,
‘o N
care rezultd dinq < 3siA < >

Egalitatea are loc dacd si numaidacax=y=2z=1.

Aplicatial9

1) Ifx,y,z>0 then
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X" =Xy +
3 Xty 3yyz.
Jx+y ) 2
Konstantinos Geronikolas, Greece, RMM 11/2021
Solutie.

Lema

If X, ¥,z >0then

X2 — Xy +y? 3
_— X+
JX+Y 4( y)

Demonstratie.
X2 —xy+y° 0 1 2 1 3

Toy - agery Y TR

unde (1) < 4(X2 +AXy + yz)z(x+ y)2 = 3(x—y)2 >0, cu egalitate pentruX =Y.

Avem

W2 v 4+ Lg‘a 2 1 g Holder 1 [Z(X+ y)]3 B
MS=Z£%J Z( (x+Y) j 16Z(x+y) 2 e
122 (X o (3¢hyz) 2y 3

2

16 9 18 18 18

=Md .

Egalitatea are loc daca sinumaidacaX=y=2.

2) IfX,y,z>0 and—2 <A <2then

Marin Chirciu
Solutie.
Lema

IfX,y,z>0and—2<A <2then

2 2 3
X“+AXY +Y >7L+2 :

m 2= (x+y)2.

Demonstratie.

Avem

2 2 ) 3
X“+AXYy+Y N A+2 (x+ )2 A+2 &

Jxry  Afx+y
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unde (1) < 4(X2 +AXY + y2) >(A+2)(x+ y)2 < (2-1)(x- y)2 >0, care result3 din conditia din
ipotezd —2 <A < 2, cu egalitate pentruX =Y.

MS:Z{%J LgaZ(KZZ(X y)sj (7&;-62) Z(X+y)3 Hoger(KI—(SZ) [Z(X9+y):| _

_(2+2) (22) (1+2)" (X %)’ sou (1+2) (3\/_) (+2)-27xyz _

16 18 18

:§(7L+2)2 Xyz=Md .

Egalitatea are loc daca sinumaidaca X=y=12.

Aplicatia20

1) Ifa,b,c>0,a’+b*+c*=26(a+b+c) then
1 1 1 1
+ + > .
Ja+b? Jb+c? c+a? a+b+c

Daniel Sitaru,RMM12/2021

Solutie

Folosind inegalitatea lui H6lder obtinem:

1 1 2\ s 3:>
3y S e)a (5

2
()
:>Mzs=(z 1 ] 27 1

> > =M,
Ja+b? ; Z(a+b2)> >a
27

S 1
Y (a+b®) Da

conditia din ipotezi a® +b® +¢* = 26(a+b+c) .

unde (1) < P 272&2 Z(a+b2) = 262&2 sz , care rezultd din

Egalitatea are loc dacd si numaidacda=b=c=26.

2) Ifa,b,c,A>0,a%+b*+c’ =r(a+b+c) then
1 1 .1 33 |
Ja+bh? b+c? e+a? \/(k+1)(a+b+c)

Marin Chirciu
Solutie
Folosind inegalitatea lui H6lder obtinem:
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1 1 2\ s 3:>
z\/a+bzz\/a+bzz(a+b )_(Zl)
:MZS:[Z 1 JZZ 21O 2
Ja+b? ) X (a+b?) (A+1)Da '

27

> (a+b?

care rezult3 din conditia din ipotezi a® +b? +¢? = K(a+b+c).

unde (1) <

)2(7L+i;2a @(k+1)2a22(a+b2) <Ay ax) b,

Egalitatea are loc daca si numaidacda=b=c=A.

v .y
a+6b+2bc

Phan Ngoc Chau, Vietham, RMM 12/2021

Aplicatia21

1) If a,b,c>0,abc=1then

Solutie.

Z
b= X,C = —. Inegalitatea se scrie:
X

, y? X2
2l E 2l E —_ >l
Yigli02X y® +6xz+22° \/x2+6yz+2y2

Deconditionam inegalitatea cu substitutiaa =

< | x
N

> <

zy
X 'y yz

X
= Z >1, care rezulta din inegalitatea lui Holder:

\/xz +6yz+2y?

X X Holder 3

. ) 2.6 AR
JX+6yz+2y° X +6yz+2y° ZX(X oz y) ORIE

@LZ a J2> (ZX)3 .
m ZX(X2+6yZ+2y2)
Mzs{z X Jzz () S1=M?s,

JXE +6yz +2y? ZX(x2+6yz+2y2)

(Xx)

Zx(x2 +6yz+2y°

unde (1) < )ZIQ(ZX)ssz(X2+6yZ+2y2)<:>
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<D 3 [(y+2)2 D ¢ +18xyz+2) xy* < 3 [(y+2)=18xyz+2> xy* <
= 3(2xyz + %y +Zx2y) >18xyz+2>_xy? < D xy’ +3x’y >12xyz, care rezult3 din :

> xy? +3x7y 2 3Y[ [ xy* +3-33[ [ xy* =3xyz+9xyz =12xyz.

Egalitatea are loc dacd sinumaidacaX=y=2 << a=b=c=1.

2) Ifa,b,c>0,abc=1andn>2,0<k <3,n+k =8then

Z Lzl
\/a+nb+kbc

Marin Chirciu
Solutie.
X y z . .
Deconditiondm inegalitatea cu substitutiaa = —,b == ,Cc = —. Inegalitatea se scrie:
y z X
Yy
XZ
> zX ZX>1<:>Z/ o7 Z/—Z k221<:>
Yint +k—— y? +nxz +kz X“ +nyz +Kky
X y
X

>1, care rezultd din inegalitatea lui Holder:

=2

X2 +nyz +ky?

X X Holder

. . 2 k2 > 3
\/X2+nyz+ky2 z\/X2+nyz+ky2 ZX(X +nyz+ y) > (ZX) PN

@[Z a JZZ (ZX)3 )
X2 +nyz + ky? Zx(x2+nyz+ky2)

2 3
M2s=| Y i > (ZZX) S1=M3s,
X2 +nyz +ky? Zx(x +nyz+ky)

unde (1) < ZX) )21<:>(Zx)322x(x2+nyz+ky2)<:>

Zx(x2 +nyz + ky?
S 343 [(y+2)2 D ¢ +3nxyz+k > xy* < 3[ [(y+2)=3nxyz+kD xy* <

< 3(2xyz+ Y xy* + D X7y) 2 3nxyz+k Y xy* < (3—K) D xy* +3x°y = (3n—6) xyz vez:

(3-Kk) D xy? +3x2yk§3(3—k)-33 |IE% +3-33ﬂ_[xy2 =(9-3k)xyz +9xyz =
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n+k=8
=(18-3k)xyz = (3n—6)xyz.
Egalitatea are loc dacd si numaidacdaXx=y=z <> a=b=c=1.

3) If a,b,c>0,abc=1and 0 <A <3then

z\/a+(s_;)b+xbc -

Marin Chirciu
Solutie.
Deconditionam inegalitatea cu substitutiaa = X b= Y ,C= E Inegalitatea se scrie:
y z X
y
X lay Y >l > X" >1
2l >l
2 X+(8—k)5+x55 y? +(8—A)xz +1z° X +(8—A)yz+Ay?
X y yz

& Z >1 vezi Holder:

\/x + 8 k yz+7»y

Holder

3 X \/X X > X(XP+(8-R)yz+0y?) 2 (Xx)

\/x + 8 x yz+ky 8 x yz+ky

[ )

\/X2+(8_7‘)y2+7‘y2] ZZX(X2+(8—K)yz+xy2)'

’s = X 2> (ZX)S S1-M%s
M [Z\/X2+(8—k)yz+ky2} _ZX(X2+(8—X)yZ+ky2)_1_M ,

(Xx)
Zx(x +(8=4)yz+Ay?

S 43 [(y+2)2D ¢ +3(8-1)xyz+AD_xy* < 3[ [(y+2)=3(8—1)xyz+AD_xy’

unde (1) <

)_1<:>(Zx)322x(x2+(8—x)y2+Ky2) =N

< 3(2xyz+ ) Xy’ + 2 X°Y) = 3(8-1)xyz+AY xy? <> (3-1) D xy? +3x°y >

> (18—3%) XYz, care rezultd din inegalitatea mediilor:

(3-2)D xy? +3x2y§3(3—7x)-3§/ny2 +3-33[ v* =(9-3) xyz +9xyz =
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=(18—3h)xyz.

Egalitatea are loc dacd si numaidacdaXx=y=z <> a=b=c=1.

4) If a,b,c>0,abc=1andn,k >0, n+k>8, n—2k +1>0then

a 3
> .
Z\!a+nb+kbc ~ Jl+n+k

Marin Chirciu
Solutie.
X y z . :
Deconditiondm inegalitatea cu substitutiaa = —,b == ,Cc = —. Inegalitatea se scrie:
y z X
X 2
> 3 oYL =
Yinlikl \/1+n+ y2+nxz+kz?  Jl+n+k
X 'y y z
3 X 3
< > > ,veziHolder:
Z‘\jx +nyz+ky>  Jl+n+k sz2+nyz+ky2 V1+n+k
X X Holder

\/X2+nyz+ky2 .Z\/X2+nyz+ky2 'ZX(X +nyz-+ky ) = (ZX) And

x 2 (Xx)
C{Z«/xﬁnyzjtkyz] ZZx(x2+nyz+ky2)'
, X ’ (Zx)3 o 9
" S{ZJx%nyukyZJ TE( k) Tenek

(Xx . 9

> x(X*+nyz+ky?) 1+n+k

o (L+n+k)[ X +3[ J(y+2) |2 9(2x° +3nxyz+kY xy*) <

(n+k-8)> x*+3(n+ k+1)(2xyz+2xy2 +Zx2y)29(3nxyz+k2xy2)
(n+k-8)>x*+3(n+k +1)(2xyz+2xy2 +Zx2y)z9(3nxyz+k2xy2)

(N+k-8)> x*+3(n—2k+1)D xy* +3(n+k+1)> X’y =3(7n—2k —2) xyz,

unde (1) <

<:>(1+n+k)(Zx)3 29 x(x*+nyz+ky’) <

care rezulta din inegalitatea mediilor:
(N+k=8)>_x*+3(n—2k+1) D> xy* +3(n+k+1)D> X’y >
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>(n+k—-8)-33[ [ +3(n—2k+1)-33] [ xy* +3(n+k+1)-3§fo2y =
=(n+k—8)-3xyz+3(n—2k +1)-3xyz +3(n+k +1)-3xyz =3(7n—2k —2) xyz .
Egalitatea are loc dacd si numaidacdaXx=y=z <> a=b=c=1.

Aplicatia22
1) IfX,y,z2>0, Xx+y+z=1,then

( 1)5 ( 1)5 ( 1}5 100.000
X+=| +|y+=| +| z+=| > .
y z X 81

Daniel Sitaru,RMM-Spring2024,SP472

Solutie

Folosind inegalitatea lui HGlder obtinem:

1}5 M_{Z[HHWH _ (zx+z§+21+zﬂ

Ms = X+— > =
Z( y 3 3 81

5

5 5
X YA X YA
X, y2 1+3+ 35 [ +3[ T2
(1+3+Zy+zyJ A(;M( e i/ y " i/ yJ (143431431 _10°

81 3* 3* 3

~100.000
81

Md .

Eegalitatea are loc dacd sinumaidacaX=y =2 = §
2) IfX,y,2>0, x+y+z=1andneN then
(x+£] +(y+lj +[Z+£J 23(Ej .
y z X 3
Marin Chirciu

Solutie

Pentrun = 0 se otine egalitatea3=3.

1 1 1
Pentrun =1 inegalitatea se scrie: [X+— +(y+—)+(z +—j >10, care rezulta din:
y z X

x+y+z+£+1+121+ 9

9 ) 1
=1+—=10, cu egalitate pentruX=y =2 =—.
Xy z X+Yy+12 1 3
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X" y" oz" o (X+Y+Z)
+—t—>
C 3"%*(A+B+C)

Pentrun > 2 folosim inegalitatea lui Hélder: , unde

X,Y,Z,AB,C>0sin>2.

