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1. Alte inegalitati cu numere Fibonacci si Lucas

D. M. Batinetu-Giurgiu, Bucuresti si Neculai Stanciu, Buzau

1. Inegalitatea urmatoare:
(C+D+D)  (B+DE+D | (B, +D(E+D (LB +D(E+
LL,+1 LL,+1 L,L +1 L L +1
este adevarata, oricare ar fi numarul natural n.

>2L,.,-6,

(D.M. Bitinetu-Giurgiu, si N. Stanciu, 2013)

Dem: Obtinem inegalitatile:
(L +1)(L3 +D)

>L +L,;
LL,+1 hrh
2 2
(L5 +D)(L5 +1) S 4L
L,L,+1
e
(Ln—l +1)(Ln +l) Z Ln_l + Ln,
L,,L,+1
2 2
LGADGED,
L.L +1

care adunate mebru cu membru conduc la inegalitatea:
LEADME+D)  (B+DE+D) (LGt +D) (LG +D(E+D) |
LL,+1 L,L,+1 L,,L,+1 L,L +1
>2(L, +L,+...+L,).

Deoarece,

SL=L -3,
k=1

din cele de mai sus obtinem inegalitatea din enunt.

Observatie. Inegalitatea de mai sus a aparut in numarul din februarie, 2013 al revistei
internationale, The Fibonacci Quarterly.

2. Daci, x, €R, k=1n, neN", atunci:
Z(ZLk -sinxkj-(ZLk -cosxkjﬁn-(Ln-LM—Z), vneN";
= =

(D.M. Bitinetu-Giurgiu, si N. Stanciu, 2013)
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Dem: Din C-B-S si binecunoscuta identitate

D le=LL,,-2, VneN’,
k=1

avem:
n 2 n n n
(1) D L sinx, g(z Lﬁj[Zsinzxk):(LnLM—Z)-Zsin2 X, ,
k=1 k=1 k=1 k=1
n 2 n n n
2) > L, cosx,| < (z L2 ](Z cos’ ij =(LLy,, —2)- > cos’ x, .
k=1 k=1 k=1 k=1
Asadar:
n . n n . n GM<AM
> Lesinx, |- L cosx, [ < (L,L,,, —2)- || D sin®x, ][Zcosz X, | <
k=1 k=1 k=1 k=1
oMM | | D & n-(L, L —2 .
< % (sin? x, +C0S7X,) = R ),Vn eN’,
2 & 2

Si:
(z L, sinx, j(z L, cosxkj <
k=1 k=1

n'(Ln : I-n+1 _2)
2

< ,VneN".

n n
D Lesinx |- D L, cosx,
k=1 k=1

3. Daci me L), atunci:

m™-> @+ Ly )™ = (m+)™ - (L,,,, —2), VneN".

k=1
(D.M. Batinetu-Giurgiu, si N. Stanciu, 2013)
Dem:

Consideram functia
f:RT> R, f(Xx)=m"(x+)™ —(m+1)™"x,

atunci:
') =m"(M+D(X+D)™ —(m+D™, F"(X)=m™(Mm+D(x+D)"".
Avem:
) =0 X, =+
m
Deci:

f'(x,) = f'(1j=o si f"(x)>0,vxeR",
m

< g . . 1 . .
asaca f esteconvexapeR . ,si X, = — este punct de minim absolut pentru functia f pe
m
R’ . Rezulti ci:

f(X) 2> f(x,)= f(lJ:O@ m™(x+1)™ > (m+1)™x, ¥xeR",
m
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de unde deducem ca:

m™ @+ Ly )™ > (m+1)™ L, ,,vkeN".
Aplicam identitatea:

n+1

szk—1 =Ly, —2, VN eN’,
k=1

si obtinem ca:
n+l n+1

m" -kz_;(u Ly )™ > (m+1)™* -;LZH =Mm+D)™ (L., -2),VneN".

L,F2, L,.F? *
4. n_n+2 + nil_n+3 + (Fn + |:n+2)2 2 2\/6 ' I:n I:n+1 : Fn+2 ) VneN .
I-n+3 Ln + Ln+2

(D.M. Bitinetu-Giurgiu, si N. Stanciu, 2013)

Dem: Folosim inegalitatea lui G. Tsintsifas, i.e.. Daci m,p,qeR’, si a,b,c sunt
lungimile laturilor triunghiului ABC cu aria S, atunci:
2 2 2
AL L M AP
p+g q+m m+p
Folosim de asemenea ca VX,y,z R, avem un triunghi ABC cu:

a=x+y,b=y+z,c=z+x,

*

semiperimetrul
a+b+c
S =

=X+Yy+z,

si aria

S =./s(s—a)(s—h)(s—c) =/xyz(x+y+2).
Decidin (1) avem ca:
2 2 2
(2 m(x+y) +p(y+z) +q(z+x) 22\/§-nyz(x+y+z),Vx,y,ZGR:, .
p+q q+m m+ p
Dacd luim in 2): x=F,,y=F ,,z=F ,,m=L,,p=L,,,q=L,,,,neN", atunci:
I—n(Fn + Fn+1)2 + Ln+1(Fn+l + Fn+2)2 + Ln+2(Fn+2 + Fn)2 >
I-n+l + Ln+2 I-n+2 + I-n Ln + I-n+l

2 2\/§ : \/Fn I:n+1 I:n+2 (Fn + I:n+l + Fn+2) = 2\/§ \ 2Fn Fn+1 Fn2+2 = 2\/6 ' I:n I:n+l : I:n+2

LF2, L,,F? .
e o n+2 n n+1' n+3 +(Fn +Fn+2)2 22\/6 Fn Fn+1 -Fn+2,vn eN .
L L +L

n+3 n n+2

n+21 n+21
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F

m

2n 2n 2n
Fo F22 4| SHE2sE yoo| " JRrtprsy MM s
1 n-1 2 n

I:m-¢—l
+ - 2
2n 2n 2n Fon
F 1 F" FM2 4 FMIpEM 4 F F23 4 F22 e
2{n n+1 2n-1

pentru orice numere naturale pozitive n gi m.

m° m+l

4F,F
>

(D.M. Bitinetu-Giurgiu, si G. Tica, 2013)
Dem: Notam membrul stang cu U, si avem:

Un :FmFm+l( 1 +

2n 2n 2n
R I R B e R I
1 n-1 2\ n

1

+ ),
2n 2n 2n
™M s = JEnapras 4 FL Rt F
2(n n+1 2n-1

de unde prin aplicarea inegalitatii lui Bergstrom rezulta ca:

4Fm Fm+1 4 Fm Fm+l 4Fm Fm+l
> = = ,
i(zknjlznl:ﬂ FmZn—k (Fm + Fm+l)2 sz+2
k=0
adica ceea ce era de demonstrat.
6.
Lm
2 2n 1(2n "
n
Lo Lot | - Lo L o+ Loabnt+=|  |Lomaln
1 n-1 2L n
L 4L L

m+1 m —m+1

+ = 1
2n 2n 2n L2
L 1 LN L2y LML+ L, L2322 me2
2 n n+1 2n-1

pentru orice numere naturale pozitive n si m.

(D.M. Bitinetu-Giurgiu, si G. Tica, 2013)

Dem: Notam membrul stdng cu V, , si avem:
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1

Vn = Lm Lm+1(

2n 2n 2n
S ) T B L Lre fal) T
1 n-1 2in

1

+
2n 2n 2n
ol LN B T B LS E
2\ n n+1 2n-1

de unde prin aplicarea inegalitatii lui Bergstrom rezulta ca:

4I‘m I‘m+1 _ 4I‘m I‘m+1 _ 4I‘m I‘m+1
& 2n Lk L2n—k (Lm + I‘m+1)2n L?nn+2 ’
z k m+1—m
k=0
si demonstratia este completa.
1.
F., N
2n+1 2n+1
Foa| Fon + anfff Fo +---+( ]Fn?:an?J
1 n
I:m+l 4'Fm I:er:L
+ - 2n+1 !
2n +1 n n-1 2n +1 2n-2 2n+1 Fm+2
F., Fo Fo +..+ Fo.Fn ~+F.
n+1 2n

pentru orice numere naturale pozitive n gi m.

(D.M. Bitinetu-Giurgiu, si G. Tica, 2013)

Dem: Notam membrul stdng cu U, si avem:

Un :FmFm+1( 1 +

2n+1 Zn +1 2n 2n +1 n+lpen
Foi + F.oF,+..+ FoFo
1 n
1
)

_|_
2n + 1 n n+1 2n +1 2n 2n+1
Fo Fo +..+ F..F. +F;
n+1 2n

de unde prin aplicarea inegalitatii lui BergstrOm rezulta ca:

U > 4'Fm I:m-¢—1 _ 4'Fm I:m+1 _ 4'l:m I:m-¢—l
T 2n +1 k 2n+1-k (Fm + I:m4-1)2n+:L Fnﬂ];l ’
Z I:m+1 I:m
ol K

ceea ce Incheie demonstratia.
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8.
FL2, F,L2 .
none2 g Tndmd 4 4 )2>26-L L, L., VheN".
Fn+3 Fn + I:n+2

(D.M. Bitinetu-Giurgiu, si N. Stanciu, 2013)

Dem. Cu inegalitatea lui G. Tsintsifas avem: >’Daca m, p,q sunt numere reale pozitive si

a,b,c sunt lungimile laturilor triunghiului ABC cu aria S, atunci:
2

2 2
(1) ma’ | pb® . 4c ., 3s
p+g g+m m+p

Mai departe tinem cont ci Vx,y,z R’ avem triunghiul ABC cu:
a=x+yb=y+z,c=z+x,

de semiperimetru
a+b+c
S =

2

=X+Yy+z,

si arie

S=.s(s—a)(s—b)(s—c) =/xyz(x+y+2).
Din (1) urmeaza ca:
2 2 2
@ mx+y)”  py+2)°  4@+x)° ., . Xyz(X+y+2),Vx,y,zeR"
p+q g+m  m+p
Daca in (2) luam:

*

X:Ln’y:Ln+1’Z:Ln+2’m:Fn1p:Fn+1’q:Fn+2’nEN !

atunci obtinem ca:
I:n(l-n + Ln+1)2 + I:nﬁ-l(l-n+1 + Ln+2)2 + Fn+2(Ln+2 + Ln)2 >
I:n+1 + I:n+2 I:n+2 + Fn I:n + Fn+l -

2 2\/§ : \/Ln Ln+1 Ln+2 (Ln + Ln+1 + Ln+2) = 2\/§ A\ 2Ln I‘n+l waz = 2\/6 : Ln Ln+1 : Ln+2

FL2, F,L? .
ooz g e ) oy )2 >26- /L L, L., VneN".

I:n+3 I:n + I:n+2
9.
F.F2,  FuFf :
hn? il w3 (Fn + I:n+2)2 2 2\/6 ’ I:n I:n+1 ’ I:n+2’vn eN".
l:n+3 I:n + l:n+2

(D.M. Bitinetu-Giurgiu, si N. Stanciu, 2013)

6
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Dem: Cu inegalitatea lui G. Tsintsifas avem: ’Daca m, p,q sunt numere reale pozitive si
a,b,c sunt lungimile laturilor triunghiului ABC cu aria S, atunci:
(1) ma’  pb® . ac® |, s
p+q g+m m+p
Mai departe tinem cont ci Vx,y,z R’ avem triunghiul ABC cu:
a=Xx+yb=y+z,c=z+x,

de semiperimetru
a+b+c
S =

=X+Yy+z,

si arie

S =s(s—a)(s—b)(s—c) =/xyz(x+y+12).
Din (1) urmeaza ca:
) m(x +y)? N p(y +2)° N q(z + x)? > 243 Jxyz(X+ y+2) V%, Y,z €R”
p+q g+m m+p
Daca in (2) luam:
x=F,y=F,.,z=F
atunci obtinem ca :
I:n(Fn + Fn+l)2 + Fn+1(Fn+1 + Fn+2)2 + I:n+2(|:n+2 + Fn)2 >

*

m:Fn1p:Fn+l1q:Fn+2’nEN !

n+2?

