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1. Solutions and hints of some problems from the 

Octogon Mathematical Magazine (III) 

 
by D.M. Bătineţu-Giurgiu, Bucharest, Romania 

 

Neculai Stanciu, Buzău, Romania 

 

and 

 

Titu Zvonaru, Comăneşti, Romania 
 

 

 

 

 
 

 By well-known formulas and Bergström’s inequality we have  
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  By well-known formulas and Bergström’s inequality we have  
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3) As above we deduce that 
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4) As above we deduce that 
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5) As above we deduce that 
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and the proof is complete. 

 

 

 

 
 

 By Bergström’s inequality and AM-GM inequality we obtain 
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and we are done.We have equality if and only if cba  , and the proof is complete. 

 

 
 

 By Bergström’s inequality we deduce that 
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and we are done. 

 

 

 

The product 


 
n

k

k

1

1 )12(  it contains the factor 2 at  first power (since for any 2k , 

12 1 k   is odd). If 4n , then !n  contains the factor 2 at the power at least 2. Hence 

3n . Finally, easily we get   3,2,1n . 

 

 

 
 The given equation is written successively 
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0]2sin)15cos(2cos)15)[sin(15sin( 000  xxxxx  

0)215sin()15sin( 00  xxx . 

Therefore we have the solutions 
00 18015  kx , 00 180153  px , i.e. 00 15180  kx and 00 560  px   

with Zpk , . 

The solution is complete. 

 

 

 
 Using ))()(()( 22 accbbacba  , then  

sRrCABCABaccbbacba 4))()(()( 22  , q.e.d 

 

 
 Solution 1. We can assume that cba  . By Chebyshev’ s inequality we deduce that 
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The solution is complete. 

 

 

http://www.mateinfo.ro/


REVISTA ELECTRONICĂ MATEINFO.RO ISSN 2065-6432 – NOIEMBRIE 2014 www.mateinfo.ro  

 

 

6 

 

 
 By Bergström’s inequality we deduce that  
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which is an inequality stronger than  inequality to prove. The solution is complete. 
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The proof is complete. 
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By Gerretsen’ s inequality we have 222 516 rRs  , so it remains to show that 

RrrR 242 22  , which yields by 22 4rR  and RrR 22   ( rR 2 , is well-known 

Euler’ s inequality). Our proof is complete. 
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which after some algebra becomes 

  05)3()( 222  bbaba , true. We have equality iff ba  . 

 

 

Considering the injective function   ttf t 
2

2)( , 0t , the given equation is equivalent 

with    )1(22log sin

2  xff tgxx , and it remains to solve the equation 

                                                         1sin 222  xtgxx , 

 which we let this the last equations like an exercise to readers ( a solution is 0x ). 

 

 
If we consider the injective function ttf t  7)( , 0t , the given equation is written as 

follows    )224(log)53(log 77  xxxx ff , therefore it remaint to solve the 

equation 22453  xxxx . For 1x   we have 22453  xxxx . 

We found 1x , but  what happens for 1x  (we let this like an exercise to readers). 

 

 
 Using the injective function ttf t  2)( , 0t , then the equation to solve is written as 

  )13()1(log 2

2  xfxf , so 213 )1(2  x
x

, with the solutions 01 x  and 12 x . 
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Written the equation to solve as below 
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and than using the injectivity of the function ttf t  2)( , 0t , we obtain that             

                                          )1(log)12( 2

2  xx . 

Hence, 1)1(log2 2  xxxx , and then from the injectivity of the 

function ttg t  2)( , 0t , we deduce that xx xx  1212 . The last 

equation has the solutions 01 x and 12 x  (because x  is strictly concave and 12 x  is 

strictly convex). The solution is complete. 

 

 

 Since 112 z , we deduce 0x  and analogous 0, zy . If 1x then 213 y , so 

1y  and then 1z . Therefore 1,, zyx  or 1,, zyx . By squaring and adding the 

equations of system we obtain 
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We have 0322  xx , 0322  yy , 0322  zz . 

If 1,, zyx , then 0)1(,0)1(,0)1(  zzyyxx  and (1) has no solution. 

If 1,, zyx , then 0)1(,0)1(,0)1(  zzyyxx  and (1) has no solution. 

Hence  )1,1,1();0,0,0(),,( zyx . We are done. 

 

 
 

 The equation to solve is written as follows 
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Using the injectivity of the function 2

6log)( tttf  , 0t , we obtain that 

2332  xxx . The last equation has only two solutions, namely 01 x  and 12 x  

(since the function xx 32   is strictly convex and the function 23 x  is linear). The 

solution is complete. 

 

 

 
 Considering the injective function ttf t  22)( , 0t , the given equation is written as 

   )cos()cos(coslog2 xafxf  , and it remains to solve the equation )cos(cos2 cos xxa  , 

which we propose like an exercise to the readers (a solution is 0cos x ). 

 
 Considering the injective function tatf t  2)( , 0t ,the given equation is written as 

   )2(34)1(log  xfaxaf a , and it remains to solve the equation 

34)1(2  axaa x , which we propose like an exercise to the readers (a solution is 

3x ). 

 

 
 

The given equation is equivalent with 
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log 2342
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.  

Considering the injective function tttf 2

2 log)(  , 0t , the given equation is written 

as )22()17( 2  xxfxxf .  

Therefore it remains to solve the equation 

                    2217 2  xxxx 1)1(17 2  xxx .  