Folosind inegalitatea lui H6lder obtinem:

jnm,z(x+iﬂ“w{z(wz“ﬂ" (Zoz)rzez))

n

> —_— = =

MS:Z(X+1

Yy - 3n—1 3“‘1 3n—1
X 7Y X 7))
1+3 - = 1+3+33 | —+33/] | = ]

[ ' +Zy+zy AGM( \/Hy \/HyJ (1+3+3-1+3-1) 10"
= 3n—1 2 3n—1 = 3n—1 = 3n—1 =
_ ?{Ej _Md.

3

Eegalitatea are loc dacd sinumaidacaX=y =17 = §

3) IfX,y,2>0, x+y+z=1andneN ,\A >0then

(x+&j +(y+&j +(z+&j 23(37&;) .
y z X 3

Marin Chirciu
Solutie

Pentrun = 0 se otine egalitatea3=3.

A A A
Pentrun =1 inegalitatea se scrie: [X+—j+[y+—j+(z +—j > 9\ +1, care rezults din:
y z X

N =1+% =9L+1, cu egalitate pentrux =y =2 = %

A A A
X+y+z2+—+—+—21+
X y z X+Yy+1z

X" y" oz" o (X+Y+Z)
>
B C 3(A+B+C)

Pentrun > 2 folosim inegalitatea lui Hélder: , unde

X,Y,Z,AB,C>0sin>2.

Folosind inegalitatea lui H6lder obtinem:
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ey R M H

A
Ms = X+—| 2> = =
Z( y 3n—1 3n—1 3n—1
1+ 1Y 24 2 " [1emens, 12 +2-34[]% i
y y) "M y y) (1+31+30+3})
= 3n—l 2 3n—1 = 3n—1 =
o +1)" " "
_ 2) =3(9“1) =3(3x+1j —Md.
3" 3 3

1
Eegalitatea are loc dacd sinumaidacaX=y =27 = §

Aplicatia23.

1) Ifa,b,c>0,ab+bc+ca+2abc>1 then find the minimum value of
P=va+1+vb+1+c+1.

Phan Ngoc Chau, Vietham, RMM1/2022
Solutie
Lema

Ifa,b,c >0 then

1 1 1

ab+bc+ca+2abc=1< + =
a+l b+1 c+1

Folosind Lema obtinem:

ab+bc+ca+2abc>1< ! + ! + ! <2,(1).
a+l b+1 c+1

Cu inegalitatea lui Hélder obtinem: Zizx/a +1Zx/a+1
+

Holder

> (Zl)3 =

1 3 ) 1 ) 27
&Sy —PP>2@3))eP Yy — 22T P >2——— .
> P P23 e Pty —.)
a+1

Din (1) si (2) rezulta:

N -
N |-

P> 271 22—27 = P? 22—27 =P 2%, cu egalitate pentru(a,b,c):(

N
N
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36 36
DinP > TJ_ , CU egalitate pentru(a,b,c) :( , j deducem cd Min P = ——ssi minimul este atins

I\)ll—‘

N| -
l\)ll—‘

pentru(a,b,C) = (%,%,%j )

2) Ifa,b,c>0,a+b+c+2=abc then find the minimum value of
P=va+l+vb+1l++c+1.

Marin Chirciu
Solutie
Lema

Ifa,b,c >0 then

a+b+c+2=abc < ! + ! + ! =1, (1). Folosind Lema obtinem:
l1+a 1+b 1+c

Holder

Cu inegalitatea lui Hélder obtinem: Z Z\/a-l- Z\/a-l-l > (Zl)

1 3 2 1 2 27
= P.P>(3Y = P2y = >27 = P> , (2).
ey prr (@ er Yt 0

a+l

Din (1) si (2) rezulta:

P> =P’>27T =P >3\/§ cu egalitate pentru(a b, C) (2, 2, 2).

27 27
T "1

a+l

l\)ll—‘
r\JIl—\
I\JII—\

DinP > 3«/5 cu egalitate pentru(a b, C) ( j deducem cdminP = 3\/§ si minimul este atins
pentru(a,b,c) =(2, 2,2).

3) Ifa,b,c>0,a+b+c+2=abc then

Ja+l+vb+1+Jc+1>33.

Marin Chirciu
Solutie
Lema

Ifa,b,c >0 then

at+b+c+2=abc < ! + ! + ! =1, (1).
l1+a 1+b 1+c

110


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2023 www.mateinfo.ro

Folosind Lema obtinem:

Holder

Cu inegalitatea lui H&lder obtinem: z Z\/a+ z\/a+l > (Zl)

oY LY A YAz (8) e (Tiart) X e 2r o (TVa) 2

l

a+l
(2). Din (1) si (2) rezulta:

() >

>20 o (S Vari) 227 = 3 Jari=33.

a+l
Egalitatea are loc dacd si numaidacda=b=c=2.

Aplicatia24.

1) Ifx,y,z>0then

X4

2§xyz.
J%+w+w+m 2

Konstantinos Geronikolas, Greece, Mathematical Inequalities 2/2022

Solutie.
Lema.

If X, y,Z>0then

\/x2+xy+ yZ + X s%(2x+ y+12).

Demonstratie.

Avem\/X2+Xy+ yZ +2X s\/(x+ y)(x+ z)AgM (x+y)42r(x+z) %(2x+ y+2).

Folosind Lema obtinem:

Ms = X4 Lina X4 _ 22 X4 Ho;ier ) (z X)4 i
\/x2+xy+yZ+ZX 1(2x+y+z) 2x+y+z  9) (2x+Yy+2)
2

zzﬂzi(Zx)BmM 1 (3 xyz)széxyz:Md
9-4)'x 18 18 2 '

Egalitatea are loc daca sinumaidaca X=y=2.

2) IfX,y,2>0,xyz=1andn e N,n > 2then
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X" 23
\/x2+xy+yz+zx 2
Marin Chirciu
Solutie.
Lema.
If X, ¥,z >0 then
XXy +yz + 2 s%(2x+ y+2).
Demonstratie.
5 A (X+Y)+(x+2) 1
Avem\/X +xy+yz+zx£\/(x+y)(x+z) < 5 s§(2x+y+z).
Folosind Lema obtinem:
X" Lema X" X" Holder (Z x)n
Ms = > — =2 > 2 =
Z\/x2+xy+ yZ + 27X Z;(2x+y+z) Z2x+ y+1z 3D (2x+y+12)

=2 (ZX) L (Zx)MA;M L (33xyz)n_1: L g3 md.

324> 'x 2:37 2:3"° 2:3"7 2
Egalitatea are loc daca sinumaidaca X=y=2.
Aplicatia25.

1) Ifx,y,2>0,Xx+y+2z=1then
X°(x+Y) 21

(y+\/§)2_54'

George Apostolopoulos,Greece, Mathematical Inequalities2/2022

Solutie.

Cu inegalitatileCBS si Holder obtinem:

. X (x+y) o X(X+y) o X v (ZX)5 _ (Zx)5 _
M Z(yJM/&)Z _Z(x+y)(y+z) Zy+z C21) (y+z) 27-2> X
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1
Egalitatea are loc daca sinumaidaca X =y =27 = §

2) IfX,y,2>0,Xx+y+z=1andne N,n>2then
Z X (x+ y)
(y+\/§) 54
Marin Chirciu
Solutie.

Cu inegalitatile CBS si Holder obtinem:

oy Xy e Ciy) _oox e (B (29
R P R ) (e ST Y CZE ) X

0% R T N

- 3n—2_2 - 2_3n—2 _3n

1
Egalitatea are loc daca si numaidacaXx=y =2 = 5

3) IfX,y,2>0,X+Yy+zZ=3andn e Nthen
X+
Z X" ( y)zzg_
(v+/zx)
Marin Chirciu

Solutie.

X+ 3
y > —, care rezulta din inegalitatea CBS:

o]

X+Yy Cis X+Yy _ 1 C>5 9 _ 9
(y+m)z_z(x+y)(y+z) 27Ty 23

Pentrun = Oinegalitatea se scrie: Z

3
>

X(x+Y)

(v++2x)
5 x(x+y)zcgsz( X(X+Y) -y X

(y+\/§) x+Y)(y+2) y+z 2

in continuare vom consideran > 2.

3
Pentrun =linegalitatea se scrie: Z 2> —, care rezulta din inegalitatea CBS:

Nesbitt 3

Cu inegalitatile CBS si Holder obtinem:
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Ms:z X" (x+Y) Cisz( X"(x+Y) ):Z X" Holder (ZX) (Zx)

(yedmx)  SOonlyes) “yvz © F7%(yv) §7 200
n-1
- V)
3.2 2

Egalitatea are loc dacd si numaidacax=y=2z=1.

Aplicatia26.

1) Ifa,b,c>0 abc =1then

(2a—b)4

2 a+2b =

Kostantinos Geronikolas, Greece,Mathematical Inequalitires2/2022

Solutie.

Folosim inegalitatea lui HSlder obtinem:

o (200 (S 2 (Sa) (Fa)' (Sl ()

3

a+2b 9> (a+2b) 9>3a 27>a 271 27
)
) 1-md.
27

Egalitatea are loc dac si numaidacsa=b=c=1.

2) Ifa,b,c>0abc=21andne N then

(2a—b)2n §
~— 7 _>1.
Z a+2b

Marin Chirciu

Solutie.

Folosim inegalitatea lui H6lder obtinem:

oy (22D e (22 b)) (Sa)"  (Ya)” (Xa)" e (s¥ebe)
a+2b  3?) (a+2b) F"*HBa FHa F - P

32!’1—1

Egalitatea are loc dacd si numaidacda=b=c=1.
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3) Ifa,b,c>0abc=1andne N then

3a-2b)" _ 3
Z( 2a+3l:)) °5
Marin Chirciu
Solutie.
Folosim inegalitatea lui H6lder obtinem:

(3a-20)" v ((3a-20))"  (Ya)" _ (Xa)" _(Xa) s (3¥/abc)

M=) o - 373 (2a+30) 3?3 5a 376y a 325 375

(3%)&1—1 32n71 3 d
= = =—=Md.
32n—2 . 5 32n—2 . 5 5

2n-1

Egalitatea are loc dacd si numaidacda=b=c=1.

4) Ifa,b,c>0abc=1andA>0, ne N then

Z((x+1)a—xb)2“> 3
ra+(A+l)b  2h+1

Marin Chirciu
Solutie.
Folosim inegalitatea lui HGlder obtinem:

((-+1)a=2b)" votwr (3((%+1)a-2b)) (Sa)" (Ta)”

Ms=2. ra+(+1)b  ~ 3> (ha+(h+l)b) Iy (2a+l)a I (2+1)da

2n

0 o P

_ > - - - —Md.
F2(n+1) © 3FI(20+1) 3ME(2a+1) 3FF(2h+1) 2h+1

Egalitatea are loc dacd si numaidacda=b=c=1.

Aplicatia27.
1) Fiex,y,z>0.In AABC

a’ 16 _,
> F-.
Zax+ y\/bc X+Yy

D.M.Batinetu-Giurgiu, Dan Nanuti, Romania,3 RMM2022,).2094

Solutie
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Cu inegalitatea mediilor si Holder obtinem:

AGM a’ ~ 23° Holder 2 (Z a)5 ~
HHS = Zax+yJ_ > 2 b+C_22ax+y(b+c) - 3Y (2ax+y(b+c))
2

ax+y
— 2(2&)5 B (Za)4 ~ (2p)4 B 24p4 _16p2_p2 Mitri;ovicM_
CF2(xry)da F(x+y) o (x+y) Fo(xry) 27(x+y)  27(x+y)
16p2r2_ 16 F?=RHS
X+y _x+y - )

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2) Fiex,y,z>0sineN".In AABC
Z a.4n+l (16) 3 an
ax+yvbc vy
Marin Chirciu

Solutie

Cu inegalitatea mediilor si Holder obtinem:

4n+l
g AGM g Z g Holder 2(2 a)

LH >
°= Zax+yJ_ Zax+yb+c 2ax+y (b+c) - 3y (2ax+y(b+c))
2

Z(Za)MM B (Za)4n _ (2 p)4n _ 24n p4n _ 3(2}“ p2n . p2n Mitr;ovic

:34”*1-2(X+y)2a _34n—1_(x+y) _34”*1-(x+y) 34n71.(x+ y) 3 X+Yy

Mitrinovics[zj4n ( p2 )n '(27r2)n _ 3(%)“ (27 pzrz)n ZB(EJM (27F2)n _3. 24n 33n F2n —

>
3 X+Yy X+Yy 3 X+Yy 3" Xty

:3-16 _inn:(E) iFZ":RHS.
3" Xx+y 3) X+y

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Aplicatia28
Ifa,b,c>0,a+b+c=3

Z\/b Z+bc+c? >3,

George Apostolopoulos, Greece, Mathmatical Inequalities4/2022
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Solutie

Folosind inegalitatea lui Holder obtinem:

a’ (Xa) (XZa) «

>
+bec +¢? ay/b? +bc + ¢? SZa\/b2+bc+c SZJ_\/a b*+bc+c?)