Fr‘H—l + Fn+2 Fn+2 + I:n Fn + I:I’l+1
> 2\/§ ' \/Fn I:n+1 I:n+2 (Fn + I:n+1 + I:n+2) = 2‘/§ B 2Fn Fn+1 I:n2+2 = 2\/6 ) I:n I:n+1 ’ I:n+2
F,FZ, | FuuFl -
& n+2 + nil_n+3 +(Fn +Fn+2)2 22\/6 I:nFn+1 'Fn+2’vn€N :
Fn+3 I:n + Fn+2
10.
2 2
Ln Ln+2 + Ln+1Ln+3 + (I—n + I-n+2)2 2 2\/6 ' Ln Ln+1 ’ Ln+2 ,Vn GN*'
L L, +L

n+3 n n+2

(D.M. Batinetu-Giurgiu, si N. Stanciu, 2013)

Dem: Cu inegalitatea lui G. Tsintsifas avem: ’Daca m, p,q sunt numere reale pozitive si

a,b,c sunt lungimile laturilor triunghiului ABC cu aria S, atunci:
2

2 2
) ma’ , pb” , 4¢ 5 /s
p+g g+m m+p

Mai departe tinem cont ci Vx,y,z R’ avem triunghiul ABC cu:
a=x+yb=y+z,c=z+Xx,

de semiperimetru

a+b+c
S = =X+Yy+2z,
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si arie

S=./s(s—a)(s—h)(s—c) =/xyz(x+y+2).

Din (1) urmeaza ca:

@ mx+y)* , ply+2)° , a(z+x)° > 23 \[xyz(x+y +2) ,vx,y,zeR’

p+q g+m m+p
Dacd in (2) ludm:
X= I—n ’ y Ln+1’ - Ln+2 M= Ln ! p Ln+l1 q Ln+2 ' €N ’ !

atunci obtinem ca:
I—n (Ln + Ln+1)2 + Ln+l(Ln+1 + Ln+2)2 + Ln+2(Ln+2 + Ln)2
I—n+l + I—n+2 I—n+2 + Ln L + L

2 2\/— ' \/Ln Ln+1 Ln+2 (Ln + Ln+l + Ln+2) = 2\/§ ’ 2I-n Ln+l L?HZ = 2\/— n n+l

vneN'.

Lilho | Loals
fe— D n+2 03 +(L +Ln+2) >2\/— n n+1 n+2’
L L +L,,

n+3

11.
F2 F? F? *
- n+l - n+2 3 \v/n EN .
I:n (Fn n+l + Fn+2) n+l(Fn+1 +2 + F ) n+2(F +2 + Fn+1) 2F F F

n’ n+tl’ n+2

(N. Stanciu si G. Tica, 2013)

Dem:
(IMO) >’ Daci a,b,c € R}, cu abc=1, atunci: Z% > 3 , cu egalitate daca si numai
a‘(b+c) 2
dacd a=Db=c"”, i.e. problema propusa la IMO, Canada, 1995.
Intr-adevar,
1Y 1 1 1Y
Bergstrom PRI 2
Z Z S a b c _ (ab+bc+ca) _
& a’ (b +C) ab+ac ~  2(ab+bc+ca) 2(abc)*(ab+bc+ca)
AM -GM
_ab+bc+ca 5 3, (abo)? 3
2 2 T2
Daca luam:
F F F
a= n ,b— n+l’C_ n+2’
n+1 I:n+2 I:n
atunci
abc=1
si din (IMO) rezulta ca:
F 3 F 3 F 3

n+1 n+2 n >

+ +
Fn3 I:n+l + I:n+2 Fn3+ ) I:n+2 + I:n Fn3'+2 I:n + I:n+l
F F F, F F., F

n+2 n
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ceea ce era de demonstrat.
Inegalitatea este strictd deoarece:

F F F \
n n+1¢ n+2,vn€N’
l:n+1 I:n+2 I:n
si demonstratia este completa.
12.
L2 L2 L2 *
. n+1 n+2 . n : 3 vn EN )
Ln (Ln I-n+1 + Ln+2) n+1(Ln+1 n+2 + Ln) n+2 (L +2 + Ln+1) 2Ln Ln+1 Ln+2
(N. Stanciu si G. Tica, 2013)
Dem:
(IMO) ’Daca a,b,c e R ,cu abc=1, atunci: Zs— §, cu egalitate daca si numai
wa((b+c) 2
dacad a= b=c”,i.e. problema propusa la IMO, Canada, 1995.
Intr-adevar,
1Y’ 1 1 1Y
Bergstrom | ~ Tt 2
Z Z . a b c _ (ab+bc+ca) _
a3(b+c) ab+ac ~  2(ab+bc+ca) 2(abc)®(ab+bc+ca)
AM -GM
_ab+bc+ca 5 3, (abo)? 3
2 2
Daca luam:
L L L
a= n ,b— n+1’C_ n+2 ’
Ln+1 I—n+2 Ln
atunci
abc=1
si din (IMO) rezulta ca:
Lf]+1 I‘:r))1+2 L?‘ >

+ +
L L L L L L
Li( n+l + n+2 ] L?H.l( n+2 + n J L?H.z( n + n+l j
Ln+2 Ln I—n Ln+l I—n+1 Ln+2

adica inegalitatea de demonstrat.
Inegalitatea este stricta deoarece:

n+l

Demonstratia este completa.

13.

F2+F2, +5F2, > 46 ‘F..,,VneN'.

n n+l n+2
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(D.M. Bitinetu-Giurgiu, si N. Stanciu, 2013)

Dem: Pentru orice x,y,z eR’ existi un triunghi ABC cu lungimile laturilor
a=x+yb=y+z,c=2+X
semiperimetrul
a+b+c
== = X+y+2z,

si aria

S=.s(s—a)(s—h)(s—c) =/xyz(x+y+12).

Din inegalitatea lonescu-Weitzenbdck avem ca:
(1) a?+b*+c?>443-S
Therefore:

(X+Y)2+(Y+2)2 +(z+X)?2 243 [xyz(x+y+2),¥ x,y, 2R’
Q) X2+y2 422+ (x+y+2)2 243 xyz(x+y+2),VX Y,z R.

Daca luam 1n (2):

x=F,y=F.,,z=F

n+1' n+2

atunci obtinem ca:
FZ4+F2 +F2, +(F, +Fn+1+Fn+2)2>4‘/_'\/FHFH+1FH+2(F +F ., +F.,,),vneN

n+1 n+2

N F ’ + Fn2+l + Fn2+2 + 4Fn2+2 = 4\/_ \/Fn n+1 n+2 F n+2

& F2+F2 +5F2, > 4.6 - FF.-F.,vneN", si inegalitatea este

demonstrata.
Observatie. Egalitatea nu are loc deoarece F, #F,, #F, ,,vneN'.
14,
L2+12,+5L2,>4J6-/L L, L, VneN.
(D.M. Bitinetu-Giurgiu, si N. Stanciu, 2013)
Dem:

Daci in relatia (2) din 2.48. luim:

x=L,,y=L,,,z=L

procedand exact ca in 2.48. obtinem relatia de demonstrat.

n+1' n+2?

Observatie. Egalitatea nu are loc deoarece L, =L, #L,,,,VneN".

n+21

10
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15.

n+2+(F +Fn+2) +Fn2+3>4\/_ n n+1 F VnEN*'

n+2

(D.M. Bitinetu-Giurgiu, si N. Stanciu, 2013)

Dem: Pentru orice x,y,z €R’ existi un triunghi ABC cu lungimile laturilor
a=x+y,b=y+z,c=z+x
semiperimetrul
a+b+c
== = X+y+12z,

si aria

S=.s(s—a)(s—b)(s—c) =+/xyz(x+y+12).

Din inegalitatea lonescu-Weitzenbdck avem ca:
(1) a?+b*+c?>443-S
Therefore:

(X+Y)2+(Y+2)2 +(z+X)2 243 /xyz(x+y+2),¥ x,y, 2R’
Q) XP+y 422+ (x+y+2)2 243 xyz(x+y+2),VX Y,z R.

Daca luam 1n (2):

x=F,y=F..z=F

n+1’ n+2

atunci obtinem ca:
(Fn + Fm—l)2 + (F + Fn+2)2 + (Fn+1 + l:n+2)2 2 4\/_ \/Fn Fn+an+2(Fn +F

n+2+(F +Fn+2) +F n+324\/_ \/Fn n+1 n+2'2Fn+2

+ l:n+2) '

n+1

g Fn+2+(F +Fn+2) +Fn2+3 >4\/_ n n+1 l:n+2’\v/nEN*1
si relatia este demonstrata.
Observatie. Egalitatea nu are loc deoarece F, #F,, #F, ,,VneN'.

16.
+2+(L +Ln+2) +Ln+3 >4\/_ Lol - Losps VN eN’.
(D.M. Bitinetu-Giurgiu, si N. Stanciu, 2013)

Dem:

Daci in relatia (2) din 2.50. punem:
Xx=L,y=L =L

si proceddm ca in 2.50. deducem inegalitatea din enunt.

n+l’ n+2?

11
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Observatie. Egalitatea nu are loc deoarece L, =L, , #L,,,,VneN'.

17.

n F2m+2 4m Fm+l|:m+l
k3m 2 2m mj;n ! Vm€R+'
= k n“"(n+1)

(G. Tica, 2013)

Dem: Aplicam bine-cunoscutele formule:

ZFZ n n+1'
si

st n (n+1)

Folosim inegalitatea lui J. Radon si ob‘;mem:

n m+1
m-+ F’
w —iFk”””_ ) [2 j AR
n _k:1 k3m - <k3) n m n2m(n+1)2m’
k3
by

si demonstratia este Incheiata .

12
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Art.450

Puncte remarcabile n triunghi

Marin Chirciu !

Identitatea si inegalitatea Euler

Articolul 1si propune ca, pornind de la identitatea lui Euler sa determine relatii intre linii
importante Tn triunghi si distanta dintre centrul cercului circumscris O si centrul cercului
inscris I, see demonstreaza inegalitati in triunghi.

1) In AABC
a)
Z(b_c)2 ~ pt+p?(2r*—16Rr)+r (4R+ 1)’
h2 2p°r? '
b)
(b—c)° 2012
Z h2 < r.2 '
Marin Chirciu, Pitesti
Solutie.

a) Folosindh, = % obtinem:

(b—c)’

Zh; :Z

(b—c) 1

(25)2 497
a

care rezulta din Y a*(b—c)’ =2| p*+ p?(2r* ~16Rr )+ (4R +r)’|.

, P+ pi(2r ~16Rr)+r® (4R + r)’

2
b— ;

b)Folosind a) siOl” = R(R—2r) inegalitatea se scrie:
4 2 2 2 2
p*+ p*(2r* —16Rr)+r? (4R +r) _2R(R-2r)
2p2r2 r2
p*(4R*+8Rr —2r* — p*) > r*(4R+r)’,

. . . r(4R+r
care rezultd din inegalitatea lui Gerretsen (R—) <16Rr —5r” < p® <4R® +4Rr +3r?
+r

Ramane sa aratam ca:

r(4R+r)" o 2 gp? 2\ 2 2 o

?(4R +8Rr —2r* —4R* —4Rr -3r )Zr (4R+r)" < R>2r (inegalitatea
+

Euler).

! Profesor, Colegiul National ,, Zinca Golescu”, Pitesti
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2) InAABC
a)
(b—c)2 2[(4R+r2—3p2}
Z 2 = p?
b)
b—c)’ 32017
e
Marin Chirciu, Pitesti
Solutie.
b) Folosindr, = S obtinem:
p-a
b-c)’ b-c) 1 2| (4R+r1)" ~3p
s Oy el Lpappey U
=
care rezultd din Y ( p—a)z(b—c)2 = 2r2[(4R+ r)2 —3p2].

b)Folosind a) siOl* = R(R—2r) inegalitatea se scrie:

2| (4R+1)* —3p? _

[(4R+1)"-3p }£32R(R 2r)
p2 2

care rezultd din inegalitatea lui Gerretsen p®>16Rr —5r”,

Ramane sa aratam ca:

3(16Rr —5r”) > 40Rr +r” < R > 2r ( inegalitatea lui Euler).