Denoting 01  tx , we obtain successively  
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       072228)1(81 45822424 tttttttttt  

0)75553)(1( 234567  tttttttt .  

The last equation has only one positive solution 1t .  

Hence the given equation has only one solution 2x . 

 

 
 

 We considering the injective function tttf 5log)(  , 0t , the given equation is 

written as   )52(32
222 xxxxxx ff   , and it remains to solve the equation 

xxxxxx  
222

5232 , which has the solutions 01 x  and 12 x . 

 

 

 
 We considering the injective function ttf t  23)( , 0t , the given equation is written 

as    )625(log)49(log 33

xxxx ff  , and it remains to solve the equation 

xxxx 62549  , which has a solution 2x  (we ask the readers there are others?). 

 

 

 
 

 The equation to solve is written as  

                           2

3

2

3 33log33log 




 





  xxxx ,  

and because the function 2

3log)( tttf    is injective (since is increasing for 0t ) we 

obtain that 
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Denoting tx   we have to solve the equation 233 tt  , with 32 t  and 0t . 

After squaring the last equation yields that  
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                          0)3)(2)(1(066 224  ttttttt ,  

and because 21 t  and 
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t  doesn’t satisfy the relation 32 t , and 
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t , we deduce that the equation has one solution, and this is 1x .  

The solution is complete. 

 

 
 

 We consider the function 2

2log)( tttf  , 0t , which is strictly increasing so is 

injective. The equation to solve  is written as follows 
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solution 4x ,  because the function 5
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(since the exponents are negative). We are done. 

 

 

 
 Using the injective function tttf t  22)( , 0t , the given equation is written like 

that 
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                             0)54()2(02047 2224  xxxxxx ,  

which that happens only if 2x , which verify the equation.  

Hence, we get the solution is 2x . The solution is complete. 
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 Considering the injective function ttf t  4)( , 0t , the equation 
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By AM-GM inequality we obtain 

2

1

212


 x

x

x

x
 and nxxnxnx n n

n

nn 


1...111...111
1

   

2

1
)1(log21 4  nnxxnnxx nn .  

Hence 1x , and we are done. 

 

 

 
 

 We have 0x . We consider the function tttf 2log)( 2   ( 0t ) which is increasing 

so is injective and the equation to solve becomes 
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x , we have 1
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x
x . Also we have 123 32  xx , because the last 

inequality is equivalent with 0)12()1( 2  xx . 

Hence, we obtain the only one solution, and this is 1x . 

The solution is complete. 
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 Using the the injective function ttf
t

 22)(  ( 0t ), and the fact 

xxxx 4cos6cos5sinsin2  , the given equation is wrriten as follows 

                                          )6cos1()4cos1(loglog 22 xfxf  ,  

so it remains to solve the equation 
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which we let it to readers as exercise. 

 

 

 

 
 

 Written the equation to be solved as below 
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Hence, we find one solution, and this is 2x . We are done. 

 

 
 

 The given equation is writting as 
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,  

and like in the solution of PP.20280 we obtain the solution 1x . 

 

 

 
 

 The equation to be solved is equivalent with the following 
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We consider the injective function  

                                          42
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and the equation from above is written as  
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so we must to solve the equation 
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Applying the inequality of meens we obtain 

2
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11131111
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xx
xxx , 

which yields 2x . Hence the given equation has the solutions 2x , and we are done. 

 

 

 
 

 Using the injective function ttttf  2

2log)( , 0t , the given equation is written as 

follows   )2(2 12  xx fxf . Hence, xxx xx 222 212   , with solutions 21 x  

and 42 x . The solution is complete. 
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 The equation to solve, i.e. 3223 4)1(2)(8 xxxxxx xxx  , 

 is written successively as follows 
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0)22222)(2( 222  xxxxx xxxxxx  

0)2)(2)(12(0)]12(2)12()[2( 22  xxxx xxxxxxx . 

Hence we obtain the solutions 4,2,0 321  xxx . The solution is complete. 

 

 

 

 
  Considering the injective function tttf t  2log)( 3 , 0t , the equation to solve, i.e. 
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     )cos3()cos85(cos 3 xfxxf  xxx cos3cos85cos 3   

0cos3cos2cos45cos 2  xxxx 0cos3)2cos1(cos45cos  xxxx  

02coscos4cos5cos  xxxx 02coscos42cos3cos2  xxxx  

0)cos23(cos2cos  xxx   0cos2)3cos4(cos2cos 2  xxxx  

0)1cos4(2coscos 2  xxx   01)2cos1(22coscos  xxx  

0)12cos2(2coscos  xxx . 

Hence, 0cos x , or 02cos x , or 
2

1
2cos x . 

We obtain the solutions 


























 ZkkZkkZkkx 








64
2

2
 . 

The solutions is complete. 
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  We have 

     )3)(2)(1(6116 23  xxxxxx , )4)(3)(1(1298 23  xxxxxx and 

                                       )5)(3)(1(15239 23  xxxxxx .  

The condition of existence is 

                       3]1,(]5,3[)1,(]4,3[)1,(]3,2[]1,(  x . 

The equation is 

                 )3)(2)(1(  xxx )4)(3)(1(  xxx )5)(3)(1(  xxx ,  

so we obtain the solutions 11 x , 32 x  and remains to solve the equation 

                    1)4)(2(2542  xxxxxx ,  

which has no solutions in condition 1x , and we are done. 