« (XZa) () (X
3\/26‘2 b2+c +abc 3\/Za > bc(b+c)+3ahc) S@ZaZbc

] <2a>3 (Za) <2a> DTN
\/ Zbc 3@ \/ */5

Egalitatea are loc dacd si numaidacda=b=c=1.

LHS =" Jbz

Aplicatia29
1) Ifa,b,c>0then
a N b N c_ 27
(b+c)’ (c+a)’ (a+b)’ 8(a+b+c)

D.M.Batinetu-Giurgiu, Bucuresti, THCS3/2022

Solutie

2 2 2
( ; ) (Z . j (3j
b+C CS b+c Nesbitt 2 9 SOS 27
LHS = Zb.,.c _Z > > = > =RHS.

a(b+c)  Ya(b+c) ~ 2)'bc 8)bc 8(a+b+c)
Egalitatea are loc dacd si numaidacda=b=c.

2) Ifa,b,c>0andA >0then
a b C 27
3+ 3+ 3 2 3 2
(b+ic)” (c+ra) (a+ab) (A+1)(a+b+c)

Marin Chirciu

Solutie

2 2 2
(oe0) o Zoese) vun (i23)
—Z b+A\c C>S b+Ac Ne;b“‘ A+l

a(b+ic) D a(b+rc) — (A+1)D bc -

LHS ="

9w 27
(A +1)3Zbc (n +1)3(a+b+c)2

b+kc

=RHS.

Egalitatea are loc dacd si numaidacda=b=c.
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3) Ifa,b,c>0andA >0,ne Nthen
a" b" c" 27
n+2 + n+2 + n+2 2 n+2 2
(b+2c) (c+2ra) (a+Ab) (A+1) " (a+b+c)

Marin Chirciu

Solutie

a n+l a n+l 3 n+l
(b + XCJ Holder (Z b + KC] Nesbitt (x + lj
LHS = z = => > >

a(b+ic) — 3>a(b+ac)  3H(A+1)D he

SOS
> U ~=RHS.

9
(2+1)"*>bc  (A+1)"*(a+b+c)

Egalitatea are loc daca si numaidacda=b=c.

Aplicatia30
1) Ifa,b,c>0then

Z—+J3Zbc nga.

b+c
Nguyen Viet Hung, Vietnam, Pure Inequalities3/2022
Solutie
Lema

Ifa,b,c > 0then

3
2
Z a Z(Za) _
b+c 6> hc
Demonstratie
Folosind inegalitatea lui Holder obtinem:

o e (e (T

b+c - BZa b+c) 6> bc

>

Folosind Lema obtinem:

LHS = 32— +4/32bcm_ma Zb +,/3Zbc 62bc+ JstH NS

b+c

2 3#2221)(: ~%\/3Zbc -%\/BZbc =%Za =RHS..
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Egalitatea are loc daca si numai dacda=b=c.

2) Ifa,b,c>0andA >0then

bi;c+cfla+ailb+ki1\/3(ab+bc+ca)ZW'
Marin Chirciu
Solutie
Lema
Ifa,b,c >0then
Z a’ > (Za)3 _
b+ac  3(A+1)) be
Demonstratie
Folosind inegalitatea Iui Holder obtinem:
D a’ -y a’ o (Za)a _ (Za)s
b+Ac a(b+ic) — 3> a(b+ic) 3(rA+1)>bc
Folosind Lema obtinem:
o (Sa)
HHS = Zb+xc x+1\/327bc‘ 3(r+1 Zbc+x+1\/327bc_
X L e
_3(x+1)2bc+x+1\/3m+>L_+1\/327bC y
o [ (Za]
Zsi/ 3(+1)> be ( x+1\/ﬁ (r+ 1@__ A=RAS.
Egalitatea are loc dacd si numaidacda=b=c.
3) Ifa,b,c>0then
a—2+—2+C—2+2\/3(ab+bc+ca)23(a+b+c).
b ¢ a
Marin Chirciu
Solutie
Lema

Ifa,b,c > 0then
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(Xa)
Z_ = 3Zbc
Demonstratie

Folosind inegalitatea lui Holder obtinem:

X a3 Holder Za ’ Za ’
2 "2y (32530 =(32b)c'

Folosind Lema obtinem:

LHS :z%zu 35 e Lga%:—a&m 3Zbc:%—ab)c+\/32bc+\/32bc 2

2 J \/SZbc J3Y.bc =3% a=RHS.

Egalitatea are loc dacd si numaidacda=b=c.

Sol2.(Sanong Huayrerai).

2 2 ensen 2
Z%+2\/3(ab+bc+ca) :Z%+2-3 /—ab+t;c+ca Jz Z%+6\/£+‘/§_CJ”/a _

-3 2y Ve - Z(—+J—+ j>zs,s/—J_J_ 3Y.a=RHS.

Egalitatea are loc dacd si numaidacda=b=c.

Aplicatii Tn triunghi.

4) n AABC
2 2 2
m: mZ m
m—:+i+m—i+2\/3(mamb+mbmc+mcma)23(ma+mb+mc).
Marin Chirciu
Solutie
Lema
If X, ¥,z >0then
2 2 2
X z
—+y—+—+2\/3(xy+yz+zx)23(x+y+z).
y 7z X

Demonstratie
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’ 2 ensen 2
ZX7+2\/3(xy+ yZ + 2X) =ZX7+2.3 /WE ZX_+6\/W+\/;/_Z+\/§:

y

:ZX—;+ZZ\/E=Z(X—;+\/E+MJA;M233/)(_;.\/@.\/@:3Zx.

Egalitatea are loc daca sinumaidacd X=y=72.
Sa trecem la rezolvarea problemei din enunt.

Folosind Lema pentru (X, Y, Z) = (ma, m,, mc) obtinem:

2 2 2
m m
—a+—b+—c+2\’/3(mamb +mym, +mm,) >3(m, +m,+m,).
mb mc ma

Egalitatea are loc daca si numai daca triunghiul este echilateral.

5) in AABC
w:oow: o ow?
=225 2 B, W+ W, ) 2 3(W, W, W, )
Wb Wc Wa
Marin Chirciu
Solutie
Lema

If X, ¥,z >0then

XZ y2 Z2
—+—+—+2,/3 >3 .
y+z+x+ \/(xy+yz+zx) (x+y+2)

Demonstratie

’ 2 ensen 2
Z:X7+2\/3(xy+yz+zx):Z:X7+2.3\/%ﬁJ2 ZX_+6\/W+ §/2+\/z_:

y

:ZX_;+2ZJE=Z(X—;+JE+MJA§M233/)‘_;.\/@.\/@zszx.

Egalitatea are loc daca sinumaidaca X=y=2.

Folosind Lema pentru (X, Y, Z) = (Wa, Wb,Wc)ob';inem:

wWow W
—2 2 4 2 [3(WLW, + W W, +WW, ) > 3(W, W, + W, ).
Wb Wc Wa

Egalitatea are loc daca si numai daca triunghiul este echilateral.

6) Tnh AABC
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2 2 2

rri+rl+rL+2pJ§23(4R+r).
b c a
Marin Chirciu
Solutie
Lema
If X, y,Z >0 then
X—2+y—2+z—2+2\/3(xy+ yZ+2X) > 3(X+Yy+12).
y z X

Demonstratie

’ 2 ensen 2
Z:X7+2\/3(xy+yz+zx):Z:X7+2.3\/%ﬁj2 ZX_+6\/E+ §/2+\/z_:

y

DRSEONCTES LININCY et CNTIES 38

Egalitatea are loc daca sinumaidaca X=y=2.

Folosind Lema pentru (X, Y, Z) = (ra, [ ) obtinem:

2 2 2
r’ roor
i+l+L+2\/3(rarb L +rcra) 23(ra +1, +rc), (1).
r-b rc ra

Folosind Zra =4R+rsi le’bl’C = p2, inegalitatea(1) se scrie:

2 2 2 2 2 2

L L 3p® 23(4R+r) <:>ri+ri+rL+2p\/§23(4R+r).
r-b r-c ra rb rc ra

Egalitatea are loc daca si numai daca triunghiul este echilateral.

7) Tn AABC
%+%§+E_§+2p\/%z%(pz+rz+4m).
Marin Chirciu
Solutie
Lema

If X, ¥,z >0then

XZ y2 Z2
—+—+—+2,/3 >3 .
y+z+x+ \/(xy+yz+zx) (x+y+2)
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2
X + 7+l ZX
s W Alyz +yax

Demonstratie
2 2 ensen
ZX—+2\/3(xy+yz+zx):ZX7+2-3’WJZ 27+ 3

y
:ZX_;+22J@22[X_;+JW+\/W)A§M23W=3ZX-

Egalitatea are loc daca sinumaidaca X=y=72.

Folosind Lema pentru (X, Y, Z) = (ha, h,, hc)obtinem:

J3(hh,+hh +hh ) =3(h, +h +h,), (1)

2 2 2
h—a+£+h—°+2
hb hc ha
_ P’ +r?+4Rr 2rp*> _
Folosind Zha = B a— si Z:hbhC = , inegalitatea(1) se scrie:
2 2 2 2 2 2 2 2 2
h—*‘+h—"+r]—°+2"3£ >3 PA TART h—a+h—b+h—°+2p,/g zi(p2+r2+4Rr).
h, h h R 2R h, h h R 2R
Egalitatea are loc daca si numai daca triunghiul este echilateral.
8) n AABC
tan"zé taan tanZE 3
+ 2 4 2+2\/§2—(4R+r).
C A p
tan— tan— tan—
2
Marin Chirciu
Solutie
Lema

If X, y,Z>0then

X2 y2 22
_+_+?+2\/3(xy+ yz+12X) 2 3(X+y+2).

Yy z

2
& gy

Demonstratie
2 2 ensen
ZX—+2\/3(xy+yz+zx):ZX7+2-3’WJZ 27 3

y
DRI WSy LONCENE D NS 38

Egalitatea are loc daca sinumaidaca X=y=2.
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Folosind Lema pentru (X, Y, Z) = (tan g ,fan g ,fan %j obtinem:

5 A , B ,C
tan’— tan’— tan’— B C A
2 4 CZ + AZ\ +2\/32tan—tan— >3) tan—, (1).
an— tan— tan> 2 2 2
Folosind Ztang = 4Rp+ r si Ztan gtan% =1, inegalitatea(1) se scrie:
tanZé taan tanZE AR 4T tanzé 3
2 4 2 4 2 1231>3 = 2+2\/§2—(4R+r).
B C A P B P
tan > tan 5 tan > tan —

Egalitatea are loc daca si numai daca triunghiul este echilateral.

9) n AABC
cotZé cotZE cotzg ARY. 3p
I§+ C2+ A2\+2 3(1+—)2—.
cot— cot— cot r r
2 2 2
Marin Chirciu
Solutie
Lema
If X, ¥,z >0then
XZ y2 Z2
—+—+—+2/3(Xy+Yyz+2X) > 3(X+y+1Z).
St A0y ey 20 280y +2)

Demonstratie

2 2 ensen 2
ZX7+2\/3(Xy+yz+zx) :ZX7+2-3 /—xy+3;z+sz2 zx_+6\/@+ g’”‘/&:

y

:ZX_;+2Z\/E=Z[X—;+\/E+\/EJA§M233/)‘_;.\/@.\/@zszx.