< 3p®>40Rr +r?,

3) InAABC
a)
(b—c)2 ~ p2(2R—r)—r(4R+r)2
2 hr, p2r
b)
(b—c)” 1(1 1),
2, SE(E ?)O'
Marin Chirciu, Pitesti
Solutie.

c) Folosindh, = 2 sir =
a

15
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b—c)’ b-c)’ > P*(2R—=r)=r(4R+r)’
pCod 5 Rl LS a(p-ayo-oy - EERLIER),

a p-a
care rezultd din Za(p—a)(b—c)2 :Zr[pz(ZR—r)—r(4R+r)2]
b)Folosind a) siOl” = R(R—2r) inegalitatea se scrie:
p2(2R—r)—r(4R+r)’ L1 (1 1
p°r 2r\R r

Distingem cazurile:
Cazul 1). Dacd(R—5r)>0, inegalitatea este evidenta.

]0| < p’R(R-5r)+2r2(4R+r)" >0,

Cazul 2). Daci (R -5r) <0, inegalitatea se rescrie:
2r?(4R+r)" > p?R(5r —R)

2
care rezultd din inegalitatea Blundon- Gerretsen p? < M :
2(2R—-r)

Ramane sa ardtam ca:
R(4R+r)°
2(2R-r)

(R-2r)’(R-r)>0,

evident, cu egalitate dacaR = 2r .

2r(4R+r) > R(5r—R) < R*-5R’r+8Rr’-4r*>0 <

4) In AABC
a)
Z(b—c)2 _ p4(4Rr—r2)— p2r2(36R2+8Rr+2r2)—r3(4R+r)3
hb-i-hC rpZ(p2+r2+2Rr)

b)
(b—c)’ _ 201
z h+h ~— r

Marin Chirciu, Pitesti
Solutie.

a)Folosind h, = % obtinem:

be(b—c)’ p“(4Rr—r2)—p2r2(36R2+8Rr+2r2)—r3(4R+r)3

Z(h +h Z25 23 Z -

b+c rp’(p?+r°+2Rr)

care rezulta din

zbc(b—c)z 2[ p*(4Rr —r?)— p°r®(36R* +8Rr +2r°)—r* (4R + r)?’}

b+c p(p®+r®+2Rr)

16
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adevarata din
> be(a+b)(a+c)(b—c)’ = 4[ p*(4Rr—r®)— p’r®(36R*+8Rr+2r*)—r’ (4R + r)‘j .

b)Folosind a) siOl” = R(R—2r) inegalitatea se scrie:
4 2 2,2 2 2 3 3
p*(4Rr—r?)— p°r®(36R*+8Rr +2r°) —r*(4R+r) _2R(R-2r)
rp’(p® +r”+2Rr) r
pz[pz(ZRz—8Rr+r2)+r(4R3+30R2r+4Rr2+2r3)]+r2(4R+r)220.
Distingem cazurile:
Cazul 1). Dacé[pz(ZRz —8Rr +1?)+r(4R°+30R°r +4Rr? +2r3)]20, inegalitatea este

evidenta.
Cazul 2). Daca[ p?(2R? ~8Rr +r?)+r (4R +30R?r +4Rr” +2r3)] <0, inegalitatea se

rescrie:
r*(4R+r)° = p?| p*(-2R*+8Rr —r*)—r(4R*+30R°r + 4Rr” +2r°) .
1).Daca (—2 R? +8Rr — rz) <0, inegalitatea este evidenta.
ii). Dacd (—2R* +8Rr —r?) >0 folosim inegalitatea Blundon- Gerretsen
2
32 < RURT)
2(2R-T)
Ramane sa aratam ca:
R(4R+r)°
2(2R-T)
& 8R°—20R*r +8Rr? +Rr*-2r°>0 < (R-2r)(8R*~4R% +r*) >0, evident, din
inegalitatea lui EulerR > 2r .

<4R? +4Rr +3r2.

r2(4R+r) > [ (4R? +4Rr+3r°)(-2R* +8Rr —r”)—r(4R®+30R’r + 4Rr’+2r°) |

5) In AABC
a)
(b—c)’ p*(4R*+6Rr—r’)—r(4R+r)’
2 L+r p’R '
b)
(b—c)* _ 201
2 L+r. or
Marin Chirciu, Pitesti
Solutie.

a)Folosindr, = obtinem:

p—a

17
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(b—c)’ (b—c) 1. (p-b)( —c)(b_c)2_p2(4R2+6Rr—r2)—r(4R+r)3
2 o+, _ZiJri_gz : pa - p°R
p-b p-c
I z(p—b)(p—C)(b—C)z _ r[p2(4R2+6Rr—r2)_r(4R+r)3} |

a PR
adevarata din

Zbc(p—a)(p—a)(b—C)z=4r2[p2(4R2+6Rr—r2)—r(4R+r)3}.
b)Folosind a) siOl* = R(R—2r) inegalitatea se scrie:

2(4R? +6Rr —r?)—r(4R+r)’ _

p*(4R + 2) (4R+r)" 2R(R-2r) _

p°R r

p2(2R3—8R2r—6Rr2+r3)+r2(4R+r)320.
Distingem cazurile:
Cazul 1). Daca“l(ZR3 —8R’r —6Rr” + r3) >0, inegalitatea este evidenta.

Cazul 2). Daci (2R° ~8R°r —6Rr” +1°) <0, inegalitatea se rescrie:
r’(4R+ r)3 > p’ (—2R3 +8R’r +6Rr’ — r3) , care rezultd din

2
inegalitatea Blundon- Gerretsen p® < M
2(2R-r)
Ramane sa aratam ca:
R(4R+r)’
2(2R-r)
2R*—8R°r +10R*r* —3Rr’~2r* >0 <« (R-2r)(2R*-4R’r +2Rr* +1°) > 0, evident,
din inegalitatea lui Euler R > 2r .

r(4R+r)’ > (—2R3+8R2r+6Rr2—r3)<:>

6) In AABC

a)

Z(b—c)2 _p*(2R-r)=r(4R+r)’

hh rp? '
b)

2
sti(lJrleIz.
h,h, 2r\R r
Marin Chirciu, Pitesti

Solutie.

a)Folosind h, = % obtinem:

18
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Z(b—c) _Z(b c) Zbc (b- c) =p2(2R—r)—r(4R+r)

hh, 2S 25 4s? rp’

b
care rezultd din Zbc(b—c)2 = 4r[ p*(2R-r)-r(4R+ r)z] .
b)Folosind a) siOl* = R(R—2r) inegalitatea se scrie:

2 2
p*(2R—-r)—r(4R+r) L1 (1 1
p°r 2r\R r
Distingem cazurile:

Cazul 1). Dacé( R-— 5r) >0, inegalitatea este evidenta.

j0|2® p?R(R—5r)+2r?(4R+r)" >0,

Cazul 2). Dacd (R -5r) <0, inegalitatea se rescrie:
2r?(4R+r)’ > p?R(5r —R)
2

care rezultd din inegalitatea Blundon- Gerretsen p” < M .
2(2R-r)
Ramane sd aratam ca:
R(4R+r)’
2(2R-r)
(R—Zr)Z(R—r)ZO,

evident, cu egalitate daca R = 2r .

2r?(4R+r)" > R(5r—R) < R*-5R’r +8Rr* —4r’>0 <

7) In AABC
a)
(b—c)’ 4[p2(R+r)—r(4R+r)2}
Z I’brc - pzr .
b)
(b—c)2<o_|2
Z rr.or’
c)
4R+1) (R-T)
—b)(p-c)(b- zs( Ol?
Marin Chirciu, Pitesti
Solutie.
a)Folosindr, = S obtinem:
p-—a
(b-cf < (b-cf 1 , 4 P*(R+r)=r(4R+1)’]
- - —b)(p=c)(b-c) =
e T e N LEDICRDICRD -
p-b p-
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care rezultd din Y (p—b)(p —c)(b-c)’ = 4r[ p*(R+r)-r(4R+ r)z} ,
b)Folosind a) siOl” = R(R—2r) inegalitatea se scrie:
2

4[p2(R+r)—r(4R+r) ]

IN

2R(R-2r)
p2r r2
Distingem cazurile:

Cazul 1). Dacz?l(R2 —6Rr —4r2) >0, inegalitatea este evidenta.

& p’(R*—6Rr—4r’)+4r’*(4R+r)’ 2 0.

Cazul 2). Dacii(R® —6Rr —4r’) <0, inegalitatea se rescrie:

4r2(4R + r)3 > p2<R2 —6Rr —4r2) , care rezulta din

2
inegalitatea Blundon- Gerretsen p® < m
2(2R-r)
Ramane sa ardtam ca:
2
4r2(4R+r)32m(R2—6Rr—4r2) < R*-6Rr+12Rr*-8r’ >0 <
2(2R-r)

(R—Zr)3 >0, evident, din inegalitatea lui Euler R > 2r .

c).Folosim Z(p—b)(p—c)(b—cf=4r[p2(R+r)—r(4R+r)2] O’ =R(R-2r) si

2
inegalitatea Blundon- Gerretsen p® < M
2(2R—-r)
8) InAABC
a)
Z(b—c)2 _8R?-2Rr-r?—p?
ar, Rp '
b)
2
Z(b—c) S80I2
ar, Rp
c)
(p—a)(b-c)” _8r _,
<—-0lI
Lo R
d)
> be( p—a)(b—c)” <325r-0I2.
Marin Chirciu, Pitesti
Solutie.

a).Folosindr, =

obtinem:
p—a
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5y (0=¢) :Zib—C) _Ls(p=a)(b=c) 8R'-2Rr—r'-p’

a Rp

2 2 2 2
— C — — i
care rezulta din z( ) = 8R ZRF: r-p , adevarata din
a p

> bc(p-a)(b—c) =4pr’(8R*—2Rr—r’—p?).

©
|
QD
—
O

b)Folosind a) siOl” = R(R—2r) inegalitatea se scrie:

8R?—2Rr—r>—p° - 801°
Rp Rp

p® >16Rr —5r”.

Ramane sa aratam ca:

16Rr —5r? >14Rr —r® < R > 2r (iinegalitatea lui Euler).

&> p? 214Rr —r?, care rezulti din inegalitatea lui Gerretsen

: —a)(b-c)’ 2_2Rr—r?-p? : :
c)FoIosde(p I ):SR ZRF: r-p siOl” =R(R—2r) inegalitatea se
a p
scrie:
2 252
&R ZRF: r-p 38—Rr~R(R—2r)<:> p® >14Rr —r?, care rezulta din inegalitatea lui
p

Gerretsen p? >16Rr —5r?.
Ramane sa aratam ca:

16Rr —5r° >14Rr —r? < R > 2r ((inegalitatea lui Euler).
~a)(b-c)” 8R*—2Rr—r?—p?

) Folosind 3" (P - =

siOl” =R(R-2r) inegalitatea se

scrie:

4pr? (8R2 —2Rr—r’— pz) <32pr?-R(R-2r) < p®=14Rr—r?, care rezultd din
inegalitatea lui Gerretsen p? >16Rr —5r2.

Ramane sa aratam ca:

16Rr —5r* >14Rr —r® < R > 2r ((inegalitatea lui Euler).