 

 
 The equation to solve is written as follows 

                                  0)6)(5)(4)(3)(2)(1(  xxxxxx ,  

so it has the solutions 6,5,4,3,2,1 654321  xxxxxx . The solution is 

complete. 

 

 

 
 From given equation, i.e.  

                    3152152152 444444  xzzyyx , 

we have  

                     44 1532 yx   , 

 which yields that  44 1532 yx  . 

Denoting  44 1532)( ttf   we obtain that )(),(),( xfzzfyyfx  . 

So ))(( xfffx  , and because the function f  is increasing  yields that the fixed 

points of the function fff   is the same with the fixed points of the function f . 

Hence, we have to solve the equation  

                           44 1532 xx     xx  2153
4

4 ,  

and denoting 154  tx  , then 
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       0325427617)3( 23444  tttttt  

0)163)(2)(1( 2  tttt .  

Hence 2,1 21  tt . Finally we get 1 zyx  and 14 zyx . 

The solution is complete. 

 

 
 

 Considering the injective function ttttf 23332)(  , 0t , the equation 

             
2

log
)2(

)432(
593323

2322

2
235354 2424







 

x

x

x

xxx
xx xxxx  ,  

is written 

                                             )35(
2

log 24

23 









xxf

x

x
f .  

Therefore, it remains to solve the equation 

                                           35
2

log 24

23 


xx
x

x
, 0x . 

If )2,1(x , then 135 24  xx  and 1
2

log
3

1

2 232





 x

x

x

x
; 

If ),2()1,0(  x , then 135 24  xx  and 1
2

log
3

1

2 232





 x

x

x

x
. 

Yields that the only possible 11 x  and 22 x  which are indeed solutions. 

This completes the proof. 

 

 

 
For to solve the equation  

                                          
2

3
log10392

22

24




x

x
xxx ,  

we consider the injective function 2

2 22log)( ttttf  , 0t .  

Then the equation to solve is written as  

                                                     )3()2( 2 xfxf  .  

So, 0232  xx , and we get the solutions 11 x , 22 x . 

The proof is complete. 
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 The given equation is equivalent with 

                            6432

2

3

6 342213522121
1

11
log xxxxx

x

xx





.  

Considering the injective function 

                                           2

6 32log)( ttttf  , 0t ,  

the equation to solve is written as  

                                          )66()11( 23  xfxxf .  

So we must to solve the equation 6611 23  xxx . 

We get the solutions 11 x , 22 x , 33 x . The proof is complete. 

 

 
 

 Considering the injective function ttttf  32 loglog)( , the equation 

                            225
22

85
log

2

85
log7

2

3

2

2

2 








 xx

x

xx

x

xx
x ,  

becomes 

                           )22()85( 2  xfxxf .  

So we must to solve the equation  

                                                      22852  xxx ,  

which by squaring becomes               

                       072844110 234  xxxx  0)84()3( 22  xxx . 

 Hence 3x , and we are done. 

 

 

 
 Considering the injective function ttttf  32 loglog)( , the equation 

                                           x
x

x
x

xx 31
3

1
log

3

1
log3 2

3

2

2

3 
















 ,  
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Becomes 

                                                                 )3()13( 3 xfxf  .  

So it remains to solve the equation xx 313 3  , which has all roots real for e.g. 











2

1
,01x , 








 1,

2

1
2x . So, you find the solutions using Cardano’ s formulas. 

 
 

 

 We prove the given inequality, i.e.  

                                                         24

)12)(1(

1

3!






nnnn

k

k ,  

 by mathematical induction (MI).  

First, is easily demonstraded by (MI) that  

                                                       (1) 412 )1(3  kk . 

Second we prove by  (MI) that 

                                                        (2)  4

2

3!

k

k  .  

For 2,1k  it is verify that (2) is true. 

 We suppose that  4

2

3!

k

k   is true and by (1) yields that 

                               4

)1(

4

12

44

222

333)1(3)1(!)!1(





kkkk

kkkk . 

Using (2) and the identity 
6

)12)(1(

1

2 




nnn
k

n

k

 , we obtain what we must to prove. 

The proof is complete. 

 

 

 
 

 Using the inequality 22 )4(3 rRs  (see for e.g. the item 5.5. from Bottema) to show 

that 

                                           322 )4()2(3)2(4 rRrRsrRr  ,  

it suffices to prove 

     322 )4()2()4()2(4 rRrRrRrRr   
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232322 32816)24()4()2(4 RrrrRRrRrRrRrRr  ,  

which is true because rRRrrR 2168 22  . The proof is complete. 

 

 

 

 Since  abRrrs 422  and 



a

abc
Rr

2
 the given inequality becomes 

                                     22)4(
2

6 


 













 aRrR

a

abc
ab  

 


































a

abc
abr

a

abc
abaR

36
22

2
 

  abcabaa

abcaba

r

R

62

3

4

1

2 3








, and because rR 2 , it is enough to prove that 

        abcabaabcabaa 32484
3

   

  abcabaa 2794
3

   

abcabcabbaabcabbaa 2727992412124 22223    

abcabbaa 30334 223   , which is true because 

abca 33  , abcba 32  , abcab 32  , and we are done. 

 

 

 
 If 3y , then 4! My  , so 22! 4  My , and from the first equation we get 1x , then 

0!y , contradiction. Therefore 3y . We obtain the solutions 

 )3,3,3();2,2,2(),,( zyx , and we are done. 