A B
Folosind Lema pentru (X, Y, Z) = (COtE , COtE ,cot %) obtinem:
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cotz'; cot? B cot? c

5 > \/ B_C A
+ + +2,[3) cot—cot— >3) cot—, (1).
cotz cot(z: cot';‘ 2 2 2

Folosind ZCotg = $ si Zcot—cot% = 4R+ , inegalitatea(1) se scrie:
ot A ot B oo © R+r_.p cot? & ARY . 3p
Lo —2+—2+ PN RASLSS LI —Z+2 3(1+—jz—.
cot— cot— cot— r r cot— r r
2 2 2 2

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Aplicatia31l

1) Ifa,b,c>0,abc=1then

\/ a \/ b \/ c 3
+ + >
b+c Ve+a Va+b al+b®+c®-1

Phan Ngoc Chau, Vietnam, RMM 4/2022.

Solutie

1 S 3

Punand abc =1linegalitatea se scrie > .
2 be(b+c)  Jal+b®+c-1

Folosind inegalitatea lui Holder avem:

1 25 27 <) 9 B 2
Z\/bc(bjtc)z\/bc b+c) 2.be(bc) (Zl) < LHS = ~ Y be(b+c) Zag‘—l_RHS '

27

> be(b+c) = Zag3 I 3(233 —1) >>"be(b+c) <

unde (1) <

< 3) a*~3>> be(b+c), care rezultd dinb® +¢* > be(b+c¢) < (b—c)’ > 0.
Ramane sa aratam ca:
3) a*-32 (b’ +c3) 3> a’-322> a’ < > a’ >3, adevarata din:

AGM

> a® > 3abc=3.

Egalitatea are loc dacd si numaidacda=b=c=1.

2) Ifa,b,c>0,abc=1then

\/ a \/ b \/ c 3
3 + 3 + 3 >
b+c Vc+a Va+b 3ai+bi+c3-1
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Marin Chirciu
Solutie
Punand abc =1linegalitatea se scrie Z 3 > 3 .
be(b+c)  Ya®+b*+c-1
Folosind inegalitatea lui Holder avem:
)N MR o B B of She(b+c)> (1) o
be(b+c)“~{ bc(b+c)“\ bc( b+c
(1)
LHS® > 81 ZZ =RHS?,
D be(b+c) D a’-1
unde (1) < 81 <3(Xa*-1)= be(b+c) <
> be(b+c) Za 17
< 3> a°-3>> be(b+c), care rezults dinb®+¢* > be(b+c) < (b—c)*>0.
Ramane sa aratam ca:
3y a’-32Y (b’+c’) < 3) a’-322) a° < Y a*>3, adevirata din:
AGM
Y'a® > 3abc=3.
Egalitatea are loc dacd si numaidacda=b=c=1.
3) Ifa,b,c>0,abc=1andneN,n>2then
\/ a \/ b \/ c 3
n +n +n >
b+c Ve+a Va+b Yat+bi+c®-1
Marin Chirciu

Solutie

1 3
> .
be(b+c)  Yal+bd+ci-1

Punand abc =1linegalitatea se scrie z n

Folosind inegalitatea lui Holder avem:

> et Y pl———>"bc(b+c 2(21)n+1

bc b+c bc b+c

n

n+l (1) n
LHS" > 3 3 =RHS",

~ Y be(b+c) Za3—1
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n+1l

> be(b+c) = zzz I 3(>a’-1)= Y be(b+c) <

unde (1) <

= 32a3 —BZZbC(bJrC), care rezults dinb® +¢* > bC(b+C) = (b—C)2 >0.
Ramane sa aratam ca:

32&3 —-3> Z(b3 +C3) = SZa3 -3> 22&3 = Za3 >3, adevirats din:

3 AGM
> a® > 3abc=3.
Egalitatea are loc dacd si numaidacda=b=c=1.

Aplicatia32
1) IfX,y,2>0,Xy+ Yz + zx > 3then find Min of

T g

3

v’ +3
Hoanghai Nguyen, Vietnam, THCS 5/2022
Solutie
X3 X3 X3 X3
P= = = > =
ZJyZ +3 Z\/y2+xy+ yZ + X Z\/(y+ X)(y+2) 2 (y+x)+(y+z)

2

3 3 2
Ly X e, (B0 (5 (D)3 s

X+2y+12 3D (x+2y+z) 34> x 6 6 2
Egalitatea are loc dacd si numaidacax=y=2z=1.

Deducem c3 minP=% pentru (X, Y, Z) = (1,1,1) .

2) IfX,y,2>0,Xxy+ Yyz+zx > 3then find Min of

X5
P= .
Z«/y2+3

Marin Chirciu

Solutie

x° x° X°

= = >
Yy exyryzeax L (y+x)(y+2)

_Z(y+x)+(y+ z)

2

P X
_Z\/y2+3
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x+2y+z 27y (x+2y+z) 27-4y x 54 S 54 2

oy X, (X (B0 (E0 e EEe) _@3

Egalitatea are loc dacd si numaidacax=y=2z=1.
. 3
Deducem ca mszE pentru (X, Y, Z) = (1,1,1) .

3) IfX,Y,2>0,Xy+Yyz+2x>3,andn e N then find Min of

2n+1

PZ\/yT

Marin Chirciu
Solutie
X2n+1 X2n+1 X2n+1 X2n+l
P= = = > =
Z\/y2 +3 Z\/y2+xy+ yZ + X Z\/(y+x)(y+z) 2 (y+x)+(y+2)
2

Ly X w, (T N (ST

X+2y+z 3" (x+2y+z)  F4AY x 2.3 T 2.3

(33) _3
2.3 27

Egalitatea are loc dacd si numaidacax=y=2=1.
. 3
Deducem c3 m|nP=E pentru (X, Y, Z) = (1,1,1) .

Aplicatia32

1) IfX,y,2>0,Xxyz =1then
8

ZX >1.

X+y+1

Konstantinos Geronikolas, Greece, Mathematical Inequalities 5/2022.

Solutie
Lema
Folosind inegalitatea lui Holder obtinem:

Holder (Z x)B @
LHS =" > — >1=RHS,
x+y+1 3P (x+y+1)
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8 =t
unde (1) < (2x) 21<:>(Zx)8236(22x+3)z<:>t8236(2t+3)<:>

3 (x+y+1)

< 1°—1458t - 2187 > 0 <> (t—3)(t7 +3t° +9t° + 27t* + 81t° + 243t* + 720t +729) > 0,

care rezultd din t >3, (vezit = X+ Yy +2 > 33/xyz =3, cu egalitate pentrux = y = z =1).
Egalitatea are loc dacd si numaidacax=y=2z=1.

2) IfX,y,2>0,xyz=1andn e N,n>2then

n

> X >1
X+y+1
Marin Chirciu
Solutie
Lema

Folosind inegalitatea lui Holder obtinem:

Hs =YX "% (2x) 1= RHS,
Xx+y+1 32 (x+y+1)

unde (1) < (2%) >1 e (Dx) 2377(2> x+3) e >3 (2t+3) <

3D (x+y+1)

<t"-2.3"t-3">0 <
(t=3)(t +3t" 2 + 31"+ B 13 4.+ 37 3771 4+377) 20,

care rezultd din t >3, (vezit =X+ Yy+2 23«3/xyz =3, cu egalitate pentrux =y =z =1).

Egalitatea are loc dacd si numaidacax=y=2z=1.

Aplicatia33
1) Ifa,b,c>0,abc =1then
>, 2.3
Ja+15 4
Konstantinos Geronikolas, Greece, Mathematical Inequalities5/2022.
Solutie
Avem:
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(a+15)+16 “~a+3l ~ 35 (a+31)
2

a3 _ Z\/ 4a3 A;M Z ( 4a3 . Z 8a3 Ho;jer 8(2 a)3

3
8 Za:t 3
unde (1) @La)ﬁ & % 32t° >9(t+93) < 32t° -9t -837>0 <

= (t —3)(32t2 +96t + 279) >0, care rezultd din: (t —3) >0, (vezit= Za > 33/abc =3, cu egalitate
pentrua=b=c=1).
Egalitatea are loc dacd si numaidacsa=b=c=1.

2) Ifa,b,c>0,abc=1andA >1then

a 3
_— >,
2
Marin Chirciu
Solutie
Avem:
3 AGM 7\,33 27\.3.3 Holder
LHS = . CSaraiol s
vy R e X
2
3 3
we_20(3a) 23 93 ..o unde (1)

- 3y (arali-1) 3(Xa+3(2a-1)) A

2(Ya) 3 T a3
®3(Za+3(2k2—1))_7» 3(t+3(22°-1)) 2

2k2t3—9t—27(2k2—1)20 IEN

o 048> 9(t +3(2% - 1)) N

P (t —3)(32k2t2 +60% +9(2k2 —1)) >0, care rezulta din: (t —3) >0, (vezit= Za > 33abc =3,
cu egalitate pentrua =b = ¢ =1)si conditia din ipotezd A >1.
Egalitatea are loc dacd si numaidacda=b=c=1.

3) Ifa,b,c>0,(a+1)(b+1)(c+1)=1andA>1then

a+1 3
Z hd

a+7b2
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Marin Chirciu
Solutie
Avem:
Noténd(a+l,b+1,c+1) :(X, Y, Z), problema se reformuleaza:
IfX,y,2>0,xyz=1and A >1then
x? 3
S
z\/x+x2 A
x° AGM e 29X Holder
LHS = = >
Zx/x%z \/;Lz sz +(x+22-1) Z:x+2x2—1
2
3 3
o (XN RN 98 g e

T (x+22-1) 3(Yx+3(2nl —1))

ZE 0 o a3
(X x+3(22-1)) A T 3(t+3(2n?-1)) 2

2k2t3—9t—27(2k2—1)20 IEN

o 048> 9(t +3(2% - 1)) N

P (t —3)(32k2t2 +60% +9(2k2 —1)) >0, care rezulta din: (t —3) >0, (vezit= ZX >33xyz =3,
cu egalitate pentru X = Yy = Z =1)si conditia din ipoteza A >1.
Egalitatea are loc dacd sinumaidacdx=y=z=1<a=b=c=0.
Aplicatia34
1) Ifa,b,c>0,a’h> +b°c’ +c’°a’ +a’v°c® = 4then
YJaS+2+3Yb°+2+3c5+2>333.

Zaza Mzhavanadze, Georgia, RMM 5/2022

Solutie
Lema

IfX,Y,2>0, Xy + YZ+2ZX+ Xyz = 4then

1 1 1
+ + =
X+2 y+2 z7+2

Demonstratie

1 1 1
+ +
X+2 y+2 742

=1 Y (y+2)(z+2) =] [(x+2) & D yz+xyz=4
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Folosind Lema pentru(X, Y, Z) = (a5,b5,c5) problema se poate reformula:

Ifa,b,c>0, L, 51 + 51 =1then
a+2 a+2 a’+2

Ya® +2+30° +2+3c5+2 >333.

Folosind inegalitatea lui Holder obtinem:

Zf/a5+2-23/a5+2.23/a5+2.z 1 >(Zl)4<:>(ZM)S'Z 12234<:>

a’+2 a’+
N (2\3/a5+2)3-12 oD’ +2 >33 o > a®+2 >33/3.

Egalitatea are loc dacd si numaidacda=b=c=1

2) Ifa,b,c>0,a"b" +b"c" +c"a"+a"b"c" =4then
Q/a“+2 +3’/bn +2+§/C“+2 >3%3.

Marin Chirciu
Solutie
Lema

IfX,Y,2>0, Xy + YZ+2ZX+ Xyz = 4then

1 1 1
+ + =1.
X+2 y+2 z7+2

Demonstratie

1 1 1
+ +
X+2 y+2 742

1D (y+2)(z+2)=][(x+2) & D yz+xyz=4.

Folosind Lema pentru(X, Y, Z) = (a”,b”,c”)problema se poate reformula:

1 1 1
+ +
a"+2 a"+2 a"+2

Ifa,b,c>0, =1then

Ya"+2+3b" +2+3c"+2 >333.

Folosind inegalitatea lui Holder obtinem:

Sar+2-Y Yan 2.3 Ya"+2- 1 >(21)4<:>(ZM)3-Z 12234<:>

a"+2 a"+

= (Z%/a" +2)3-1234 oY a2 <Y Ya 22333
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Egalitatea are loc dacd si numaidacda=b=c=1.