9) InAABC
a)
(b—c)®  p>—3r2—2Rr
2 ah, rp '
b)
(b—c)’ _ 4012
2 ah, 5
c)

> (b—c)’ <80I°.
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Marin Chirciu, Pitesti

Solutie.

a).Folosind h, = % obtinem:

(b—c)’ «(b-c) 1 2 p?—3r2—2Rr
= = — b— =,
Z aha Z a. 2S 25 ( C) rp
a

care rezultd din ) (b —C)2 = 2( p®—3r?— 2Rr) :

b)Folosind a) siOl* = R(R—2r) inegalitatea se scrie:
p®—3r°>—2Rr 4ol 2
rp -

p®>>16Rr —5r?,
Ramane sa aratam ca:
16Rr —5r° >14Rr —r? < R > 2r (inegalitatea lui Euler).

c) Folosind a) 51Ol =R(R—-2r) inegalitatea se scrie:

2(p*-3r’ —2Rr)<8R(R-2r) < p’ <4R’+4Rr+3r?, (inegalitatea lui Gerretsen ).

< p? >14Rr —r?, care rezulta din inegalitatea lui Gerretsen

10) In AABC
a)
z(b_c)z i 2| p*-12p"Rr —r* (4R +rY’ |
b+c p(p®+r®+2Rr)
b)
2
Z(b—c) S8OI2 |
b+c p
c)
> (a+b)(a+c)(b—c)’ <32R*-0I?
Marin Chirciu, Pitesti
Solutie.
a)Obtinem:

(b—c) (a+b)(a+c)(b—c)® 2| p*~12p"Rr—r*(4R+r)’]

2 b+c [T(b+c) B p(p*+r’+2Rr)
care rezulta din Y'(a-+b)(a+c)(b—c)’ = 4| p‘~12p"Rr—r*(4R+1)" 5i

H(b+c):2p(p2+r2+2Rr).
b)Folosind a) siOl” = R(R—2r) inegalitatea se scrie:
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2[ p* —12p°Rr—r?(4R+ r)z} 8R(R-2r)

<
p(p®+r®+2Rr) p
p* (4R’ +4Rr — p*)+r(8R®+4R’r +r°) > 0 Distingem cazurile:
Cazul 1). Dace“1(4R2 +4Rr — pz) >0, inegalitatea este evidenti.
Cazul 2). Dacil (4R’ +4Rr — p?) <0, inegalitatea se rescrie:
r(8R*+4Rr +r°) 2 p(p*—4Rr —4R*), care rezultd din
inegalitatea lui Gerretsen p? <4R”+4Rr +3r°,
Ramane sa aratam ca:
r(8R®+4R%r +1°) 2 (4R +4Rr +3r?)(4R* + 4Rr +3r° —4Rr —4R? ) &
2R°—2R*r—3Rr’-2r*>0 < (R-2r)(2R*+2Rr+r®)>0, evident, din inegalitatea lui
EulerR > 2r.
c). Folosimb), > (a+ b)(a+c)(b—c)2 = 4[ p*-12p*Rr —r?(4R+ r)z} ,

[ T(b+c)=2p(p*+r*+2Rr), inegalitatea lui Gerretsen p* <4R?+4Rr +3r” si
inegalitatea lui EulerR > 2r .

In AABC
a)
(b—c)*  p?+r?—14Rr
2 h, r '
b)
(b—c)’ _2(2R-1) .,
< -0l
z h, Rr
c)
Sa(b—c)’ S4p(2—£j0l2.
Marin Chirciu, Pitesti
Solutie.

a).Folosind h, = % obtinem:

(b-c) «(b-c) 1 > p?+r’—14Rr
Z h, _Z 25 ~ o5 a(b_c)_ r '

a
care rezulti din Z:a(b—c)2 = 2p( p’+r? —14Rr).
Obtinem:
Za(b—c)2 = Za(b2 +c? —2bc) = Za(a2 +b?+c?-a’- 2bc) =

=>ay a’- a’—6abc=2p(p’+r’—14Rr),
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care rezulta din:

Da=2p,> &’ =2( p?—r? —4Rr) yad= 2p(p2 —3r? —6Rr)§iabc =4Rrp .
Sa trecem la rezolvarea problemei din enunt.
b)Folosind a) siOl* = R(R—2r) inegalitatea se scrie:

c)Folosind Za(b—c)2 =2 p( p°+r? —14Rr) siOl” =R(R—-2r) inegalitatea se scrie:

2p( p2+r? —14Rr) < 4p(2_%). R(R—2r) < p® <4R?+4Rr +3r* ( Gerretsen).

11) In AABC
a)
1 1) p*-7r®-10Rr
b—c)| =+ |= .
Fio-of (Lo |- =T
b)
1 1) _2(2R+r)
b—c)| =+=|< ol?
2 C)(hbJrhC] Rr
c)
S (b+c)(b—c) <4p(2+ jouz
Marin Chirciu, Pitesti
Solutie.

a).Folosind h, = % obtinem:

Z(b_c)z[hi+hiJZZ(b_C)Z(%+%j=%Z(b+c)(b—c)2= p2—7r2—10Rr,

b c r

care rezulta din Z:(b+c)(b—c)2 =2 p( p’—T7r? —10Rr) :
Obtinem:
Y (b+c)(b—c) =Y (b+c)(b*+c*—2bc) =" (2p—a)(b*+c* —2bc) =
=4py a*~4py bc-> be(b+c)+6abc=2p(p’—7r’~10Rr),
care rezulta din:
> al =2(p2—r2—4Rr) .Y _bc=p?+r?+4Rr ,Zbc(b+c):2p(p2+r2—2Rr) si
abc=4Rrp .
Sa trecem la rezolvarea problemei din enunt.
b)Folosind a) siOl” = R(R—2r) inegalitatea se scrie:
p’—7r®~10Rr _2(2R+r)

‘R(R-2r) < p® <4R®+4Rr +3r” (inegalitatea lui

r ~  Rr
Gerretsen).
c)Folosind Z(b+c)(b—c)2 = 2p( p>—7r° —10Rr) siOl” =R(R—-2r) inegalitatea se

scrie:
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ZP( p*-7r’ —10Rr)S4p(2+%)- R(R-2r) < p® <4R?+4Rr+3r® ( Gerretsen).

Egalitatea are loc dacd si numai daca triunghiul este echilateral.

12) In AABC
a)
2
Z(b;c) —4(R-2r)
b)
(b-c)* 4 _,
=—-0I
Z r, R
c)
S (p-a)b-c) =2 0.
Marin Chirciu, Pitesti
Solutie.

a).Folosindr, =

obtinem:

(b—c)’

2O s el L5 (o a)o-of =4(r-20)

a _

—a
care rezulta din Z( p —a)(b—c)z = 4rp(R — ZI’) :
Obtinem:
>(p-a)(b-c) =Y p—a)(b*+c*—2bc)=
=2p>_.a’-2p) bc—> be(b+c)+6abc=4rp(R-2r),
care rezultd din:
> &l =2(p2—r2—4Rr) ,D_bc=p?+r?+4Rr ,Zbc(b+c)=2p(p2+r2—2Rr) si
abc=4Rrp .
Sa trecem la rezolvarea problemei din enunt.

b)Folosim a) siOlI* =R(R-2r) .
c)Folosim Y (p-a)(b—c)’ =4rp(R-2r)siOI? =R(R-2r).

13) In AABC
a)
1 1) 2(p*+r’-14Rr)
b—c)| =+=|= .
z( C) [I’b +er r
b)

Z(b—c)2(£+lJ§M-OIZ.

r Rr

c
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c)
Za(b—c)2£4p(2—%jOI2.
Marin Chirciu, Pitesti
Solutie.
a).Folosindr, = obtinem:
p-a
1 1 p-b p , 2(p®+r’-14Rr)
b- b—c) | —+—|= b—c) =
Y e e
2

care rezulta din Za(b—c)zz p(p +r —14Rr)
Obtinem:
>a(b- c)’ Za(b2+c —2bc) Za(a2+b2+cz—az—2bc):

=ZaZa ~> a’—6abc= Zp( p?+r? —14Rr),

care rezulta din:

Ya=2p,y a’=2(p°-r’-4Rr),> a’=2p(p*—3r’—6Rr)siabc = 4Rrp .

Sa trecem la rezolvarea problemei din enunt.

b)Folosind a) siOl* = R(R—2r) inegalitatea se scrie:

p’+r’-14Rr _2(2R-r
r Rr

Gerretsen).

c)Folosind Za(b—c)2 =2 p( p°+r? —14Rr) siOl” =R(R—-2r) inegalitatea se scrie:

) ‘R(R-2r) < p*<4R*+4Rr +3r? (inegalitatea lui

2p( p2 412 —14Rr) < 4p(2—%)- R(R-2r) < p® <4R?+4Rr+3r® ( Gerretsen).

Egalitatea are loc daca si numai daca triunghiul este echilateral.

In AABC

a)

> (b—c) 1, =4p*r(R-2r).
b)
> (b-c)’ rbczg ol1°.
Marin Chirciu, Pitesti
Solutie.
a).Folosindr, = obtinem
p-a
S S (b—c)’
b—c)rr =Y (b-c) —— =52 — - =4p’r(R-2r),
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2
care rezulta dinz( (b—C) = 4(R—2r) .

p—b)(p-c) r
2 2

Ob‘ginemz (b—c) = Z( p—a)(b—c) = 4(R—2r)’ adevarata din:

(p-b)(p-c)  [](p-a) r
>(p-a)(b—c) =4arp(R-2r)si [[(p-a)=r’p .
Avem > (p-a)(b—c)’ =Y (p-a)(b*+c’ —2bc) =
=2p>_.a’-2p)>_bc—> be(b+c)+6abc=4rp(R-2r),
care rezulta din:
> al =2(p2—r2—4Rr) .Y _bc=p?+r?+4Rr ,Zbc(b+c)=2p(p2+r2—2Rr) si
abc=4Rrp .
Sa trecem la rezolvarea problemei din enunt.
b)Folosim a) siOl” = R(R—Zr) .

14) In AABC
a)
> (b—c) 1, =4p*r(R-2r).
b)
2
> (b-c) hh, = 2rF§) (p*+r®-14Rr).
c)
> (b—c)’ hh, <2 (b—c) L,
Marin Chirciu, Pitesti
Solutie.
a).Folosindr, = obtinem
p-a
S S (b—c)’
b—c)nr=>(b-c)——— —2—=52"_—+ 1 __4p*(R-2r),
S (o-of B =00 17 o= T e ey~ P TR

2
care rezulta dinz (b—C) = 4(R—2r) .

(p=b)(p—c) r

Ob‘ginemz( (b—C)2 Z( p—a)(b—c)2 _ 4(R—2I’)

p—b)(p—c) H(p—a) = . , adevarata din:
>(p-a)(b—c) =4rp(R-2r)si [[(p-a)=r’p .
Avem Y (p-a)(b—c)’=Y"(p-a)(b’+c’—2bc)=

=2p>_a’-2p)>_bc—> be(b+c)+6abc=4rp(R-2r),

care rezulta din:

27


http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — IUNIE 2020 RUWANEWST01{eNqe

> a?=2(p*~r’*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p*+r*—2Rr) si
abc=4Rrp .

b) Folosind h, = % obtinem:

2
> (b—c)’ hh, =>(b-c) Zé §—4szz (b-c) 2:0 (p*+r*-14Rr),
carerezultédindinz(b_c) i e UL Za(b—c)2=2p(p2+r2—14R)r.

bc 2Rr
c).Folosim a) si b) inegalitatea se scrie:

2? (p 412 14Rr)£2~4p2r(R—2r)<:> p® <4R*+6Rr —r? adevirata din

inegalitatea lui Gerretsen p® <4R”+4Rr +3r? si inegalitatea lui Euler R > 2r

15) In AABC
a)
2rp?
>(b—c)’hh, = RE) (p?+r®—14Rr).
b)
Z(b—c)zhth_A'F:p (2R-r)0I%.
c)
2r 2
b—c)’hh, <= (4R+r)’0OI?
S (b-0)'hh < 2 (4R +1)
Marin Chirciu, Pitesti
Solutie.

a). Folosind h, = % obtinem:

(b—c)’  2rp?