 

 
 We have 0)()(22)( 2222222  cbacbacbassma . 
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Denoting by F the are of triangle ABC , and using the well-known formulas 

                       
R

abc
csbsasssrF

4
))()((  , Rrrsab 422  , 

 we obtain  













   222

)(

))()((

)(

)()( Fs

csab

csbsasss

csab

bssass

ab

mm

ab

ba

 

                
















 

s

abc
Rrrs

Fs

abc
ab

F

3
4

11 22

22
 

               
22

22
22

2

812
4

1

rs

Rrrs

s

Rsr
Rrrs

F











 , q.e.d. 

 

 

 

  
Adding the equations of the system we obtain 

                0)84()3()84()3()84()3( 222222  zzzyyyxxx ,  

and because 

                                           04)2(84 22  xxx ,  

we have the solution 3 zyx . The solution is complete. 

 

 

 
  We prove first that for any Ra  we have 02224  aaa . Indeed,               

                          )1(2)1)(1(22 224 aaaaaaa  

                                                    0)22()1()2)(1( 2223  aaaaaa , 

 with equality for 1a . 

Adding the equations  of the system we obtain 

     0]2424168[0)42229( 22   xxxxxxx  
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0]242)4()4[( 2  xxx

   0242)4()4( 24 xxx . 

Therefore, by above we deduce that  

                                                   1444  zyx .  

Hence 5 zyx . The solution is complete. 

 

 

 

 
 

 If we consider the injective function  

                                                    tttttf  23

3log)( , 

 the equation 

                                6432

3 282162266819
2

3

6
log xxxxx

x

x









 , 

 it is written in the form 

)6()9( 2 xfxf  . So, xx 692  , i.e. 3x , and we are done. 

 

 
 

 We have  

      xxxxxxxx 2coscossin)cos(sin32cos)cossin3( 2222222   

)sin)(coscossin5cos3sin3( 222244 xxxxxx   

xxxxxx 422466 cossin2cossin2sin3cos3   

)sin1(sin2sin3)sin1(cos2cos3 246246 xxxxxx   

xxxx 4646 sin2sincos2cos  . 

If  we consider the injective function 23 22)( tttf t  , then the given equation, i.e. 

                                  02cos)cossin3(22 22sincos 22

 xxxxx ,  

becomes )(sin)(cos xfxf  . 

Therefore, xx sincos  , which yields 


kx 
4

, Zk  . 
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The condition of existence is LHS 0  7x , and also RHS 0     12,1x . 

Because 7 and 12 no verify the given equation the solutions is in interval )12,7( . 

Squaring the equation we deduce 

      039643221227 234  xxxx  

0)363616)(11( 23  xxxx ,  

and because  

           0180)6)(2)(12(363616 23  xxxxxx , for any )12,6(x ,  

we obtain 11x . The solution is complete. 

 

 

 
  Denoting tgxa  , tgyb  , tgzc   the given system becomes 

                                       


























































2

)1(3

2

)1(3

2

)1(3

3

1

1
1

3

1

1
1

3

1

1
1

c
a

b
c

a
b

ac

c

cb

b

ba

a

.  

We obtain 
4

)13(3

2

2

33
13











 



a

a

c , which yields 

                                        
5

3

2

4

39
13










 


 a

a

a . 

Therefore, the system has the solution 
5

3
arctgzyx  . We are done. 
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  If we make the substitutions 1,1,1  zzyyxx  , we obtain the system from 

the problem PP.20316. Proceed as there we obtain the solutions 

0 zyx , 15 zyx . The solution is complete. 

 

 
 

  Denoting axx  562  and bxx  1492 , the given ecuation, i.e.  

                                525252 )19152()149()56(  xxxxxx  ,  

becomes successively  

    5432234555555 510105)( babbababaabababa   

0)2)((50)22(5 222233  abbababaababbabaab  

0
4

3

2
)(5

22
























bb
abaab .  

Square brackets is canceled if 0 ba , what does not happen.  

Hence 0)19152)(149)(56( 222  xxxxxx , so we obtain solutions 







 


4

7315
,

4

7315
,7,2,5,1x , and we are done. 

 

 
 

 The given equation  has no solution, because LHS 8)1111)(11(  . 
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The equation )3521(349325159 xxxxxx   is writing  

0)57)(37(3)53( 2  xxxxxx , and because xx 37   respectively xx 57   have the 

same sign, follows that )57)(37( xxxx   is positive. Therefore, we get the only one 

solution, 0x . 

 

 

 
 Writting the equation on the form 

                       )23(log23)6(log6 32

6

325

6

5 xxxxx xxxxxxx  ,  

and using the fact that the function tttf  6log)( , we obtain  

                      0)3)(2(236 32325  xxxxx xxxxx .  

Hence we obtain the solutions 

4,3,2 321  xxx . The solution is complete. 

 

 

 

 Let   *,0:  Rf  ,













4
)(

x
tgxf , convex on ),0(  , and then by Jensen’s inequality 

we have 








 


3
3)()()(

CBA
fCfBfAf 




12
4

444

CBA
tg

C
tg

B
tg

A
tg   

                                                                               )32(3
12

3  tg , q.e.d. 

 

 
 

 The given inequality is not true in all triangle, for e.g. if we take an equilateral triangle 

with the length side 1, then 
2

3
s ,

3

3
R ,

6

3
r , and we have 

28727
6

14

12

7

4

9
147 22  Rrrs , false, and this completes the proof. 
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  The inequality to prove is written 

       0
)2(26

1

)2(9

)2(2

3

1
22

2










ab

b

baa

aba
 

0]44108484)[(0
2)2(9

)(4 2222

22

2










 babaabbaabba

ab

ba

baa

ba

018)( 2  aba , which is true with the condition 0 ba . The solution is complete. 