3) Ifa,b,c>0,a"v" +b"c" +c"a"+a"b"c" =4then
(‘/a“+2 +(‘/bn +2+(‘/c“+2 23(‘/§.

Marin Chirciu
Solutie
Lema
IfX,y,Z2>0,Xy+YyzZ+ zX+ Xyz = 4then
1 1 1
+ + =1.
X+2 y+2 z7+2
Demonstratie
CEE S S IR D (y+2)(z+2)=][(x+2) & D yz+xyz=4.
X+2 y+2 z7+2
Folosind Lema pentru(X, Y, Z) = (an,b”,cn)problema se poate reformula:
Ifa,b,c>0, ! + ! + ! =1then
a"+2 a"+2 a"+2
(‘/a“+2 +(‘/b”+2+(‘/c“+2 >343 .
Folosind inegalitatea lui Holder obtinem:
Sy fae Tl Y2 Y2 (XY
+
(Z\“/a” +2)4-Z ! >3 =
a"+2
4
o (Z\“/a" +2) 12F o Ja"+22 I3 o > da"+2 >343.
Egalitatea are loc dacd si numaidacda=b=c=1.
4) Ifa,b,c>0,a"b"+b"c"+c"a" +a"b"c" =4then
Va“+2 +Vb”+2+Vc“+2 >343 .
Marin Chirciu
Solutie
Lema

IfX,y,Z>0,Xy+ Yyz+2X+ Xyz =4then
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1 1 1
+ + =
X+2 y+2 z7+2

Demonstratie

1 1 1
+ +
X+2 y+2 7+2

=1 ) (y+2)(z+2) =] [(x+2) & D yz+xyz=4

Folosind Lema pentru(X, Y, Z) = (a",b”,c”)problema se poate reformula:

5) Ifa,b,c>0, ! + L + ! =1then
a"+2 a"+2 a"+2

Va“+2 +Vb”+2+Vc“+2 23%.

Folosind inegalitatea lui Holder obtinem:

zﬂ DR CRED I 2(21)k+1<:>(ZM)k.zan1+223"*1<:>

= (Z\k/a" +2)k 123 o Y a 2> 43 o S 12233,

Egalitatea are loc dacd si numaidacda=b=c=1.

Aplicatia35
1) Ifa,b,c,d >0,abcd =1then
a’ N b* c’ d* ﬂ
a+b+c b+c+d c+d +a d +a+b 3’
Neculai Stanciu, Buzau, RMT1/2022, O.I1X.355
Solutie
LHS = Z Ho;der ( ) (Z a)4 (Z a)3 AM;GM (4’\4/ abcd ) 43
a+b+c ~ 4> (a+b+c) 16-3Za_ 48 48 48
:ﬂ =RHS.
3

Egalitatea are loc dacd si numaidacda=b=c=d =1.
2) Ifa,b,c,d >0,abcd =1andn e N,n>2then
a" b" c" d"
+
a+b+c b+c+d c+d+a d+a+b

>4
3’

Marin Chirciu
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Solutie
L@ e (Y]  (Ya) (Za) o (44/abcd)"‘l_
Za+b+c ~ 4" (a+b+c) 473> a 4"*3 423
Y4 Rus.
4n -3 3

Egalitatea are loc daca si numaidacda=b=c=d =1.
3) Ifa,b,c,d >0,abcd =1landne N,n>2,A > 0then
a" b" c" d" 4
+ + + > .
ra+b+c Ab+c+d Ac+d+a Ad+a+b A+2

Marin Chirciu
Solutie
Avem:
an o (Sa) (Sa) (Sa)™ o (4\/abc )
LHS = Z = Thn2 = n2 = n2 = T2 (2 o)
Aa+b+c 4" (ha+b+c) 4" (A+2)>a 477 (A+2) 42 (h+2)
n-1
= 724 = 4 =RHS.
477 (A+2) A+2
Egalitatea are loc dacd si numaidacda=b=c=d =1.
4) Ifa,b,c>0,abc=1landneN,n>2,\ >0then
a" b" c" 3
+ + +> :
ra+b Ab+c Ac+a A+l
Marin Chirciu

Solutie

oy & e (Xa) (Za) _ (Xa) e (3abe)

ra+b ~ 37> (ra+b) 37-(A+D)da 37C-(h+l) ~ 32-(h+1)

33

= =——=RHS.
32 (A+1) A+l

Egalitatea are loc dacd si numaidacda=b=c=1.

Aplicatia36

1) Ifa,b,c>0then
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> 2

b+c

2%abc(a+b+c).

Konstantinos Geronikolas, Greece, Mathematical Inequalities 6/2022, Problem(40)

Solutie.

LHs - Z 5 Holder (Za)5 _ (Za)s —(Za)A(zl)%abc(a+b+c):RHS,

b+c — D (b+c) 27:2>a 272

(Xa) 1

72 >= acha = (Z a)3 > 27abc, care rezults din inegalitatea mediilor.

unde (1) < —~—

Egalitatea are loc dacd si numaidacda=b=c.

2) Ifa,b,c>0andneNthen

n+4

Za (a+b+c)".

b+c

Marin Chirciu

Solutie.

n+4 n+4 n+3
s Z al"* ot (>a) 2a)  (Xa 9 1 abc(a+b+c)" =RHS,

b+c = 37> (b+c) 372> a 372 2.3

(Za)”

3n+3 A 2

unde (1) <> 2= 13n abe(}] a)n < (X a)3 > 27abc, vezi inegalitatea mediilor.

Egalitatea are loc daca si numaidacda=b=c.

3) Ifa,b,c>0andneN, A >0then
n+4
a S 1
b+ic (A+1)-3"

abc(a+b+c)".

Marin Chirciu
Solutie.

LHs =3 2" (X" _ (Za)"  (Xa) e

b+ic — 3> (b+ic) 3-(A+1)Da 3 (A+1)

o
g 1

_mabC(a‘Fb‘FC)n = RHS,
+1)-
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(Za)n+3 .

1 n 3 .
unde (1) & T ~(/1+1) > (/1+1).3n abc(Za) = (Z a) > 27abc, vezi AM-GM.

Egalitatea are loc dacd si numaidacda=b=c.

Aplicatia37

1) Ifa,b,c>0then
5

za

zlabc(a+b+c).
b+c 2

Konstantinos Geronikolas, Greece, Mathematical Inequalities 6/2020,Problem(40)

Solutie.

LHs - Z a5 Holder (Za)5 _ (za)s =(Za)4(zl)%abc(a+b+c):RHS,

brc 3 3> (b+c) 27-2>a 27-2

4
unde (1) < % > %acha = (Za)3 > 27abc, vezi AM-GM.

Egalitatea are loc dacd si numaidacda=b=c.

2) Ifa,b,c>0andneNthen

n+4

> L (a+b+c)".
b+c 2.3

Marin Chirciu

Solutie.

n+4 n+4 n+3
LHs =3 & " () _ (e _(X3) o1 abc(a-+b+c)" =RHS,

brc ~ 3" (b+c) 3™-2>a 3.2 23

n+3
unde (1) < (§+?)2 > 2.13n abc(Za)n = (Z a)3 > 27abc, vezi AM-GM.

Egalitatea are loc dacd si numaidacda=b=c.

3) Ifa,b,c>0andneN, X >0then

an+4 1 n
> ab b )
Zb+/lc (2+1)-3 c(a+b+c)

Marin Chirciu
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Solutie.

LHS:ZbaM o (3a)"™ (>a)” (Xa)” o

¢~ 37 (b+ic) 370-(2+1)>a 37 (2+1)°

@ 1 n
2mabc(a+b+c) =RHS,
n+3
unde (1) & (Za) > L bc(Za)n = (Z a)3 > 27abc, vezi AM-GM.

3" (A+1) (A+1)-3
Egalitatea are loc dacd si numaidacda=b=c.

Aplicatia38

1) Ifa,b,c>0then
3

a 3
I — P
Zb2(5a+2b)_7

Kaltrin Surdulli, Pure Inequalities6/2022

Solutie.

Folosind inegalitatea lui Hoder obtinem:

3 3 3
b?(5a+2b)

> = = >Z = RHS

5E+2 32(5§+2j 3(523%] 3(5t+6) 7
3

,unde(1l) < t— > § < T2 —45t-54>0 < (t—3)(7t2 +21t +18) >0, care rezultd din
3(5t+6) 7

_ a AcM a _ a b c
tZB,(vemtzZ— > 33H—:3,cuegalltatepentru—=—=—<:>a:b:C).
b b b ¢ a
Egalitatea are loc dacd si numaidacda=b=c.
2) Ifa,b,C>Oandk,u20,Kz+uz;tOthen
3
> a >3 .
bz(ka+pb) A+

Marin Chirciu

Solutie.

Folosind inegalitatea lui Hoder obtinem:
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LHSZZbZ(xawb):Z (bj - ( bj ( bj :3(Mt+3},t)$

xzﬂu 32@2”) 3(x22+3u]

& (M) -t -27u>0 <

t3
>
3(7\.t+3},l) A+

,unde(1) <

= (t —3)[(k+u)t2 +3(k+u)t+9u] >0, care rezultd dint > 3,

a AcM , a a b c
(vezi t= ZE > 33 HB =3, cu egalitate pentruB =—=— < a=b=c)siconditiile din ipoteza
a

Cc
k,pZO,kzﬂf #0, care asiguré[(kJr;,t)tz+3(k+u)t+9u]>0.

Egalitatea are loc dacd si numaidacda=b=c.
3) Ifa,b,c>0andA >0then
3
> a >3
b*(a+Ab) A+1

Marin Chirciu
Solutie.
Folosind inegalitatea lui Hoder obtinem:
a : a : a ’
a3 (bj Holder [ij [ij t3 o 3
LHS:Zﬁzza S = = > =RHS
(a+Ab) B”‘ 32(2”‘) 3(2}%) 3(t+31) A+l

t3 .3
3(t+3n) A+l

,unde(1) < = (k+1)t3—9t—27k20 =

< (t=3)[ (A +1)t? +3(A+1)t+91 ]2 0, care rezulta dint >3,

a AV , a a b c
(vezi t = ZB > 33 HB =3, cu egalitate pentruB = P = 2 < a=Db=c) siconditia din ipotez3
A >0, care asigura [(X +1)t2 +3(7L +1)t + 97»] >0.
Egalitatea are loc dacd si numaidacda=b=c.
Aplicatia39
1) Ifa,b,c>0then
1 1 1 S 1

+ + > :
(1+2a)° (1+2b)° (1+2c)’ 3(1+2abc)
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An Zhenping, China, Mathematical Reflections 3/2022
Solutie.
Lema
Ifa,b,c > 0then
1 .1 b*c?
(1+2a)’ 1+2abc (ab+bc+ca)’

Demonstratie.

Cu inegalitatea lui Holder obtinem:

1+abc+abc 1+§+E l+§+E >(1+a+a) <
( )
b ¢ c b

ab+bc+ca ab+bc+ca

1+2ab
< (1+2abc) o o

>(1+ 2a)3 =

- I T b’c?
(1+2a)’ 1+2abc (ab+bc+ca)’

Folosind Lema obtinem:

1 Lema 1 b2C2 szcz cs

LHS:Z( >y = >

1+ 2a)3 1+2abc (ab+bc+ca)2 (1+2abc)(ab + bc+ca)2 -

1
s S(Xbe) 1
> 2 o= —RHS.
(1+2abc)(ab+bc+ca)”  3(1+2abc)

Egalitatea are loc dacd si numaidacd a=b=c=1.

2) Ifa,b,c,A >0then

S S SR
(h+2a)’ (r+2b)" (r+2c)’ 3(r+2abc)’

Marin Chirciu
Solutie.
Lema
Ifa,b,c,A > 0then
1 .1 b*c?
(h+2a)’ A+2abc (ab+bc+ca)’

Demonstratie.
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Cu inegalitatea lui Holder obtinem:

(2 +abc+abc) a2 d 248 2(X+a+a)3<:>
b b

c c
2.2
<:>(}HrZabC)ab+bc+ca.ab+bc+ca2(k+2a)3<:> 1 > 1 _ b°c y
bc bc (A+2a)" A+2abc (ab+bc+ca)
Folosind Lema obtinem:
ema 2.2 2.2
LHs = — L L_ 3 1 b’c _ > bc s

(A +2a)’ )+ 2abc (ab+bc+ca)’ - (%+2abc)(ab+bc+ca)’

1 2
s 5(2.0c) 1

> = =RHS.
(A +2abc)(ab+bc+ca)”  3(A+2abc)

Egalitatea are loc dacd si numaidacd a=b=c=A=1.