Z(b—c)zhbhc:Z(b—c)Z%.%ﬂszz = (p?+r®~14Rr),

. <(b-c) pP+r’-14Rr 2
carerezultadmdlnz he = Rr si Za(b—c) :2p(p2+r2—l4R)r.

b). Folosind a) si Ol” =R(R-2r) inegalitatea se scrie:

4rp’ —(2R—r)-R(R-2r) < p?<4R*+4Rr+3r?( Gerretsen)

R(4R+r)°

2(2R—-r)
2r

4R +r)°0I2.
2 (aR+1)

2
rFIQO (p +r? 14Rr)

c).Folosim b) si inegalitatea Blundon-Gerretsen p? < obtinem:

Ar R(4R+r) )
> (b—c)’hh, < =7 W(ZR—r)OI

Egalitatea are loc daca si numai daca triunghiul este echilateral.
16) In AABC
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a)
2
Z(b__—zc'i:4(8R2—2Rr—r2—p2).
sin® =
b)
2
Z(b_ci 38(4—L) o1’
sin® =
2
c)
be(b—c)’ ( rj )
<8/ 4-—— |Ol"“.
Z%p—bxp—C) R
d)
Zbc(p—a)(b—c)zs8Sr[4—%jOl2.
Marin Chirciu, Pitesti
Solutie.
a). Folosindsinzgzw obtinem:
(b—c)2 (b—c)2 bc(b—c)2 ) .
= = =4(8R°-2Rr—-r°-p°),
Zsinzé zw Z(p—b)(p—c) ( )
bc
2
care rezultd din : z bC(b—C) =4(8R2—2Rr—r2—p2)

(p=b)(p-c)

siy.bc(p—a)(b—c)’ =4pr®(8R*—2Rr—r* - p?).

b). Folosind a) si Ol =R(R—2r) inegalitatea se scrie:
4(8R2 —2Rr—r®— p2)§8(4—%JR(R—2r) & p®>16Rr -5r? (inegalitatea lui

Gerretsen).
c).Reformulare b).

d).Folosind )" bc( p—a)(b—c)2 = 4pr2(8R2 —2Rr—r?— p2) siOl’=R(R—-2r)
inegalitatea se scrie:
4pr2(8R2 —2Rr—r?— p2)£8pr2(4—%JR(R—2r) &> p? 216Rr —-5r% ( Gerretsen).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
17) In AABC

a)
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Zﬁ =$[ p*(2R+r)+r(4R+r)(r-8R)].

sin? Sgin2 & 1
2 2
b)
(b_c)z <(8R)2 2
——— —<|— | -0l°.
ZsinZEsinZE r
2
c)
2
za(s—:;):é[p2(2R+r)+r(4R+r)(r—8R)].
d)
a(b-c)” _16R _,
< ol-.
2 p—a r
€)
Za(p—b)(p—c)(b—c)z:2rp[p2(2R+r)+r(4R+r)(r—8R)].
f)
> a(p-b)(p-c)(b—c)* <16SR-OI2.
Marin Chirciu, Pitesti
Solutie.
a). Folosind sin® = 2 A w obtinem:
2 bc
(b—c)” ,A_8R
>, ZAZ (b—c)’sin E_r_[p (2R+r)+r(4R+r)(r—8R)],

,B_.,C
sin® —sin* = sin® —
2 2

care rezulta din :
;A P*(2R+r)+r(4R+r)(r-8R)

Z(b—c) sin 5= R s1 Hsm—:—
b). Folosim:

2
> (bB °) <= AZb c)’sin —s1Zb c)’sin A g012.

sin® —sin* = [ ]sin* = 2
2 2 2

c). Folosim:
Zazzz(pz—r2—4Rr),Zbc= p2+r2+4Rr,Zbc(b+c):2p(p2+r2—2Rr) si
abc=4Rrp .
d).Vezi c) si OI> =R(R-2r).
e). Folosim:
Zazzz(pz—r2—4Rr),Zbc= p2+r2+4Rr,Zbc(b+c):2p(p2+r2—2Rr) si
abc=4Rrp .
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f).Vezi e) si OI* =R(R-2r).

18) In AABC
a)
2
Z(b_zci :%[p2(4R2+6Rr—r2)—r(4R+r) ]
cos® >
b)
2
Z(b_c) S@.OP
COSZA 2r
2
c)
be(b—c)’ _11Rp .,
< ol-.
z p-a 2r
d)
Zbc(p—b)(p—c)(b—c)zSOIZ-SZ-%.
Marin Chirciu, Pitesti
Solutie.
a). Folosind cos? A_p(p-23) obtinem

(b—c)2 (b—c:)2 1 bc(b—c)2 Ar .0 ., 2 3
= =— ) ————=—| p|4R"+6Rr—r°)—r(4R+r) |,
zcosz_A z|0(|0—6t) p~ p-a pz[ ( G
2 bc
care rezulta din :

bC(b_C)2 4 2 2 2 3 .
i S L 4R +6Rr—r°)-r(4R
> 2 p[p( +6Rr —r?)—r( +r)}§1
Zbc(p—b)(p—C)(b—C)z=4r2[p2(4R2+6Rr—r2)—r(4R+r)1.
2
b). Folosind inegalitatea Blundon-Gerretsen p” < m si OI’=R(R-2r)
2(2R—r)
obtinem:
2 3
Z%ziz[pz@w+6Rr—r2)—r(4R+r)3J=4 4R2+6Rr—r2—m <
cos’= P P
— 2 —_
3
<4 4R +orr 2 [ARHT) — 2 (4R*=2Rr-r?)01%, ).
R(4R+I‘) R
_ 22R-1)
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o R(4R+r)’
Folosind inegalitatea Blundon-Gerretsen p* < % si Ol” = R(R—2r) obtinem:
—r
2 2
Cu inegalitatea lui Euler R > 2r rezulté4R ;E{r ' slslf S o

11R° ~32R’r +16Rr’ +8r° 20 < (R —2r)(11R2 ~10Rr-4r%)=0 , (2).

Din (1) si (2) obtlnemz ,Z\ OI 2
cos* — 2I’

c).Reformulare b).
d). Folosim a), b) si:

>'be(p-b)(p-c)(b-c)’ :4r2[p2(4R2+6Rr—r2)—r(4R+r)2}§iOI2 =R(R-2r).

19) In AABC
a)
(b-c)®  8Rr
>— 8 ¢ =F[p (2R+r)+r(4R+1)(r-8R)].
sin® = sin”
b)
b—c)’ 8RY _,
Z%SKTJ or*.
sin?=sin?=
2
c)
Za(s—:;):é[p2(2R+r)+r(4R+r)(r—8R)].
d)
a(b—c)’ 16R .,
> S a <= o]
€)
Za(p—b)(p—c)(b—c)z:2rp[p2(2R+r)+r(4R+r)(r—8R)].
f)
Za(p—b)(p—c)(b—c)z£16SR-O|2.
Marin Chirciu, Pitesti
Solutie.
a). Folosindsin® ': W obtinem:
>, (b C) H 2A2b c sngzi—R[p (2R+r)+r(4R+r)(r—8R)],
sin’ —sm = sin

care rezulta dm :
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S (b—c) sz,: p (2R+r)+r2(:R+r)(r—8R) . singzé.
b). Folosim:

2
>, (bB °) C_ AZb c)’sin —s1z (b—c)’sin 2 A g012.

sin® —sin* = [ [sin*= 2
2 2
c). Folosim:
Zazzz(pz—r2—4Rr),Zbc= p2+r2+4Rr,Zbc(b+c)=2p(p2+r2—2Rr) si
abc=4Rrp .
d).Vezi c) si OI? =R(R-2r).
e). Folosim:
Zazzz(pz—r2—4Rr),Zbc= p2+r2+4Rr,Zbc(b+c)=2p(p2+r2—2Rr) si
abc=4Rrp .
f).Vezie)si OI* =R(R-2r).
20) In AABC
a)
>'(r,+r)(b—c)’ =2[p2(2R—r)—r(4R+r)2]
b)
2
S +r)(b—cy < R o2,
Marin Chirciu, Pitesti
Solutie.
a). Folosindr, = obtinem:
p—a
S S i

> (r+r)(b-c)’ ZZ[E+EJ - _sz p) 3 =2| p*(2R-1)-r(4R+r)’ |

care rezulta din :

Z(a(b;c)z— 2l p?(2R-r)-r(4R+r)] si

p—-b)(p—c) rp
> a(p-a)(b-c)’ :Zr[pz(ZR—r)—r(4R+r)z]

R(4R+r)’
b). Folosind inegalitatea Blundon-Gerretsen p® < R(4R+r) si OI’ =R(R-2r)
2(2R-r)
obtinem:
R(4R+r)° R

m(2R—r)—r(4R+r)2 =(4R+r)2(5—rj=

p2(2R—r)—r(4R+r)2 <
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2
:(4R+r) o1, (1)
2R
FolosindZ(rbHc)(b—c)z:Z[pZ(ZR—r)—r(4R+r)1§i(l)rezulté:
2 2
Z(rb+rc)(b—c)232'(4R2_;r) 0|2=(4R:) 012,
21) In AABC
a)
Z(b—c)2 _ p*(4R*+6Rr—r*)—r(4R+r)’
L+r p’R '
b
) (b—c)” 11
> ——L<=0I%.
rL+r. 8r
c)
(P=b)(P=C)(b=C)" _ I [ oiym . 3
——| p?*(4R?+6Rr—r?)—r(4R
> " Rp[p( +6Rr —r”)—r ( +r)}
d)
2
5 (P=b)(p=c)(b=c) _1lp
a 8
€)
Zbc(p—b)(p—C)(b—C)z=4r2[p2(4R2+6Rr—r2)—r(4R+r)3}
f)
11Rr
bc(p-b)(p-c)(b-c) <=—. p®0lI*
Sbe(p-b)(p—c)(b—c)’ < 2EC.p
Marin Chirciu, Pitesti
Solutie.
a). Folosindr, = obtinem:
p-a
(O=cf & (b-of _-(p-b)(p-e)bc)’ _p'(4R"+oRr—r’)-r(4R-r)
o+ S i a p’R

+
p-b p-b
care rezulta din :

5(P=b)(p=c)(b=c)’ -] (4R r6Rr—r)—r(R )] s

a

>'be(p-b)(p-c)(b-c)’ :4r2[p2(4R2+6Rr—r2)—r(4R+r)3]
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2
b). Folosind inegalitatea Blundon-Gerretsen p® sm si OI’=R(R-2r)
2(2R-r)
obtinem:
3
(b—c)2 :p2(4R2+6Rr—2r2)—r(4R+r) 1 4R2+6Rr—r2—r(4Rjr)3 <
I+, p°R R p
<1 yreegrr e T@R+T)' | 4R-10R'r+3Rre+2r _ (R-2r)(4R°—2Rr—r?) _
"R R(4R+r)’ R? R?
i 2(2R-) |
2 2
:woﬁggoﬁ
c). Folosim:
> a*=2(p’~r*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p°+r*—2Rr) si
abc=4Rrp .
d).Vezib), ¢) si OI? =R(R-2r).
e). Folosim:
> a*=2(p’~r*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p°+r*—2Rr) si
abc=4Rrp .
f).Vezib), e) si OI? =R(R—-2r).
22) In AABC
a)
(b-c)  8Rr , 2
7 _ 2R-r)-r(4R :
ZcoszEcosz— pz[p (2R=r)=r(4R+r)’|
2 2
b)
2
Z%s{uﬁ)oﬁ
cos® —cos® — r
2 2
c)
a(b—c)’ 21 2
0 2 p2(2R=r)—r(4R+1) ],
S e L P R (4R )
d)
2 2
3 a(b—c) S(4R+r) ol
(p-b)(p—c) Rrp
€)

> a(p-a)(b-c)’ :Zr[pz(ZR—r)—r(4R+r)2]
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f)
Za(p—a)(b—c)zs%(4R+r)ZOI2.
Marin Chirciu, Pitesti
Solutie.
a). Folosind coszgz il pc—a) obtinem:
(o—c)’ o abc < alb-o) _
Zcoszg’c 2C Z p b p(p-c) H(p—a)z(p b)(p-c)
ab

E;R[p (2R-r)- (4R+r) }, care rezultd din :

z(:‘_(s)—‘(?_c)—é[p (2R-r)-r(4R+r)' |, [T(p-a)=rpsi

>a(p-a)(b-c)’ =2r[p2(2R—r)—r(4R+r)2]

2
b). Folosind inegalitatea Blundon-Gerretsen p? < % si OI?=R(R-2r)
—r
obtinem:
2

0?(2R—1)—r(4R+1Y S%(ZR—r)—r@RH’)Z :(4R+r)z(§—rj:
_(4R+r1)

- 2R

012, (1).