 

 

 
  The inequality from the statements is equivalent with 

(i) )(2 22 baba   and (ii)    )(21222 baba  . 

(i) 0)(02)(22 2222222  babababababa , true. 

(ii) abbababababa 4)(22)2(2))(223( 22222222  , true, and we 

are done. 

 

 
 

  After multiply with 2  the inequality to prove becomes 

                     2222 6))(2())(2()( ababbaaba .  

By AM-GM inequality we obtain that 

      


  
2

)2)((
))(2())(2()( 222 baaba

babbaaba  

 


 )444(
2

1
)343(

2

1

2

2 222222
222

abbabaabba
bab

 

  abaabaa 24222 222
, so it is suffices to prove that 

                        222 624 aabaaba , which is true.  
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The equality occurs iff cba  . Q.E.D. 

 

 
 

  Because 
Rr

Rrrs

Rrs

Rrrss

abc

a

bc

a

2

63

4

)63(2 222232 






 ,  

then the given inequality, i.e. 



R

rR

bc

a )2(22

,  is equivalent with  

22222
22

144863
24

2

63
rRrsrRrRrrs

R

rR

Rr

Rrrs






. 

By Gerretsen inequality we have 22 516 rRrs  , so it is suffices to show that 

rRrRrrRrrRr 24214516 222  , i.e. Euler’s inequality. Q.E.D. 

 

 

  Since, 1cos2 kx  and, nkx
n

k


1

2cos , we deduce that  

1cos1cos2  kxkx . Therefore, 
k

n
xZ

k
xZkx


  , nk ,1 , Zn . 

 

 

 
  Denoting 52 ax  , 512 bx  , 574 cx  , the given equation, i.e. 

  8374122
5

555  xxxx , is written successively  
55555555 )()( baccbacbacba   

 baaccbaccbaccbaccbaba 34432234 )()()())[((  

0]4322  babba . We obtain 1220  xxba , so 11 x  and it remains to 

solve  4432234 )]([)]([])([)]([ accbaccbaccbaccba  

043223  babbaba   43223 )()(4)(6)(4 cbcbacbacba  
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 3222223223 )()(2)()(3)(3 accbccbaccacbccbaccbcaca  

0)( 4322343  babbabaccbc . Since, 
3223 accaca   432234 babbabac  ))(( 3223 cbccbbcb  

)())(( 32 cbacbcba  , we obtain cb  7412  xx , which yields 32 x , 

and it remains  cacbccbbacabcabcabaa 2322322223 333484664  

 2322333223222 2233 abcbccbbccbcaccbccbacabc  

03222  acabaacabc

0555105101055 22222233  cbabbcabcbaaccaca  

0)2)((5 222  bbcabaccacaca  (1) 

Hence, 0742  xxca , so we obtain 
5

9
3 x . 

The second bracket from (1) is written 0)()()( 222  cacbba , so ba  , cb   

and ca  , i.e. 0 cba , which does not exists. 

Therefore, we obtain 









5

9
,3,1x , and the solution is complete. 

 

 

 
  Using the well-known formulas xx 2sin212cos   and respectively 

xxx 3sin4sin33sin  , then the given equation is written as follows 

   333 3sin6sin8  xx . So, 
2

3
3sin3sin6sin8 3  xxx . 

Hence, 
39

)1(
 k

x k  , where k  is positive integer. We are done. 

 

 

 
 

  Adding up the equations of the system to solve we obtain 

      0747474 222  zzyyxx  
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07)3(3)2(3)2( 222  zyx , 

which doesn’t  solutions in real numbers, so the system doesn’t solutions in the set of real 

numbers. The solution is complete. 

 

 
 

 

  Adding up the equations of the system to solve we obtain 

   03)22(422182 22 xxxxx . Because the equation 

03)22(2  xx , has the discriminate negative, we get that the system doesn’t real 

solutions, and we are done. 

 

 

 
 

  Let dx
xx

xxxxx
I  




2

0

23

cossin2

)cos)(sinsinsin(sin



, where we make the changes of 

variable tx 
2


, and we deduce that 

dx
xx

xxxxx
I  




2

0

23

cossin2

)cos)(sincoscos(cos



. Therefore, 

 





  dx

xx

xxxxxxxx
I

2

0

2233

cossin2

)cos)(sincossincossincos(sin
2



 

dx
xx

xxxxxx
 




2

0

222

cossin2

)cossincos(sin)cos(sin



+ dx
xx

xx
 

2

0
cossin2

cossin



= 
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dxxx 
2

0

2)cos(sin



+ dx
xx

xx
 

2

0
cossin2

cossin



= dxxx 
2

0

)cossin21(



+ dx
xx

xx
 

2

0
cossin2

cossin



= 

2
0

22
0 sin



xx  + dx
xx

xx
 

2

0
cossin2

cossin



= J1
2


                                                              (1) 

Where 



  dx

xx

xx
J

2

0
cossin2

cossin



dx
xx

xx
 

2

0
cossin24

)cos(sin2



= dx
xx

xx
 

2

0

2)cos(sin3

cossin
2



,  

and we make the change of variable  

1
2

,1)0(,sincos)(,cossin)( 










uuxxxuxxxut , so 0

3
2

1

1

2



 



dt
t

t
J , 

which yields that  1
2

2 


I . Hence, 
42

1 
I . 

 

 
 

  Denoting with F  the area of triangle ABC , and using the well-known formula 

Rrrsab 422  , we obtain 

    
 

2

)4(24

2
4243

222
2

22222 Rrrssa
RrrssRrrs





 

     









 aba

aaabaa
2

2222

22

2

2
. 