Aplicatiad0
1) Ifa,b,c>0then

Sidi Abdallah Lemrabott, RMM 9/2022

Solutie.

sy Sy a e 1 (B (5 ()

a+bh “a+b a+b 92(a+b) Z a+b) 9. ZZa ZZa:

3
:(283‘) +2§a(_1)6 RHS, unde(l)(za)

Notand Za =1 inegalitatea se scrie:

> 6, care rezulta din:

22

3
;—8+§ >6 <> t* ~108t+243> 0 < (t-3)’ (t*+6t+27)>0, egalitate pentrut =3.

Egalitatea are loc dacd si numaidacda=b=c=1.

2) Ifa,b,c>0then

5
Za +4 ZE.
at+b 2
Marin Chirciu

Solutie.
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po oyt y &y e (D (S (S,

a+b a+b 322(a+b)Jr > (a+b) 27 ZZa ZZa=

(Za) 16 415 (Za)4 18

Za =RHS, unde (1) & Za

Notand Za =1 inegalitatea se scrie:

5
> —, care rezulta din:

t* 18 15 2
TR & 17— 405t +972> 0 < (t—3)"(t°+6t" + 27t +108) 2 0,

54 t
evident cu egalitate pentrut = 3.
Egalitatea are loc dacd si numaidacsa=b=c=1.

3) Ifa,b,c>0then

Marin Chirciu
Solutie.
5
LHS:za6+5:Za_6+5Z 1 nge 4(2 ) (Zl) (>a) 9 _
a+b a+b a+b 3 a+b Z a+b) 81 ZZa ZZa

5
_ (Za) 45 (1)9 RHS, unde (1) < (Za) + 45 >9, care rezultd din:
162 ZZa 162 2> a

Notand Za =1inegalitatea se scrie:

5
;E +§ >9 < t°~1458t+3645> 0 <> (t—3)"(t* +6t° + 27" +108t + 405) > 0, evident.

Egalitatea are loc dac si numaidacsa=b=c=1.

4) 1fa,b,c>0andneN"then

Marin Chirciu

Solutie.
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n+1 n+l
NI YL U, ()" | U (%) >
a+b a+b a+th — 3 a+b Z a+b) T3 ZZa ZZa

_ (Za) 9n (1)3(n 1) RHS, unde (1) < (Za) on 3(n +1) adevdrata din:

2.3 ZZa 2.3t ZZa

Notand Za =t inegalitatea se scrie:

t" 9 _3
+
2.3t 2t
(t —3) ( t" 6"+ 271" +108t" +(n —1)3”72t + n-3“*1) >0, cu egalitate pentrut =3.

>>(n+1) = t"™—(n+1)3"t+n-3" >0 <

Egalitatea are loc dacd si numaidacda=b=c=1.

Aplicatiadl
1) Ifa,b,c>0,abc =1then
IRITE
a+24 5

Konstantinos Geronikolas, Greece, MathTime, Problem(85)

Solutie.

aS 5a3 AM —-GM 5a3 10&3 Holder
LHS = = > — >
Z\/a+24 Z\/25(a+24) Z25+(a+24) Za+49

Holder 10(2 )3 _ 10(2 )3 (;)EzRHS,

>

~ 3)(a+49) 3(Da+147) 5

3

a= 3

10(2a) (3I¢ 108 3 e o 1sssoe
3(>a+147) 5 = 3(t+147) 5

unde (1) <

< (t—3)(50t” +150t +441) 2 0 < (t—3) > 0, care rezulta dint = »_a>3%/abc =331 =3.

Egalitatea are loc dacd si numaidacda=b=c=1.

2) Ifa,b,c>0,abc=1andA >1then

3
Za— > E
a+ri-1 A
Marin Chirciu

Solutie.
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ral AM —GM rad m.a’ Holder
Y e e (A R T
2
we 20(Ya)  2a(Ya) w3 2n(Ya) 3
S S (arze 1) 3(Sarar 1) a el s )

Za:t 3
PN 2\ 2§<:>2x2t3—9t+27(1—2k2)20<:>

3(t+3(222-1)) 2
& (t-8)(2%° +61°1+9(20° ~1)) 2 0 < (t-3) 20, vezirt = ) a>3%abc =331 =3.

Egalitatea are loc dacd si numaidacda=b=c=1.

3) Ifa,b,c>0,abc=1then

Al
a+99 10
Marin Chirciu
Solutie.
a’ 10a® AM-GM 10a° 2033 Holder
LHS = = > == N =T
Zx/a+99 Z“\/1oo(a+99) Z100+(a+99) Za+199
2
3 3
older 2 2
o (Y] () ws
3> (a+199) (Za+199) 10
3

20 D ast 3

unde (1) < (Za) >3 o 20t zi < 200t* -9t -5373>0 <
3(Za+3-199) 10 3(t+199) 10
< (t—3)(200t* + 600t +1791) > 0 <> (t—3) >0, vezi:t = > a>3¥/abc =331 =3.
Egalitatea are loc dacd si numaidacda=b=c=1.
4) Ifa,b,c>0,abc=1andA >1then
Za—4 > E
Ja+a?i-1 A
Marin Chirciu

Solutie.
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a’ ra’ AM-GM ra? 2).a*  Holder
LHS =2, rﬂz_l‘z\/ﬁ(aﬂz_l) - Zx2+(a+x2—1)_Za+2x2—1 =
2
4 4 4
e 2 Zx(Za) _ Zx(Za) gé:RHS,unde(l)@ ZK(Za) .3
FYy (a+2n’-1) 9(Da+22’-1) 2 9> a+2’-1) %

2 5 (t N 32(7;;2 _1)) z% < 20— 27t +81(1—2k2) >0 <

& (t-8)(22%° +61°t° +18)t+ 27(21” ~1)) 2 0 & (t-3) 2 0,

care rezultd dint = Za > 33abc = 3§ﬁ =3.

Egalitatea are loc dacd si numaidacda=b=c=1.

5) Ifa,b,c>0,abc=1andA >1then

a° 3
z\/a+k2—12xl
Marin Chirciu
Solutie.
LHS = a® ra’ AM G ra’ B 208> rolder
_Zx/a+x2—1_z\/x2(a+x2_1) B Zk2+(a+k2—1)_Za+27b2—1 -
2
ot 27L(Za)5 B Zk(Za)5 03 e Zk(Za)s .3
Ty (ar22-1) 27(Da+2i-1) A C27(Ya+2i-1) A

Za:t 5
unde (1)< < 2 >3 o o ~81t+243(1-21°) >0 <

27(t+3(2x2—1)) A

& (1-3)(20°1* + 60°t° +18274° + 540t +81(2).° ~1)) 2 0 & (1-3) 20,

care rezultd dint = Za > 33/abc :3% =3.

Egalitatea are loc dacd si numaidacda=b=c=1.

6) Ifa,b,c>0,abc=1andA>1,neN,n>2then

n

Za—
Ja+a?-1

>3,
A
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Marin Chirciu

Solutie.

an }\’an AM -GM }\‘an ZXa” Holder
LHS =) — = > - >
Z«/a+x2—1 Z\/xz(a+x2—1) - Zk2+(a+k2—1) Za+27&-1 =

2
Holder Zx(Za)n o3 ~ 27\,(28)” 3
> 3”‘22(a+ 72 _1) ZX =RHS , unde (1) = 3 (Za+ T _1) > I
Lt 24" 3

® 327 1)) > = o 2 -3+ (1-22*)20 <

& (1-3)(2" 460" +180 "0 4.+ 2-3 N1+ 37 (217~ 1)) 2 0 = (1-8) 2 0,

care rezulti dint = Za >33/abc =3¥1=3.
Egalitatea are loc dacd si numaidacda=b=c=1.

Aplicatiadl

1) Ifa,b,c>0then

a 1
Z +
a2 +26bc a+b+c

4
>—.
3

Sidi Abdallah Lemrabott,RMM10/2022
Solutie.
Lema.

Ifa,b,c > 0then

Z a 23a+b+c.
3fa? + 26bc " 3

Demonstratie.

(Zﬁf > a(a’+ 26bC)H§er(Za)4 - [Z a2 f 260c T ) Zagj);bc) )

(s (Xa) ) (Xa) _
D a’+3-26abc (Za)3—3H(b+c)+78abc (Za)3—3(2a2bc—abc)+78abc

_ (Xa) wa

(> a)3 -3) ay bc+8labc 3

,unde (1) <
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= (23)3 —3%a2bc+81abc > Z:;a = 3(2a)3 > (Za)3 —3> a) bc+8labc <

3
P Z(Za) +3Z aZbC >8labc, care rezultd din inegalitatea mediilor:

Z(Za)3 +3> a) bc>2-27abc+3-9abc =8labc .

3
: a Za a /a+b+c
Din > = >3 .
(Z Ya’ + 26bc] 3 2 ¥a’ + 26bc 3

Folosind Lema este suficient sa aratam ca:

Za:t 3 a3
\/ 3 a+b+c 3 3t 3 3 3t 3 (3t 3 27t

ot* > (4t—3)" < 9t* —64t° +144t* ~108t + 27 > 0 < (t—3)" (9t* ~10t +3) > 0.

Egalitatea are loc dacd si numaidacda=b=c=1.

2) Ifa,b,c>0then

Marin Chirciu

Solutie.
Holder

R L po ey > .

(X (Xa) _ (Xa) _
2.a°+3-8abc (Y a) -3[[(b+c)+24abc (Y a) -3(YaY bc-abc)+24abe

(Xof

= >1,unde (1) <

(Za)3 —3) a>» bc+27abc
= (Za)3 >(> a)3 ~3) a) bc+27abc <> 3) a) bc>27abc <> » ay bc>9abc,

care rezulta din inegalitatea mediilor.

2
a a
Din Y—_— | 2l Y ——2>1.
[z Ja? +8bcj Z\/a2 +8bc
Egalitatea are loc dacd si numaidacda=b=c=1.
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3) Ifa,b,c>0andabc =1then

1 >ﬂ

Z(‘/a2+80bc Tatbic 3

Marin Chirciu
Solutie.
Lema.

Ifa,b,c > 0then

a /a+b+c
> .
Z(‘/a2+80bc 3

Demonstratie.
Holder

(Zﬁf}:a(aﬁmbc) > (M) = (Zi‘/aZESObchZZa((%izObc):

(Xa) (Xa) _ (Xa)
Za +3-80abc (Za) —3[ J(b+c)+240abc (Za)s—3(Za2bc—abc)+240abc
(Za) o(Xa)
(> a)3 ~3) a> bc+243abc 9

,unde (1) <

< (Za)s—3g2bc+81abc > (Zga) = Q(Za)3 Z(Zaf —3> a> bc+8labc <

= 8(2&)3 +3Za2bc > 243abc, care rezultd din inegalitatea mediilor:

8(2 a)3 +3> a> bc > 8- 27abc +3-9abe = 243abc.

Din(z«/a +80bcj (ZBa] Zé/azfsomzﬁ'

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema este suficient sa aratam ca:

[atb+c 1 42“\F 1_4 \F 4 1 t (4 1)2 t _(4t-3)
+ — -2 2ot 2o | &2 PR
3 a+b+c 3 3't°3 N33t 33t 37 o

3td 2(4t—3) < Ot°—16t? +24t—-9>0 < (t—3)(3’[2—7t+3)20, care rezultd dint >3,

(vezi inegalitatea mediilor si abc =1).
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Egalitatea are loc dacd si numaidacda=b=c=1.

4) Problema se poate dezvolta.
Ifa,b,c >0andabc =1then

a 1
Zi"/a2+242bc+61+b+C

2
3

Marin Chirciu
Solutie.
Lema.