2
Folosind Z(bB_—C)C :8_5[ p*(2R—r)—r(4R+ r)z} si (1) rezulta:
cos’—cos’~ P

012, (2).
2 )
cos’-’Ecoszg P 2R

r(4R+r)’
Folosind (2) si inegalitatea lui Gerretsen p°> >16Rr —5r° > u

rezulta:
+r
2 2
y 0o SR (R) o _4R*T) G 4(1+5j0|2.
cos?Beos & r(4R+r)” 2R r r

2 R+r
c). Folosim:
> a*=2(p*~r*—4Rr), > bc=p?+r’+4Rr, Y bc(b+c)=2p(p°+r*—2Rr) si
abc=4Rrp .

d).Vezi b), ¢) si OI2=R(R-2r).
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e). Folosim:
> al =2(p2—r2—4Rr) ,D_bc=p?+r?+4Rr ,Zbc(b+c)=2p(p2+r2—2Rr) si
abc=4Rrp .
f).Vezib), ¢) si OI> =R(R—2r).
23) In AABC
a)
>(r,+r)(b—c) =2[ p*(2R-r)-r(4R+ r)z} :
b)
2
Z(rb+rc)(b—c)zs(4R;r) Jk
Marin Chirciu, Pitesti

Solutie.

a). Folosindr, =

>(r,+r)(b—c)’ =Z[i_+i_j(b—c)2 = SZ% = Z[pZ(ZR—r)—r(4R+ r)ZJ

care rezulta din :

Z( a(b—c)2 _E[pz(ZR—r)—r(4R+r)1 si

p-b)(p-c) rp
Za(p—a)(b—c)z=2r[p2(2R—r)—r(4R+r)2]
2
b). Folosind inegalitatea Blundon-Gerretsen p” < R(4R+r1) si OI’=R(R-2r)
2(2R-r)
obtinem:
2
p2(2R—r)—r(4R+r)2s%(ZR—r)—r(4R+r)2:(4R+r)z(§—rj:
2
:(4R+r) o1, (1),
2R

Folosind >"(r, +1,)(b—c)’ =2[ p?(2R—r)-r(4R+ r)z} si (1) rezulta:

2 2
Z(fb+rc)(b_c)zsz-(4zgr) or=UR*) o2
24) In AABC
a)
Z(b_c)2 _ p*(4R*+6Rr—r*)—r(4R+r)’
L p°R '
b)
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Z—(b_c)2 o,

r,+r, 8r
c)
Z(p b)(paC)(b—C) ZRLp[pz(4R2+6Rr—l’2)—r(4R+r)3:|
d)
(P=b)(p-c)(b—c)’ _11p .
> - <=5-ol
€)
Zbc(p—b)(p—C)(b—C)z=4r2[p2(4R2+6Rr—r2)—r(4R+r)3}
f)
Zbc(p—b)(p—c)(b—c) <% p’0l?
Marin Chirciu, Pitesti
Solutie.

a). Folosindr, =

obtinem:

p—a

Z( —Z (b- _Z(p—b)(p—C)(b—C)zzp2(4R2+6Rr—r2)—r(4R+r)3
o+, LJFL a p°R
p-b p-b
care rezulta din :

Z(IO—b)(ID—C)(b‘C)2 :RLp[pz(4R2+6Rr—r2)—l’(4R+r)SJ si

a

Zbc(p—b)(p—C)(b—C)2 =4r2[p2(4R2+6Rr—r2)—r(4R+r)3]

o R(4R+r)°
b). Folosind inegalitatea Blundon-Gerretsen p” < u si OI?’=R(R-2r)

2(2R-r) °
obtinem:
3
(b—c)’ :p2(4R2+6Rr—2r2)—r(4R+r) 1 4R2+6Rr_r2_r(4R2+r)3 <
I+, pP°R R p

r(4R+r)’ | 4R*—10R%r+3Rr2+2r° (R—2r)(4R*—2Rr—r?)

S% 4R% +B6Rr—r?—

R(4R+r)" | R® B R? B
i 2(2R-r) |
2
_4R —23Rr— o <o
R 8r

c). Folosim:
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> a?=2(p*~r’*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p*+r*—2Rr) si

abc=4Rrp .
d).Vezi b), ¢) si OI° =R(R-2r).
e). Folosim:
> a?=2(p*~r*—4Rr), > 'bc=p?+r’+4Rr, > bc(b+c)=2p(p*+r*—2Rr) si
abc=4Rrp .
).Vezi b), ¢) si OI> =R(R—-2r).
25) In AABC
a)
Z(b_c)z _p*+p’(2r*~16Rr)+ 1 (4R+r)’
bch, 4Rr?p? '
b
! (b-c)’ 5
~ 1 <=0l
2 bch, — 16r°
c)
Za(b_c)z pt+ p’(2r* —16Rr)+r?(4R+ ry’
bc 2Rrp
d)
a(b—c)2 5p .
AO7E) 2P g
2 bc 8r’
€)
> a*(b-c)’ = 2[ p*+ p?(2r*—16Rr)+r*(4R+ r)z]
f)
Zaz(b—c)2 g%- p?0l?
Marin Chirciu, Pitesti
Solutie.

a). Folosind h, = % obtinem:

Z(b—c)2 =Z(b—c)2 _1 a(b—c)2 _ p*+ p2(2r2—16Rr)+ r?(4R+r)’
bch, be. 2> 28 bc 4Rr?p? '

care rezulta din :

Za(b_c)2 _ p* + p2(2r2 —16Rr)+ r?(4R+r)’
bc 2Rrp

>a’(b-c)’ = 2[ p*+ p*(2r* —16Rr)+r* (4R + r)z} .

s
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b). Folosind inegalitatea Blundon-Gerretsen
r(4R+ r)2
R+r

<16Rr—5r*< p® <4R*+4Rr+3r’ si Ol* = R(R—Zr) obtinem:

2 4 2 2 2 2 2 2
(b—c) _ PP (2r 16Rr)+r (4R+T) 1 r’(4R+r) g

2 bch 4Rr?*p® " 4Rr? p*+2r" ~16Rr + p’ B
2 2 2 2
<1 1 4R? 4 4Rr+3r2 1 2r2 ~16Rr+ - (4R+r)2 _ ART-LRrHOrT
4Rr r(4R+r) 4ARr
R+r
R-2r)(4R-3r) 4R-3r 5
- 4)F£r2 - arie O S0
c). Folosim:
> a*=2(p’~r*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p°+r*—2Rr) si
abc=4Rrp .
d).Vezib), ¢) si OI? =R(R-2r).
e). Folosim:
> a*=2(p’~r*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p°+r*—2Rr) si
abc=4Rrp .
f).Vezib), e) si OI? =R(R—-2r).
26) In AABC
a)
Z(b—c)2_p2(2R—r)—r(4R+r)2
ber, 2p°Rr '
b
! (b—c)’* 3
Ol?
2 bcr, — 8Rr?
c)
Z(p—a)(b—c) :pz(ZR—r)—r(4R+r)
bc 2Rp
d)
(p—a)(b—c)” _3p* -
< Ol
2 bc 8Rr?
€)
Y a(p-a)(b-c) :Zr[pZ(ZR—r)—r(4R+r)2]
f)
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Marin Chirciu, Pitesti

Solutie.

a). Folosindr, =

obtinem:

_cV RY _ RY: 2 I )
z(bbcf) g (b g) :éZ(P ag)f;b c)’ _p*(2R ;:)ZF:r(4R+r) P

bc———
p—a
din:

( —a)(b—c)z_ 2(2R—r)—r(4R+r)2
2 : bc = 2Rp ¥

Za(p—a)(b—c)2 =2r[p2(2R—r)—r(4R+r)2]
R(4R+r)’

2(2R-r)

b). Folosind inegalitatea Blundon-Gerretsen p” < si OI’=R(R-2r)

obtinem:

ber, 2p°Rr 2R

Z(b—c)z:pZ(ZR—r)—r(4R+r)2_ 1 ZR_r_r(4Rjr)2 1 ZR_r_r(4R+r)22 3
r P 2Rr R(4R+r)
2(2R-r)

< ZR_r(l—Ej: R Toir<3 o2,
2Rr R 2R°r 8Rr
c). Folosim:
> &l =2(p2—r2—4Rr) .Y _bc=p?+r?+4Rr ,Zbc(b+c):2p(p2+r2—2Rr) si
abc=4Rrp .
d).Vezib), ¢) si OI> =R(R-2r).
e). Folosim:
> al =2(p2—r2—4Rr) .Y _bc=p?+r?+4Rr ,Zbc(b+c):2p(p2+r2—2Rr) si
abc=4Rrp .
f).Vezi b), ¢) si OI” =R(R-2r).
27) In AABC
a)
Z(b—c)ztg%tg%ﬂr(R—Zr).
b)

B, C 4r
b—c)’tg—tg— =—0I?.
2.(b-c)tg=tg = =—
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>'(b-c)’tg %tg % <201?

d)
> (p-a)(b—c)’ =4rp(R-2r)
e)
>(p-a)(b-c)' =2 0I°
f)

> p—a)(b—c)’ <2pOl?
Marin Chirciu, Pitesti

Solutie.
a). Folosindtgéz w obtinem tg Eth=E.
2 p(p-a) 2 72
Rezulta:
B, C 1
Z(b—c)ztgath:Z(b c)’ pT:EZ(p—a)(b—c)z:4r(R—2r),

care rezulta din : Z( p— a)( ) = 4rp(R 2r).
b). Folosind a) si OI° = R(R—Zr) obtinem:

2, B, C 4r
—c)tg=tg—~ =4r(R—2r) = —
> (b-c) tgztg2 r(R-2r) ROI

c). Folosim b) si inegalitatea lui Euler R > 2r .

d). Folosim:

> a*=2(p*~r*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p° +r*—2Rr) si
abc=4Rrp .

e). Vezid) si OI?’ =R(R-2r).

f). Folosim e) si inegalitatea lui Euler R > 2r .

28) In AABC
a)
b—c)’ 4
>, ( 5 )C =F[p2(R+r)—r(4R+r)z]
tg->t9—
22
b)
p?(R+r)—r(4R+r)’ <4R-OI?
c)
(b- c) 16R
Z B C_ r ol*
ety
d)
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> (p-b)(p-c)(b—c)’ =4r| p*(R+r)—r(4R+r)|.

9)

> (p—b)( p—c)(b—c)’ <16Rr-Ol?
Marin Chirciu, Pitesti
Solutie.

a). Folosindtgé: m obtinem thth:E.
2 p(p-a) 2 2 P
Rezulta:
(b—c)2 B (b—c)2_4 ) )
Zt e =P — —F[p (R+r)_r(4R+r)]
g-tg—
22
care rezulta din :

zm_i[pz(R+r)—r(4R+r)2} si
> (p-b)(p-c)(b—c) =4r| p*(R+r)-r(4R+r) .

p-a rp
b).

R(4R+r)°
2(2R-r)
2 (4R+r)’(R-r)

R+r)—r(4R+r) = 12 <4R-0I?
(Rer)-r(4R+r) 2R(2R-r) © ©

Folosind inegalitatea Blundon-Gerretsen p* < si Ol” = R(R—2r) obtinem:

07 (Rt 1)1 (4R+1) S—F;((‘;ii?)