    )24(
4

8)2(8 222222 RrRrrs
s

F

F

abc
sRrrsRrs  

222

2
2 cbaabaabc

s

abc
absabc 








   

22222 2 cbaababcbaabc   . 

Since,  

                        








 333222

2

22 2))((

1

aabcbacba

aba

cabbca
,  

then the inequality to prove, i.e. 

                         





 )2(8

43

))((

1
222

22

22 RrrsRrs

Rrrs

cabbca
, 

becomes 
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333222

2

22222

2

22 aabcbacba

aba

cbaababcbaabc

aba
 

  22333 ababcbaabcbaaabc  

    033 22233223   cbabaabbaabcaabc , which is true, because 

the first bracket is positive by Schur inequality and the second bracket is also positive by 

AM-GM inequality. 

 

 

 

  Denoting
1

1
,

1

1
,

1

1 111


















c

c
z

b

b
y

a

a
x

nnn

 we have 0 yx  and 

ab

nnnn Ebabababayx )(...11   , with 0abE . 

We have 

    
























 

acb

cax

acb

bax

acb

acbax
x

acb

ax )()()(
 
























 

bac

y

acb

x
ba

bac

aby

acb

bax
)(

)()(
 

0
))((

)()()(

))((

)()()(
)(

22










 

bacacb

Ebacyxba

bacacb

yxcbaybax
ba ab . 

We have equality if and only if cba  . The solution is complete. 

 

 

 

  Since, 
cb

A
bc

wa


 2
cos2

 and 
bc

assA )(

2
cos


 , we obtain that 

               2

2

22222

4)(4
)(

)(

4)()(
sass

bc

ass

cb

cb

bc

cb

bc

wcb a 











 . 

Hence the statement is true in a weaker condition, i.e. the perimeter of given triangle to 

be natural number. The solution is complete. 
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  By usual formulas we obtain 

    3222222 4422)22(4 aabcabcabbaacbaama  

 316))()((2 aRrsaccbba )63(216)2(4 2222 RrrssRrsRrrss   

)25(2 22 Rrrss  , and then we have that 

RrrssrRRrrsssrRama 16536)25(29 22222  , and we are done. 

The inequality Rrrs 165 22  , is well-known inequality of Gerretsen. The solution is 

complete. 

 

 

 
 

  Since )63(2 223 Rrrssa  , the inequality to prove is written 

 successively 

      
















  12

4
2212)sin21(

2

3
2

R

r
s

R

a
s

R

r
sAa  

RrRrrsR
R

r

R

Rrrs
26341

2

63
1 222

2

22




  

RrrRs 434 222  , which is true (see for e.g. the item 5.8. from Bottema). The 

solution is complete. 

 

 
 

  Adding up the equations of system we obtain 

     zxyzxyzyxzxyzxyzyx 2226444222222 222   

0)1()1()1(03222 222222  zyxzyxzyx . 

Hence 1 zyx , and we are done. 
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  By AM-GM inequality we have 

            4

3

3211

3

3211

3 1
4

1
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 cyclic
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cyclic

n
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k
aaa

a
aaa

a                                 (1) 

By J. Radon’s inequality we have 

                                                 
2

3

1

1

3

n

a

a

n

k

kn

k

k



















                                                             (2) 

Also by H. Bergström’s inequality we have 

                                        










 n

k

kcyclic

cyclic a

n

aaa

n

aaa

1

2

321

2

321 3
)(

1
                          (3) 

By (1), (2) and (3) we obtain 

                      




































4 3

1

3

6

2

3

1

3211

3

3

4
1

3
n

k

k

n

k

k

cyclic

n

k

k

a

n

n

a

aaa
a  

                                                                    44
3

4

3
3

4

3
4

nn
 , q.e.d. 

 

  

 

 
 

  By AM-GM inequality we have 

                     zyx
zxyx

zxyx 



2

22
)2)(2( , so  

                      1
)2)(2(







 
zyx

x

zxyx

x
, and we are done. 
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  By AM-GM inequality we have 

                     


 xzyx
zxyx

zxyx
2

22
)2)(2( . 

Writing other two similar inequalities yields that it suffices to prove that 

                    ))(()( 22   xyxxyzxx .  

The last relation yields from well-known identity 

                    ))((3 23   xyxxxyzx , and the proof is complete. 

                      

 

 

 

 

  

By well-known identity 12

1

 



 n

n

k

kn FFX , the inequality to prove becomes                         

                                                 
2

1

2

)1( 














 n

n

FX

Fn

k kn

k .  

By H. Bergström’s inequality we have 

(1) 

2

11

2

1
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k kn

k
n

k kn

k

FX
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nFX

F
, but  








n

k kn
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n
FX

F
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1




 


)1(
1

n

k kn
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n
FX

F
nS

BERGSTROMn

k kn

n
FX

X 



1

1
 

    
11

 )2(
1

)(

222

1

2




















n

n
n

n

n
S

n

n

XnX

n
X

FX

n
X n

nn

nn

k

kn

n . 