Ifa,b,c > 0then

a a+b+c
Z > .
$fa? + 242bc " 3

[2—5 = +az42bcj >a(a’® +242bc)Ho§er(Za)6 =
vt em o m
Ya?+242bc)  Dla(a’+242bc) D a’+3-242abc (Y a)’-3[](b+c)+726abc
_ (Za) o(Xa)
(> a)3 -3) aY bc+729abc 27

N (Za)s _Bgzalgbc o (22:?) =27(3a) 2(3a) -33 a> be+729abe

= 26(2 a)3 +32a2bc >729abc, care rezulta din inegalitatea mediilor:

Demonstratie.

\

,unde (1) <

Y

26(> a) +33 aY bc > 26-27abc +3-9abe = 729abc .

5 3 3
Din[z a j Z[Za] :>Z a 25(a+b+c) .
$la? + 242bc 3 $/a? + 242bc 3

Folosind Lema este suficient sa aratam ca:
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3
5(a+b+c} . ﬂ E _>_ >___ (ﬂ_;) -
3 a+b+c 3 3t

3 _ 5
L )
27 243t°
(t—3)(9t" +54t° +81t° — 781t" +1497t° ~1269t* + 543t —81) > 0, care rezulti dint > 3,

< ot° > (4t —3)5 <> 9t® —1024t° + 3840t* —5760t* + 4320t* —1620t + 243> 0 <

(vezi inegalitatea mediilor si abc =1).
Egalitatea are loc dacd si numaidacia=b=c=1.

5) Ifa,b,c>0then

2
y——2 23[23] ,
§a? + 728bc 3

Marin Chirciu
Solutie.
[ij > a(a’ +728bc)Hmzder(Zzal)7 =
(SN S S 2 M
Ya?+7280c ) ~ Y. a(a’+7280c) Ya’+3-728abc (Y a) -3[[(b+c)+2184abc
= (Za)7 (é)(Zaf unde (1) <
(Za)S—SZaZbc+2187abc 81 '
(Za)7 > (Za)4 =N 81(2&1)3 > (Za)3 ~3) a) bc+2187abc

PN
(Za)g —3) a) bc+2187abc 81

= 80(2:&)3 +32 aZbC >2187abc, care rezulta din inegalitatea mediilor:

80(>a)’+33 a3 bc >80-27abc +3-9abc = 2187abc.

Din[z\/a +728bcj (%aJ [z\‘5/a2+a728b(jZLZ‘;’aJZ:>

2
Lo 22]
§la? +728bc 3

Egalitatea are loc dacd si numai dacda=b=c.

6) Ifa,b,c>0andneN,n>2then
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R +(:n Do Z(Z;]

Marin Chirciu
Solutie.
ZV""Z +(:” ~1)be (et +(3 -1)be) = (Ta) =
SRS NN S .. SRR . S
Q/a2+(3”—1)bc >a(a’+(3"-1)bc) Y a°+3(3" ~L)abc
_ (>a)” ) (>a)” o(Xa)” o

(Za)3 _BH(b+C)+3(3n —1) abc - (Za)3 _3Zazbc+3n+1abc = g2

< oy —B(Zzazbwr?“abc > (%iz _ =37(Ya)2(Ya) 33 aY be+3"abc

= (3”_2 —1)(2 a)3 +32 az bc > 3™ abc, care rezults din inegalitatea mediilor:

(3”’2 —1)(2 a)3 +3) a> bc> (3”’2 —1) .27abc +3-9abc = 3" abc.

DinLZQ/a2+(:"1)bc] >(Z3a]“:>zq/a2+(:“l)bc 2(2361]2'

Egalitatea are loc dacd si numaidacda=b=c.

Aplicatia42

1) Ifa,b,c>0then
a

—_—>1.
Z\3/a3 +26b%

Sidi Abdallah Lemrabott,RMM 102022

Solutie.

) Dol T (e ot e B

151


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - IUNIE 2023 www.mateinfo.ro

(X (X e
> a*+26abcy b >a*+26abcda

4
unde (1) < S (JrZZ:Ga)cha >1 < (Za)4 >Y a‘+26abc) a <

o al +4Zab(a2 +b2)+62a2b2 +12abc> a> Y a’ +26abcy a <

o 4Zab(a2 +b2)+62a2b2 >14abc) a < ZZab(a2 +b2)+32a2b2 >7abc) a, vezi:

AM-GM SOS
2y ab(a’+b*)+3> a’h® > 2> ab-2ab+3) a%h’ =7y a’h’ >7abc) a.
Egalitatea are loc dacd si numaidacda=b=c.

2) Ifa,b,c>0then

a
_2>1
Z\“/a4 +80b%c?

Marin Chirciu

Solutie.

S

Holder

4
j Za(a4+80b202) >

a * S (Za)s ~ (za)S (>1)
- (Z 3/3‘4 +80b*c? j B Za(a“ +80b2C2) - Zas +808.bCZbC >1,

5
Ja* +80b%c? (Za) -

(Z )5 ° 5
unde (1) < S+ 80ab0S b - >1<(Da) =) a®+80abc) be <

o yat+ SZa(b4 + C4)+loza3 (b2 + cz)JrZOacha2 +30abc bc> > a® +80abcy be <
SZa(b“ + c“)+1OZa3 (b2 +c? ) +20abc> a® > 50abc e, care rezults din:

SZa(b4 +ct ) +10> a° (b2 +c? ) +20abcy a’ e 5> a-2b’c’ +10 a’-2bc +20abc> a* =
=10abc) bc+10abe) a* +20abc a? SESIOabCZ bc+10abc b +20abc) be =

=50abc bc.

Egalitatea are loc dacd si numai dacda=Db=c.

Aplicatia43
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1) InAABC
r or®
2 e +6r:rbrC +r "R
Marin Chirciu, IneMath12/2022
Solutie
Lema.

If X, Y,z >0then

%))
2 3+6xyz+z ((ZX)S 15xyz)

Demonstratie

s e (3 o (%

Y bxyz+2°  9(2) % +18xyz) 9(2(Zx)3 —48xyz +18xyz)

=
18((2 x)3 —15xyz)

Egalitatea are loc daca sinumaidacd X=y=2.

Am folosit mai sus (1):

AM-GM

(x+y+z)3=x3+y3+z3+3(x+y)(y+z)(z+x) > Xty +28+3-2xy-2fyz -2z =
=X +y* +7° +24xyz :ZXSS(ZX)3—24xyz.

Folosind Lema pentru (X, Y, Z) = (ra, I, rc) obtinem:

Z Lga (Z I’a )4 B (4R + r)4 Gerretsen
3 =

2 >
+6r rbr +1; 18((Zra)3—15rarbrc) 18((4R+r)3—15rp2)

Ger;tsen (4R + r)4 _ (4R + r)2

> 18{(4R+r)3_15rr(‘m”)zj_m((mw) 15rj_

R+r R+r

_ (4R+r)2(R+r) E;erR+r_27r2:3r2(R+r)E;er9r3.
18(4R2+5Rr—14r2) 18 R? 2R? 2R?

Am folosit mai sus:
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(4R+r)’ Euler 271

(4R*+5Rr-14r*) — R’ < 16R* +8R°r —107Rr* —135Rr* +378r* 20 <
+5Rr —14r

= (R - 2r)(16R3 +40R?r — 27Rr? —189r3) >0, evident din inegalitatea lui Euler R > 2r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

2) InAABC

z h 36r"
h+6hhh +h® R _dor
Marin Chirciu
Solutie
Lema.

If X, y,Z > Othen

4

I 2

(
>
V' +60z+2 1g(( Y x) 15wz )

Demonstratie

gt e (0 g (3

+ 6xyz +2° 9(22x3 +18xyz) - Q(Z(ZX)3 —48xyz +18xyz)

=
18((2x)3 —15xyz)

Egalitatea are loc daca sinumaidacd X=y=2.

Am folosit mai sus (1):

AM-GM

(x+y+2)’ =X +y + 2 43(x+y)(y+2)(z+x) > 4y 22 +3-2\xy - 2\fyz-2V2x =
:x3+y3+z3+24xyz:>ZX3S(ZX)3—24xyz.

Folosind Lema pentru (X, Y, Z) = (ha, h,, hc) obtinem:

. p2+ri+4Rr )
Z h : Le;na ( z ha ) B 2R Gerretsen
h2+6hhh +hd S 2, 2 : 292
b a'h''c c 18((Zha) 15hahbhc) 18[( p™+ r2R+ 4Rr) _15. 2r P J
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4
Ger;tsen (gr) 9r4 36r4

3 9R’ T OR*_40r°
18((?) —15~27r3] 2[8—5r3j

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Aplicatiad4

1) Ifa,b,c>0then

a+b+c a+b+c a+b+c

Ql(aa+ba+ca)(ab+bb+cb)(a°+b°+c°)2a 5 4+b % +4c

Jose Luis Diaz Barrero, Spain, Arhimede Journal 1/2023
Solutie

Folosind inegalitatea lui Holder obtinem:

Holder
> Ya*a’a® +bb° +Ycicc® =

LHS =g/(aa +b? +ca)(ab +b° +cb)(a° +b° +c°)

a+b+c a+b+c a+b+c

=a ® +b 3 +c 3 =RHS.

Egalitatea are loc dacd si numai dacd a=b=c.

2) Ifa,b,c,X,y,z>0then
a+b+c a+b+c a+b+c

g/(xa+ya+za)(xb+yb+zb)(x°+y°+z°)ZX o4y 3 o4z 3

Marin Chirciu
Solutie

Folosind inegalitatea lui Holder obtinem:

Holder

> E/XaXbXC+%/yaybyc+$/ZaZbZC —

LHS :g/(xa+ya+za)(xb+yb+zb)(x° +yc+z°)

a+b+c a+b+c a+b+c

=x 3 +y ?® +z % =RHS.

Egalitatea are loc dacd si numaidacd a=b=csix=y=z.
3) Ifa,b,c,x,y,z>0,a+b+c=3,Xx+Yy+2z=3then
g/(xa+ya+za)(xb+yb+zb)(x°+y°+z°) > 3.

Marin Chirciu

Solutie

Folosind inegalitatea lui Holder obtinem:

Holder

> E/Xaxbxc_'_%/yaybyc_'_glzazbzc —

LHS :§/(xa+ya+za)(xb+yb+zb)(x° +y° +2°)
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a+b+c a+b+c a+b+c

=X 3 +y 3 +z % =x+y+z=3=RHS.

Egalitatea are loc dacd si numaidacd a=b=c=1six=y=2z=1.

Aplicatia45

1) Ina,b,c>0then
a’(a+b+c)
>

9
2 c(b+c)’ T4

Neculai Stanciu, Romania,41RMM-Summer2024

Solutie

( . )2 ( . jz
?(a+b+c) b+c) ¢ Zb+c
LHs = 227058 _(asb+c) T AREC) S(apac)n Rt
b+c) (a+b+c) - (a+b+c) Tibic

2Nesbitt 2
:(Zij > (ﬂ _9 _RHs.
b+c 2 4

Egalitatea are loc dacd si numai dacd a=b=c.

2) Ina,b,c>0andXA >0then
2
a(a+b+c)> 9

2 c(b+ac)”  (A+1)"

Marin Chirciu
Solutie
2 2
(o) 2\ i)
2
LHS = a(a;bi:):(am+c)zb+¢czs(a+b+c) b+dc, _
C(b+7\,C) C a+b+c
2 . 2
:(z a j“}“( 3 ) -9 _RHs.
b+Ac A+1 (A +1)
Egalitatea are loc dacd si numaidacd a=b=c.
3) Ina,b,c>0andA>0,neN,n>2then
Za”(a+b+nc)2 9 _
c(b+xc) (A+1)
Marin Chirciu

Solutie
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a \ a \
a+b+c) (b+kcj Holder (Zb+kcj
LHS = b AT 7 > b S~ O FPAMI

:1(2 ajNeSZbittl(3): 9 _RHS
32 b+\c 32\ A +1 (A+1)"

Egalitatea are loc dacd si numai dacd a=b=c.

Aplicatiad6

1) Ifx,y,2>0,xyz=1then
5

ZX >1.

X+y+1

Konstantinos Geronikolas, Greece, Mathematical Inequalities2/2022, Problem(03)

5 5
Holder (ZX) (ZX) (>1)1: RHS,

x+y+1 = 3 (x+y+1) - 27(22x+3)_

LHS ="

(ZX)S t5 5 5
unde (1) & —=+——21c— 217 2>254t+81 < t7-54t-81>0 &
27(2) " x+3) 27(2t+3)

= (t —3)(t4 +3t3+0t? + 27t + 27) >0,carerezultd din t >3, (vezi:t =X+y+2 23§}xy =3).