(b—c)” _4
B. C r

,_16R
r

C)Rezulta Z ol2.

|||
1
©
N
—
Py
+
=
N—"
-
—
aN
Py
+
=
N—"
N
[
IA
= |
aN
o)
)

e). Vezi d) sib).
f). Folosim:
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> a?=2(p*~r’*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p*+r*—2Rr) si

abc=4Rrp .
g).Folosim f) si b).
29) In AABC
a)
Z(b—c)zctggctggzé[ pZ(R+r)—r(4R+r)2]
b)
p?(R+r)-r(4R+r) <4R.0OI?
c)
B _ C 16R
b—c)’ctg—ctg— < ——OI?
Z( C) 9 2 9 2 r
d)
2
z(bp__ca) :%[pZ(R+r)—r(4R+r)2]
€)
(b—c)’ _16R_
<—20I
Z p-a S
f)
> (p-b)(p-c)(b—c) =4r| p*(R+r)-r(4R+r)’ .
g)
Z(p—b)(p—c)(b—c)zslGRr-OI2
Marin Chirciu, Pitesti

Solutie.
a). Folosind ctg?: % obtinem ctg%ctg%zﬁ.
Rezulta:

2. B C 2 p (b—C)2_4 2 2
> (b-c) cthcth_Z(b—c) E_pzﬁ_F[p (R+r)—r(4R+r) }
care rezulta din :

2
Z%:%[pZ(R+r)—r(4R+r)z} si
> (p-b)(p-c)(b-c)’ :4r[p2(R+r)—r(4R+r)z]

b).
2
Folosind inegalitatea Blundon-Gerretsen p? < % si Ol” = R(R—2r) obtinem:
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pZ(R+r)-r(4R+r)zs%mﬂ)-r(mﬂ)?:“Z;{Z)R(_Rr‘)r)owgpe.ouz
c)RezultéZ(b—c)zctg%ctg%zé[pz(R+r)—r(4R+r) }<ﬂ 4R-01% = 16rROI .

b-c)’ —b)(p-c)(b-c)’ , > .
d). Z(p_zz =Z(p )((F;_a))( ) =%[p (R+r)—r(4R+r) },carerezultadm
> (p-b)(p-c)(b- c)2:4r[p2(R+r) r(4R+r :|SIH (p-a)

e). Vezi d) sib).

f). Folosim:
> a*=2(p’~r*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p°+r’—2Rr) si
abc=4Rrp .
g).Folosim f) si b).
30) In AABC
a)
2
> (bB_C) c =4r(R-2r)
tg —ctg —
c92092
b)
(b—c) ar _
2— & =50
ctg —ctg —
2
c)
(b—c)’ 2
ctg—ctg—
d)
> (p-a)(b-c)’ =4rp(R-2r)
e)
43
—a)(b-c)’ =20l
S (p-a)(b-c) = %
f)
Z(p—a)(b—c)ZSZpOI2
Marin Chirciu, Pitesti
Solutie.
. A p(p-a) . B. C p
a). Folosindctg—= |———*— obtinem ctg—ctg —=——.
) 97 (p-b)(p—c) 9293 p-a

Rezulta:
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(bc

>, _Z p-a)(b-c) =62(p—a)(b—c)2:4r(R—2r),

ctg—ctg—
care rezultd din : ) _(p—a)(b —C)2 =4rp(R-2r).
b). Folosind a) si Ol” = R(R—2r) obtinem:

(b—c)’ 4r
Zm:4r(R—2r):EOIZ.
J 2 J 2
c). Folosim b) si inegalitatea lui Euler R > 2r .
d). Folosim:
> a?=2(p*~r*—4Rr), > 'bc=p?+r’+4Rr, > bc(b+c)=2p(p®+r*—2Rr) si
abc=4Rrp .
e). Vezi d) si OI? =R(R-2r).

f). Folosim e) si inegalitatea lui Euler R > 2r .

f). Folosim:
Zazzz(pz—r2—4Rr),Zbc=p2+r2+4Rr,Zbc(b+c):2p(p2+r2—2Rr) si
abc=4Rrp .
g).Folosim f) si b).
31) In AABC
a)
(b—c)2 _p2(4R2+6Rr—r2)—r(4R+r)3
Z:ththgE_ PR |
2 2
b)
2
p2(4R2+6Rr—r2)—r(4R+r)3£8lf Ol?
c)
3 (b—c)’ L8IR 2
tg— +tgE P
2
d)
Z(b_c)2 p*(4R%+6Rr—r*)—r(4R+r)’
a(p-a) p?Rr
€)
(b—c) _ 11
——<—0I
Za(p—a) 8r?
f)

> be(p-b)(p-c)(b-c)’ :4r2[p2(4R2+6Rr—r2)—r(4R+r)3]
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9)
> be(p-b)( p—c)(b—c)” <81R*r?0I2.
Marin Chirciu, Pitesti
Solutie.
a). Folosindtgéz w obtinem th+th: a(p—a).
2 p(p-a) 2 2 rp
Rezulta:
b—c)’ b—c)’ p?(4R*+6Rr—r?)—r(4R+r)’
L M M L
tg—+tg— a(p-a) p
2 2
care rezultd din :
3
3 (b—c)2 _ p2(4R2+6Rr—2r2)—r(4R+r) i
a(p-a) p°Rr
Zbc(p—b)(p—C)(b—C)z=4r2[p2(4R2+6Rr—r2)—r(4R+r)3]
b).
Folosind inegalitatea Blundon-Gerretsen p® <4R* +4Rr +3r si OI* =R(R-2r)
obtinem:
p*(4R*+6Rr —r®)—r(4R+r)’ <(4R* +4Rr+3r*)(4R* +6Rr —r’)—r(4R+r)’ =
2(8R*+4R’r +r°
=2(8R* —12R —8R*r* + Rr® —2r*) =2(R—2r)(8R* +4R’r +1°) = ( +R . )0|2 <
< 81R" ol°.
4

C)Vezi a) si b)
Q). Zbc (p—b)(p-c)(b- c)z_p2(4R2+6Rr—r2)—r(4R+r)3
Z ) abc] J(p-a) B PR ’

care rezulta din

Zbc(p—b)(p—C)(b—c)z:4r2[p2(4R2+6Rr—r) r(4R+r) }511_[ (p-a)

e). Folosind inegalitatea Blundon-Gerretsen p* < R(4R+ r) si OI’ =R(R-2r)
2(2R-T)
obtinem:
5 (b-c)’ _P*(4R°+6Rr—r)-r(4R+r) 1 4R? 4 6rr 2 TAR+T)
a(p-a) p°Rr Rr p? B
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<1 AR? +6Rr — 12 — r(4R+r)3 4R3—1OR2r+3Rr2+2r3 :(R—Zr)(4R2—2Rr—r2):
~Rr R(4R+r1)° R’r Rer
I 2(2R-r) |
2
JARZ2RI-C g Uz,
R°r 8r
f). Folosim:
> a?=2(p*~r*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p’+r>—2Rr) si
abc=4Rrp .
g).Folosim f) si b).
32) In AABC
a)
2
B C , 2| P*(2R=1)-r(4R+1) |
tg—+tg— |(b—c)’ = .
2 CEREE TR :
b)
2
PZ(ZR—r)—r(4R+r)Zs(4R+r) 0|2
c)
B C 81R
tg—+tg— |(b—c) <—O0I?
> (1050 Jio-e =
d)
>a(p-a)(b-c) =2r[p2(2R—r)—r(4R+r)2}
e)
Sa(p-a)b-c) <>, 01
Marin Chirciu, Pitesti
Solutie.
a). Folosindtgé: w obtinem th_'_th:a(p—a).
2 p(p—a) 2 2 rp

Rezulta:

2| p*(2R-r)-r(4R+r)’|

Z(tg%ﬂg%)(b c) =— Za (p-a)(b—c)’ = ,

p

care rezulta din :
> a(p-a)(b-c)’ :Zr[pz(ZR—r)—r(4R+ r)z] .
R(4R+r)°

2(2R-r)

b). Folosind inegalitatea Blundon-Gerretsen p® < si OI’ =R(R-2r)
obtinem:
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2
p2(2R—r)—r(4R+r)2S%(ZR—r)—r(4R+r)z:(4R+r)z(§—rj=
2
:(4R+r) o1, (1),
2R
c)Vezi a) , b) si inegalitatea lui Euler R > 2r .
Obtinem:
2| p2(2R=r)=r(4R+r)’ 2
Egalitatea are loc dacd si numai daca triunghiul este echilateral.
d). Folosim:
Zazzz(pz—r2—4Rr),Zbc= p2+r2+4Rr,Zbc(b+c):2p(p2+r2—2Rr) si
abc=4Rrp .
e). Folosim d) , b) si inegalitatea lui Euler R > 2r .
Obtinem:
2 ) 2 (4R—H’)2 , I 2., 81Rr .,
> a(p-a)(b—c)’ =2r| p*(2R-r)-r(4R+r)’ |<2r- o017 =2 (4R+rf01* <=0l
33) In AABC
a)
(b—c)’ _r[pz(ZR—r)—r(4R+r)1
thgE+cth_ PR |
2 2
b)
2
p2(2R—r)—r(4R+r)2s(4R+r) ol°?
c)
2
3 (g—c) CS81ROI2
ctg—+ctg— P
2 2
d)
Z(b—c)2 _pZ(R+r)—r(4R+r)2
a PR
e)
(b—c) 81
<—20I
Z a 8p
f)
Zbc(b—c)z:4r[p2(2R—r)—r(4R+r)2]
9)
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> be(b-c)’ < 812Rr ol?.

Marin Chirciu, Pitesti

Solutie.

: A p(p-a) : B C a
. Fol —= tg — +Ctg — = — .
a) oosmdctg2 (p—b)(p—0) obpnemcg2+cg2 .

Rezulta:

Z (E_C)Z - :rz:(b—(;)2 _ r[p2(2R—r)_r(4R+r)2l

a pR
ctg—+ctg —
g2 g2

care rezulta din :

Z—(b_c)z —i[pz(R+r)—r(4R+rﬂ si

p-a Ip
> (p-b)(p—c)(b—c)’ =4r| p*(R+r1)-r(4R+r)"|.
b).

2
Folosind inegalitatea Blundon-Gerretsen p? s% si Ol = R(R—2r) obtinem:
2
p2(2R_r)_r(4R+r)2g%m_r)_r(mﬂ)z:(4R+r)z(§_rj:
2

:(4R+r) o2, (1),

2R
c)Vezi a) , b) si inegalitatea lui Euler R > 2r .
Obtinem:

2 2
5 (g_c)z ; :r[p (2R—r)—r(4R+r) }SL-(4RH)ZO|2§L-8£OIZ:QOIZ
CthJrcth PR pR 2R pR 8 8p
2 2 2
d).Avemz(b_C) =Zbc(b—c) _P*(2R-r)-r(4R+r) |
a abc PR
care rezulta din
> be(b-c)’ :4r[p2(2R—r)—r(4R+r)z}§i abc=4Rrp.
e). Folosind d) ,b) si inegalitatea Euler R >2r obtinem:
2 2 2

Z(b—c) :pZ(R+r)—r(4R+r) Si.(4R+r) Olzsi-%OIzzﬁoﬁ

a pR pR 2R pR 8 8p

f). Folosim:
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> a?=2(p*~r’*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p*+r*—2Rr) si

abc=4Rrp .
g).Folosim f), b) si inegalitatea lui Euler R > 2r .
Obtinem:

AR+T)’
Zbc(b—c)z=4r[p2(2R—r)_r(4R+r)2}g4r'%m2SM.%OIz:SlerOI

34) In AABC
a)
2p(p®+r®—14Rr
Z(ctg%+ctg%)(b—c)2= p(p +r )
b)
o +r2_14rr < 22R=T )
c)
B C 4p r 2
tg—+ctg— |(b—c) <—| 2—— |0l
Z[cgz+cgzj( c)’ . ( Rj
d)
> a(b—c)’=2p(p*+r’—2Rr)
€)
Za(b—c)2£4p(2—%jOI2
Marin Chirciu, Pitesti
Solutie.
: A p(p-a) : B C a
. Folosindctg—= [————%— ob tg—+ctg—=—.
a). Folosind ctg (p—b)(p—c) obtinem Ctg 2+cg .
Rezulta:
2p( p?+r>—2Rr
Z(ctg +ctg j Zab c)’ = p(p +r )
care rezulta din : Za(b—c) =2p(p®+r*—2Rr).
b).
Folosind inegalitatea lui Gerretsen p? <4R”+4Rr +3r? si Ol” =R(R—2r) obtinem:
p2+r2—14Rrg4R2+4Rr+3r2+r2—14Rr:4R2—10Rr+4r2=2(2R—r)(R—2r):MOI2

c)Vezi a) , b) si inegalitatea lui Euler R > 2r .