From (1) and (2) we get the inequality to prove, and we are done. 
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2. A GENERALIZATION AND SOLUTIONS  

OF THE PROBLEM 11670 FROM AMM 
 

 

by D.M. BĂTINEŢU-GIURGIU, ’’Matei Basarab’’ National College, 

Bucharest,  

 

NECULAI STANCIU, ’’George Emil Palade’’ General School, Buzău,  

 

and  

 

TITU ZVONARU, Comăneşti, ROMANIA 
 

 

Let  njijijiM ,1,,),(  and  njijijiM ,1,,),(  . 

 

Proposition. If 1* Nn , 


 
n

k

knk xXnkRxRbRa
1

** ,,1,,, , then: 

         
*

),(),(

,))(1())(2())(2( NnXbnanxxbaXxxbaX n

Mji

jin

Mji

jin  
 

. 

 

Proof. We observe that in M every nk ,1 is in )1( k pairs ),( ki with ki  and is in 

)( kn  pairs ),( jk with jk  , so k is in )1( n pairs ),( ji with ji  , nji ,1,  . 

Also in M every nk ,1  is in )1( k pairs ),( ik with ik  and is in )( kn  pairs 

),( kj with kj  , so k is in )1( n pairs ),( ji with ji  , nji ,1,  . 

Therefore: 

           
  Mji

jin

Mji

jin xxbaXxxbaX
),(),(

))(2())(2(  

                                                   
 

n

k

kn

Mji

jnin bxaXnbxaXbxaX
1),(

)()1())(  

                                                  n

n

k

kn XbnanxbnaXn ))(1())(1(
1

 


,  
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and the proof is complete. 

 

Theorem. If 1* Nn , 


 
n

k

knk xXnkRxRbRa
1

** ,,1,,, , such that 

*

1
max 


 RxbaX k

nk
n , then: 

                
 




Mji jin

jinjin

n
xxbaX

xxbXxxabXa
Xbann

),(

222

,
)(2

)(
4))(1( *Nn , 

                
 




Mji jin

jinjin

n
xxbaX

xxbXxxabXa
Xbann

),(

222

,
)(2

)(
4))(1( *Nn  

with equality if and only if njixx ji ,1.,  . 

 

Proof. By the above proposition the inequality to prove is equivalent with: 

 

               
  




Mji jin

jinjin

Mji

jin
xxbaX

xxbXxxabXa
xxbaX

),(

222

),( )(2

)(
4))(2(  

0
)(2

)(
4)(2

).,(

222



















 

Mji jin

jinjin

jin
xxbaX

xxbXxxabXa
xxbaX

   
0

)(2

)(4)(2

).,(

2222





 

Mji jin

jinjinjin

xxbaX

xxbXxxabXaxxbaX
 

0
)(2

4)(44)()(44

).,(

2222222





 

Mji jin

jinjinjinjin

xxbaX

xxbXxxabXaxxbXxxabXa

 

0
)(2

)(

).,(

2 



 

Mji jin

ji

xxbaX

xx
b , which is true,  

with equality if and only if njixx ji ,1.,  . 

If we taking account that: 

                   
 


Mji

jin

Mji

jin xxbaXxxbaX
),(),(

))(2())(2( , *Nn , 

we also obtain that: 

                      
 




Mji jin

jinjin

n
xxbaX

xxbXxxabXa
Xbann

),(

222

,
)(2

)(
4))(1( *Nn , 

with equality if and only if njixx ji ,1.,  . 

 

Observation. For 1,0  ba we obtain the problem 11670 from AMM. 
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Solution 1: 
 

In the set of the pairs njijiji ,1,,),,(  the element  nk ,..,2,1 is in )1( k pairs with 

ki   and is in )( kn  pairs with ik  , i.e. is in 11  nkkn pairs, and then: 

                                                           






n

k

k

n

ji
ji

ji xnxx
11,

)1()(                                      (1) 

By the AM-HM inequality we have that: 

                                                           *,,
2

2






Ryx

yx

xyyx
                                       (2) 

Therefore: 

                                                          nji
xx

xx
xx

ji

ji

ji ,1,,4 


                               (3) 

Yields that: 

                                                          *

1,1,

,4)( Nn
xx

xx
xx

n

ji
ji ji

ji
n

ji
ji

ji 


 






                     (4) 

By the above we deduce that: 

                                                    










n

ji
ji ji

ji
n

ji
ji

ji

n

k

k Nn
xx

xx
xxxn

1,

*

1.1

,4)()1( ,  

and because in AM-HM inequality we have equality if and only if njixx ji ,1,,  , 

the problem 11670 from AMM is proved. 

 

Solution 2: 

 
We use the AM-HM inequality, i.e.: 

                 















 baba

ba

ba

ab 11

4

11

2

2
, with equality iff ba  . 

Hence, 

                    


















 nkj

kj

nkj kj

kj

nkj kj

kj
aa

aa
aa

aa

aa

111

)(
4

111

4

1
 

))1()2()3(...2...)2()1((
4

1
1221221 nnnnn anananaaaanan  







n

k

ka
n

14

1
. 

The equality holds iff all ja are equal. 
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3. Other solutions for some problems from MR- 

4/2014 
 

By Nela Ciceu, Roşiori, Bacău, Romania 

 

and 

 

Roxana Mihaela Stanciu, Buzău, Romania 
 

 

 

 

 

 
 

 

Solution: 
 
     It is well-known the fact that for any )9(mod7,4,1,0n there is a perfect square whose 

sum of digits is equal to n  (see for e.g. the book ’’Mathematical Olympiad Challenges’’ , 

p. 243, by Titu Andreescu and Răzvan Gelcă or Crux Mathematicorum no. 3/2013, p. 