Egalitatea are loc dacd si numaidaca X=y=2z=1.

2) IfX,y,2>0,xyz=1then

X+y+1
Marin Chirciu
5
LHS = g X9 (XA >1=RHS,
x+y+1 3 (x+y+1) 243(22x+3)
7
(ZX) >1 LZ].@H2486t+729<:>t7—486t—72920

et S 232y x3) " 243249

P (t —3)(t6 +3t° +0t* + 2713 + 81t% + 243t +243) >0,care rezultd din t > 3, (vezi:
t=x+y+2z>33xyz =3).
Egalitatea are loc dacd si numaidaca X=y=2z=1.

3) IfX,y,2>0,xyz=1andne N,n>2then
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n

X
>1.
Zx+y+1
Marin Chirciu
X" Holder ( X)n (z X)n @

LHS = > = >1=RHS, unde (1
2y TPy (x+y+l) 37(2).x+3) unde (1
<:>2(Z“—X)21<:>n_2t—21<:>t“23”2(2t+3)<:>t”—2~3"‘2t—3“‘120<:>

3%(2) x+3) 3" (2t+3)
= (t —3)(t”’1+3t”’2 +0t" 3 4. 432+ 32 +3”’2) > 0,care rezults din t >3, (vezi:
t=X+Yy+2z2>33xyz =3).
Egalitatea are loc dacd si numaidacda X=y=2z=1.
4) 1fx,y,2>0,xyz=1 andA > 0then
3 x° .3
X+y+L A+2°
Marin Chirciu
5 5
LHs =3 — X "% (20 _ (XY 93 g
X+y+h P (x+y+r) 27(2Q x+3h) A+2
5
5
unde (1) < (ZX) > 3 Dt ¢ > 3 Dt
27(2) x+3k)  A+2 T 27(2t+3)) A+2
= (k+2)t5 >162t + 243\ < (7»+2)t5 -162t —243. >0 <
(t=3)[ (A +2)t" +3(A+2)t°+9(A+2)t* + 27(A+2)t +811 |2 0,
care rezultd din t >3, (vezi:t = X+ Yy +2 > 33xyz =3).
Egalitatea are loc daca si numaidaca X=y=2z=1.
5) IfX,y,2>0,xyz=1 andA >0then
3 X’ .3
X+Yy+A A+2°
Marin Chirciu

o e (S0 (S0 ws

X+y+h 3D (x+y+r) 243(2) " x+31) A+2 B
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S0 .3 v

243(23 x+31) A+2  283(2+3r) r+2

unde (1) <

< (A+2)t" >1458t +2187A < (AL +2)t" —1458t 21870 >0 <

(t —3)[(% +2)t°+3(A+2)t° +9(A+2)t* + 27 (A + 2)t° +8L(A +2)t* + 243(h+ 2)t + 729%] >0
care rezultd din t > 3, (vezi:t =X+ Yy+2 ZBW =3).

Egalitatea are loc dacd si numaidaca X=y=z=1.

6) IfX,y,2>0,xyz=1landneN,n>2,A>0then

X" 3
2 X+Y+A - A+2
Marin Chirciu
LHS =Y X1 g (2x) (2x) 2 3 _RHS, unde (1)

X+y+h 3 (Xx+y+24) - 3”’2(22x+3k)_K+2

o — (2X) >3 o - v >3 < (A+2)t"237(2t+3)) <
377(2) x+3%)  A+2 T 3E(2t43h)  A+2

(k+2)t" -2.3""-3"\ >0
= (t—3)[(k+2)t"‘l +3(A+2)t" +9(A+2)t"° +..+ 3 (A +2)t? +3”‘2(X+2)t+3”‘1k] >0
,care rezultd din t >3, (vezi:t = X+ Y+ 2z > 33/xyz =3).

Egalitatea are loc dacd si numaidacd X=y=2z=1.

Aplicatiad?
1) Ifa,b,c>0,a+b+c=3then
1 1
+3 >6.
Za3+b3 Zab(a+b)
Daniel Sitaru,RMM 2/2023
Solutie
Lema
Ifa,b,c>0,a+b+c=3then
1 3 S 16

ai+b’ ab(a+h) (a+b)
Demonstratie
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1.3 1 +3_1(1+ij_
a’+b° ab(a+b)_(a+b)(a2—ab+b2) ab(a+b) a+bla’-ab+b® ab)

1 1 11 1 )eewwon 1 (14+141+1) 1 16
= 2 ct ottt ] 2 ) 2 = ) 2=
a+bla“—ab+b° ab ab ab a+b a"—ab+b“+3ab a+b a“+2ab+b
1 16 16 1 1
= 3, Cu egalitate pentru— =— < a=b.

“a+b (a+b) (a+h) “ab+b? ab

Sa trecem la rezolvarea problemei din enunt.

Folosind Lema obtinem:

1Y 9
1 1 Lema 16  Holder (Za_'_bj cs Z(a+b)
3 > > 16 ~——2 >16. =~ 7~ -
Z 3 i Zab(a+b)

a®+b° (a+b)’ 9 9

—16(2%&J :16-(2?3j3 —16-@93 =6.

9

Egalitatea are loc dacd si numaidacda=b=c=1.

2) Ifa,b,c>0,a+b+c=3then

s L iyl
2<—ab

a?+b?
Marin Chirciu

Solutie
Lema
Ifa,b,c>0,a+b+c=3then

1 1 4

5 >+ > 5 -
a“+b- 2ab (a+b)
Demonstratie
1 1 Bergstrom (1+1)2 4 ' 1 1
T 2> SR = 5, Cu egalitate pentru -——=—<a= b.

a‘+b° 2ab a“+b°+2ab (a+b) +b*  2ab

Folosind Lema obtinem:

1 Lema

ab

e (e )

3 3

2y

a +b2
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BESEMEN

Egalitatea are loc dacd si numaidacda=b=c=1.

Aplicatia48
1) Ifa,b,c>0then

2
a 1
Z 2 725
a“+3ab+2b° 2
Phung Quyet Thang, Vietnam,THCS 2/2023

Solutie

a2

Avemn 2, 2+3ab+2b2 Z(a+b)(a+2b)'

Folosind inegalitatea lui Holder obtinem:

2

Z(a+b)(a+Zb)Za(a+2b)Z(a+b) >(>a) .

a’ a(a+ a+ (Zaf - (za)3
Z(a+b)(a+2b)2( #)2.(a+b)2 >a(a+r)y(ath) (Yaf2ya

Egalitatea are loc dacd si numaidacda=b=c.

I\Jll—\

Solutie2

7

S A ey gl 2 s 22)  wm

a’+3ab+2b> “a a2+3ab+2b2) - Zaz(a2+3ab+2b2)_2

(Zaz)2 >1 >at+2> a%’ J1 -
Zaz(a2+3ab+2b2) Za +32a3b+22azb2 2

o 2) at+4)y ah? =) at+3> ah+2> ah’ < D a'-3) ah+2) ah’ >0 <

o Z(a“—3a3b+2a2b2)20 N Zaz(az—SabJerz)zo < Y a’(a-b)(a-2b)>0,

unde(1) <

care rezult3 din inegalitatea lui Schur X' (x—y)(x—z) >0, undeX,y,z2>0si r>0, r=2.
2) Ifa,b,c>0then
2
a 3
Y=
a“+4ab+3b° 8
Marin Chirciu
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Solutie

2 a.2

AVemzaz +4ab+307 Z:(a+b)(a+3b) '

Folosind inegalitatea lui Holder obtinem:

a2

Z(a+b)(a+3b)2a(a+3b)2(a+b) >(>a) .

2

a a(a+ a+ (2 ) () =
Z(a+b)(a+3b)Z (a+30)2 (a+b)> > a(a+3b)> (a+h) (Za2+32ab)-22a

(Xa) o3 (Za) .3

2 at+3yan) 8 "M T oTarrayan) 8

= 4(2&2 + ZZab) > 3(2&2 +3Zab) = Zaz > Zab, inegalitate cunoscuta.

Egalitatea are loc dacd si numaidacda=b=c.

3) Ifa,b,c>0and\ >2then

a’ 3
>
Za2 +(A+1)ab+ab® 2(A+1)

Marin Chirciu
Solutie
a’ a’
A T ) ab Ab ~ 2{asb)(as7b)

Folosind inegalitatea lui Holder obtinem:

2

z(a+b)(a+kb)za(a+kb )> (a+b) (Za) .

a’ a(a+ a+ (Zaf (Zaf _
Z(a+b)(a+kb)Z (a+3b)2 (a+b)> Y a(a+ib)> (a+h) (Za +kZab) 2> a
(Zof o 3

(Za +k2ab) 2(L+1)’

unde (1) < (Zi\zira}L)Zab) 5 k3+1 < (A +1)(Za2 +22ab)23(2a2 +7»Zab) =

= (X—Z)Zaz > (%—Z)Zab, care rezultd din ipoteza A > 2si Zaz > Zab, evident.
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Egalitatea are loc daca si numai dacda=b=c.

Aplicatia49
1) Ifa,b,c>0then

a.5

3
> .
zbz\/(az +3ab+b?) VO

Phung Quyet Thang, Vietnam,THCS 2/2023
Solutie
Lema

Ifa,b,c > 0then
2 2 5 2
a’+3ab+b gz(a+b) .
Demonstratie
Avema’ +3ab +b? S%(a+b)2 = (a—b)2 >0, cu egalitate pentrua=>b.

Folosind Lema obtinem:

Zbz\/(a2+3ab+b2)3>sz\/ﬁ(a+b)2}3 ZbZ(a+b) 505 5\/_

5 (1) 3

a5

3
Z , vezi Holder:
(a+bj 545 5J§ a+b) "8

unde (1) <

Holder

DI M PR

a+b

o w(Zan) [ (%) =) ey

3
sz a+b)’ dabda  Dabda  Dabda >abya BZabZa g
Egalitatea are loc dacd si numai dacda=b=c.
2) Ifa,b,c>0and\ >2then
a’ . 3
0* (e +hab+b7) (AF2)NA+2
Marin Chirciu
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Solutie
Lema

Ifa,b,c > 0then

szz(am)z_

a® +\ab+b?

Demonstratie

A+2

Avema’ +iab+b’® < 1 (a+b)2 = (7»—2)(a—b)2 >0, cu egalitate pentrua=bsauA =2.

Folosind Lema obtinem:

a° S a° _ a°
bz\/(azjtxaberz)3 _sz\/[?(am)?}s sz(azbj (k+2)\/m

@)
>

® 5
g 3 a 3

22—, unde (1) < > =
(k+2) — unde zbz(a+bj3.(x+2)m (K+2)«/7»+2
2

a5 Holder

3 a?
@Zng,vezmolder: > 7 SZabZa > (Z—J

care rezulta din inegalitatea lui Holder:

o SN (B 5] e

a+b

3
sz a+b)’ dabda  >abda  dabda >abya 8Zab2a 8
Egalitatea are loc dacd si numaidacda=b=c.
3)Ifa,b,c > 0then
a >
b*J(a* +7ab+b?)"
Marin Chirciu
Solutie
Lema

Ifa,b,c > 0then
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a’+7ab+b? s%(a+b)z.
Demonstratie
Avema’ +7ab+b? < %(a+ b)2 = 5(61—b)2 >0, cu egalitate pentrua =Db.

Folosind Lema obtinem:

5 5 5

]

a
bz\/(az +7ab+b?)’

O
—~
QD
+
oy
SN—"
I

w
oy
N
VR
QD
N |+
O
N———
N
\‘

5
unde (1) < Z a > l Dt Z% > §, veziHolder:
a+bY’ 9 8
b? > 27

Holder

DI M P

a+b

v [ | (] (3ay
Z a’ Hol;ier(za-pbj C>5 Z(a+b) _ ZZa _ (22] =1 (Za)s
b?(a+b)’ Sab>a  Sabda  Sabda >abda 8>abda

Egalitatea are loc dacd si numai dacda=b=c.

3
-
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