128). 

     On the other hand we have 

9)164(164143 MMpp  ,  14444 313  pp  and   9141674 323  pp . 

     The conclusion of the problem yields now easily 

 for n  of the form p3 we choose a perfect square with the sum of digits 19 k , 

where 
9

143 


p

k ; 

 for n  of the form 13 p we choose a perfect square with the sum of digits 49 k , 

where 
9

44 13 


p

k ; 

 for n  of the form 23 p we choose a perfect square with the sum of digits 

79 k , where 
9

74 23 


p

k . 
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Solution: 
We denote 

                                         
ZB

ZA
z

YA

YC
y

XC

XB
x  ,, .  

We have  

                                         
1


x

ax
BX , and by Ceva’s Theorem yields that  

                                                                1xyz . 

If BCYZ , then 1yz , i.e. MX  and we have nothing to prove. 

We assume that  NBCYZ   such that we have the order CBN  . 

Applying the Theorem of Menelaus in triangle ABC  with the transversal YZN   we 

obtain  

                            
yzaNB

NB

ZB

ZA

YA

YC

NC

NB 1
1 


 , so 

1


yz

a
NB . 

Using the power of point N with respect to circumcircle of the triangle ABC  we obtain 

                                                  NCNBNVNU  . 

The concyclicity of the points VUXM ,,,  is successively equivalent to 

     NVNUNMNX   

NCNBNMNX   

)())(( BCNBNBBMNBBXNB   




































 a

yz

a

yz

aa

yz

a

x

ax

yz

a

112111
 

yz
x

yzxxyzx







)1(2

)12)(1(
 

yzxyzyzyz
x

yz





 1

1

1
, true, and the proof is complete. 
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Solution: 

 

 
 

 

 
 

Solution: 
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4. Metode de calcul pentru derivata unui 

determinant 
 

 Prof. Boer Elena Milena, Școala Gimnazială Vulcan, Jud. Brașov 

 

 

Metoda 1. 

Teoremă 

Fie  funcții derivabile pe  iar  

 

Atunci  este o funcție derivabila pe  și  

 

Demonstrație: Faptul ca funcția  este derivabilă pe R rezulta din aceea că 

dacă funcțiile  sunt funcții derivabile pe R, atunci funcția  

este derivabila pe  și 

 

În continuare, conform formulei lui Leibniz,  avem: 

 
unde,  reprezintă funcția signum (semn), adică , unde  

este numărul de inversări în permutația . 

Din (1), prin derivare rezultă: 

 

adică tocmai relația de demonstrat. 
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Metoda 2 

O altă metodă de aflare a derivatei unui determinant pentru o matrice A, este să 

folosim formula lui Jacobi bazată matricea reciprocă  a matricei A și pe derivata acesteia. 

 

Lemă: Fie A și B două matrici pătratice având dimensiunea n. Atunci: 

(1)    

 

 

- fiind transpusa matricei A. 

Demonstrație:  

 

 

 

 

 

 

Teoremă (formula lui Jacobi) : Fie o matrice pătratică A, având dimensiunea n. Vom 

nota cu det(A) determinantul asociat matricei A. Diferențiala lui det(A) este data de 

relația: 

(2)  

   

 

 

Unde  reprezintă matricea adjunctă :  , C fiind complementul algebraic 

al matricei A. 

Demonstrație:  

Pe baza formulei lui Laplace 

(3) 
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Determinantul matricei A poate fi considerat ca fiind o funcție de elementele matricei A : 

   

 

Prin urmare, diferențiala determinantului poate fi scris sub forma: 

 

Pe baza relației de mai sus: 

(4) 

 

Ținând seama de derivata produsului obținem: 

(5) 

 

 

 

Dar, , deoarece elementul ij al matricei adjunct, sigur nu conține nici un 

element de pe linia i sau coloana j a matricei originale A. 

 Pe de alta parte:                                                                                                      

(6) 

 

Notam cu simbolul lui Kronecker 

 

 

 

Din relațiile (4) și (5) rezultă:                                        

(7) 
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Pentru diferențiala determinantului A obținem astfel: 
 

 

Ținând cont de lema demonstrată mai sus  

 

Astfel teorema este demonstrată 

Calculul derivatei unui determinant folosind ambele metode: 

Enunț : Să se calculeze derivata determinantului pentru matricea : 

 
Rezolvare: 

Metoda 1  

      

 

 =  

 

 
 

Metoda 2   

 

 
În matricea B am derivat fiecare element al matricei A. 

 

 
Se înmulțește fiecare element din  cu fiecare element corespunzator din  

( ) și se obține derivata determinantului: 
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Bibliografie: 

1. Bușneag D., Maftei I., “Teme pentru cercurile și concursurile de matematică ale 

elevilor”, Editura Scrisul Românesc, Craiova, 1983. 

2. Pop V., Lupșor V., “Matematică pentru grupe de performanță, cls.a XI-a”, 

Editura Dacia Educațional, Cluj-Napoca, 2004 

3. Bellmann, R „Introduction to Matrix Analysis”, SIAM Philadelphia, 1997 

4. Magnus, Jan R.; Neudecker, Heinz “Matrix Differential Calculus with 

Applications in Statistics and Econometrics”, Wiley & Sons ,1999 

 

 

 

 

http://www.mateinfo.ro/