Obtinem:
2p( p?+r?—14Rr 2(2R -
(P )Sz_p_ ( r)0|2—ﬂ(2—%)0|2.
r

B C 2
tg—+ctg— |(b—c)’ =
2(692%92)( c) .
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Egalitatea are loc daca si numai daca triunghiul este echilateral.
d).Folosim:

> a?=2(p*~r*—4Rr), > bc=p?+r’+4Rr, > bc(b+c)=2p(p®+r>—2Rr) si
abc=4Rrp .

e). Folosind d) ,b) si inegalitatea Euler R >2r obtinem:

>a(b-c)’ :Zp(pz+r2—2Rr)£2p-@Ol2 :4p(2—%jOI2.

Remarca.
La toate inegalitatile de mai sus egalitatea are loc daca si numai daca triunghiul este
echilateral.

21 Martie 2019
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2. Alte doua solutii pentru problema IX.521

de Daniel Vicaru, profesor, Pitesti >

Sa prezentdm mai intai enuntul problemei:

IX.521. Fie a, b, c > Qastfel incat ab + bc + ca = 3. Demonstrati ca:
a’(b? + 1)(c?* + 1) + b2(c?* + D(a? + 1) + c?(a®* + 1)(b* + 1) = 12.
Catalin Cristea, Craiova
Solutiile propuse arata astfel:
Solutia 1 (fara artificii speciale)
Avem, dupa dezvoltare:
3a%2b%c? + 2(a%b? + b%c? + c?a®) + a® + b% + ¢? = 12(*).

Dara?+b%*+c?2=(a+b+c)*>—2(ab+bc+ca)=(a+b+c)*—6(1)
si
a’b? + b%c? + c%a® = (ab + bc + ca)? — 2abc(a + b + ¢) =9 — 2abc(a + b + ¢)(2).
Folosind (1) si (2) in (*), obtinem 3a?b?c? + 2[9 — 2abc(a + b + )]+ (a + b + ¢)* —
6 > 12 © 3a’b*c? —4abc(a+b+c) + (a+ b +c)*> = 0Q3).
Dar (3) se poate scrie (a + b + ¢ — abc)(a + b + ¢ — 3abc) = 0(**). Avem
(a+b+c)? 23(ab+bc+ca)=>a+b+c23(4)§i1=wz Va?b2c? =
abc <1 = —3abc = —3(5) . Inegalitatile (4) si (5) oferd, adunate membru cu membru,
a+b+c—3abc=>3—-3=0(6). Cuatitmaimult,a+b+c—abc=a+b+c—
3abc + 2abc > 0(7). Inegalitatile (6) si (7) dau, impreuna, (**) ceea ce Incheie solutia
(D).
Solutia 2 (cu putind trigonometrie, si un pic de algebra, de clasa a [X — a).
Se stie ca, dacd ab + bc + ca = 3,a, b, ¢ > 0, existd un triunghi ascutitunghic ABC
astfel Tncat
a= @tg%,b = @tgg,c = \/§tgg.

Inegalitatea din enunt devine Y [3tg? % (3tg?B + 1)(3tg*C + 1)] = 12. Dupi
prelucrare, putem aduce la forma

81tan?Ztan?Ztan? - + 18%tg? ~ tan?~ + 3¥tan? 2 > 12(3).

2_2r2—8Rr . 2 .
Dar Htg% = S, Ytg? % tgzg = %, si Ztgzé = (4};#) — 2(9). Tinand cont de

2
formulele (9), (8) devine 8;2

echivalent, dupd operatii imediate,
1972 — 40Rr + 16R? > 0(***),

2
adica, dupa impartire prin 72, 16 (g) — 40 (g) + 19 > 0. Considerand polinomul
16X% — 40X + 19si functia asociata, notata £, gasim f(1) = 16 —40 + 19 = =5 < 0,

2_9r2_ 2
+18 (%ZSRF) +3 ((41?;) ) — 6 > 12, ceea ce se scrie

2Colegiul Economic « Maria Teiuleanu”, Pitesti
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: e 5 . 5
deci avem radacini, si x; + x, = S[X X = i—z, deunde (x; —2) + (x, — 2) = 5=
-3 . 19 19 3
4—T<0§1(x1—2)(x2—2)—x1x2—2(x1+x2);|—4—ﬁ—5+4—g—1 =
0, asadar ambele rddacini sunt mai mici decat 2. Cum -2 2, deducem ca (***) este

adevarata, ceea ce incheie aceasta solutie ,,trigonometrica”.

Bibliografie.

Revista de Matematica din Timisoara, 1/2020

Marin Chirciu — Inegalitdti trigonometrice — de la initiere la performanta, Ed. Paralela
45, Pitesti, 2016.
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4. Probleme propuse pentru liceu

Dorin Madarghidanu
Corabia , Romania
d.marghidanu@gmail.com

Problema 1:

Pentru ne N, n>2, sasedemonstreze ca,

log,3-log,5-10g,7-...-log,,(2n+1) > \/1+Iog2(n+1)

Solutie
Demonstram mai intai — in doua moduri - urmatoarea :
Lemma

Pentru me N, m=>2, areloc inegalitatea ,
log,,(m+1) > log,,,,(m+2) .

Demonstratia 1 (algebrica)

m m+1
log,,(m+1) = log,, mTHH > log,, m—"'2+1

log,a > logy,.a +2

m
> |Ogm+l m—+1+1 - |Ogm+1(m+2) .

Demonstratia 2 (analitica)

Fie functia f:(1,0)—— R , f(x) = log, (x+1)
Avem ,
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£1(x) = In(x+1) |} _ xlnx—(x+1)ln2(x+1) <0 =
In x X(x+1)In“x
= f (\) pe(0,0) = f(m)>f(m+])
Fie produsele :
P, := log,3-log,5-log,7-...-log,,(2n+1)
Q, = log;4-logs6-log-,8-...-l0og,,, (2n+2) -
Din Lema avem :
log,3 >log,4 , log,5>logs6 ,---, log,,(2n+1)>log, ., (2n+2),

ceea ce conduce la inegalitatea Pn > Qn :
Deci vom avea :

P?>P,.Q,=log,3-log,4-log,5-...-log,, (2n+1)-log . ,, (2n+2) =
_In3 In4 In5  In2n+1) In@2n+2) _ In(2n+2) _
In2 In3 In4  In@2n) In@2n+1) In2

=log,2(n+1)=1+log,(n+1) = P, >\/1+Iogz(n+1)

log, (2n+2)=

Problema 2:
if 8,, a,, ..., a, €ER, prove that :

(af+l)-(a§+1)- o(dh4) 2 ( ‘alMaz‘)-( ‘a2‘+‘a3‘)- ( ‘anMal‘) .

Solution

We have :
(a2+1)-(b2+1)=a%?+1+a?+b?22a’h? +a’+b’ =

=2-[al[b|+a’+b”=(|a|+[b])" .

with equality iff : a?b? =1 <« |a-b|=1.
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Hence : (a1+1)(a2+1)2 (‘a1‘+‘a2‘)2 , 1)

(a2+1)(a3+1)2 (‘a2‘+‘a3‘)2 , )

(an+l)(a1+1) Z (‘an +‘al‘)2 ' (n)

which by multiplying and extracting the square root lead to
inequality from enonce .

Equalities in relations (1) - (n) are obtained if and only if occur simultaneously the
relations :

|aiaz| =1, |azas| =1, ... ,|ana1| =1 <
& lai| =1, |az|] =1, ... ,|an| =1 <&
& air=x1, a2=21, ... ,an==%1 .

(with all 2" sign combinations ) .

Problema 3:

If either a1,a2,...,an, aresimultaneouslyin (0, 1) ,either a1,a2,...,a
n are simultaneously in (1, o), prove that :

1 1 1
n2

a +a,+...+a,

1 1
log, a,° + 10g, a5 + ... + log, a2 2

Solution

After a short preparation , by Cauchy-Buniakowski-Schwarz inequality, we have :
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1 1 1

] 1
log, a5° + log, az* +...+ log, a2 =

log 5, @, s log 5, a5 . log , a, %

a, a

4
2

(CB9) ( /Ioga a, + /Ioga a3+...+,/logana1)

> - - W

a,+a,+...+a,

a,

with equality , if and only if :

[ fornss _Jors fws |,
a, a, a, a,

On the other hand, as in the conditions of the problem ,

log, a,, log,,a;, ..., log, a; >0

by AM-GM inequality , we have :

\/Iogala2+\/loga2a3 +...4+,/log, a; =

2> n-2q/logala2-Iogazas-...-logana1 = n. 3)

with equality if and only if :

log,,a,=log,,a3= ... =log, a; <
Ina, Inaj, Ina,
= = = ...= =
Ina, Ina, Ina,
_ Ina, +Ina, +...+Ina, +Ina,
Ina, +lna, +...+Ina__ +Ina,
wherefrom Inai=1Inaz2= ... =In an , meaning
ai1= az2=...= an (which also checks the equality from (2) ) .

Returning with (3) in (1) , we get the relationship from
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enonce , with equality ifand only if a1= a2=...= an

Problema 4:

Dacda m,n e N,2 ,sase demonstreze ca,

lim anZi,=1

M—»00 N0 =

Solutie
Schimbéand ordinea de sumare , avem
n m 1 m n
i=2i=2 |’ =2 j

si folosind formula pentru insumarea a unei progresii geometrice , avem :

1 ! 1 !
1 1 1 1 1 Nt -t
Z_j:7+:+...+TZ_Z —
j=2 | i© | | 1 i(i—1)
1--
|
Revenind la calculul limitelor , avem succesiv :
1
1- in-1
im lim X Z— = lim lim Z = lim Z =
Mmoo N> j=2 i=2 | m—»>00 N> j=2 I(I—l) m-—-oo =2 I(I—l)
m 1 1 1
=lim 2|—— —|=Ilm |1-—| =1
m-ooo i=2\ 1—-1 I m — o0 m
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Problema 5;:

Pentru p,ne N", p<n, sasedemonstreze ca,

1 1 1 1 1 1 1
I+—+...+———(p=-1)— [+| —+——+...+—— —(p-1)— |+...
[ 2 p-1 (P=1) P] [p+& p+2 2p-1 (P )2pj

1 1 1 1
+ + +...+ —(p-1)— | =
((n—l)p+1 (n-Dp+2 np-1 npj

1 1 1 1

= —+—+ ... + +—
n+1 n+2 np-1 np
Solutie

Intr-adevar , avem :

1 1 1 1 1 1 1
I+—+...+——-=(p-1)-— |+ + +...+———=(p-1)-— |+...
( 2 p-1 (p-1) p) (p+& p+2 2p-1 (p )2pj

1 1 1
+( + +...+ —(p—1)——{]=
(n=Dp+1 (n=-1)p+2 np-1 np

(11 11}(11 1]
=1+§+§+”.+ +— |—p | —F—+... +— | =

np-1 np p 2p np
1 1 1 1 [ 1 1)
=[1+=—+=+ ... + +— |—|14+=+... +—
2 3 np-1 np 2 n
1 1 1 1
= + + ...+ +
n+1 n+2 np-1 np
Problema 6:
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If a,b,c arenon-negative real numbers , such thata+b +c=3 , then

(@® + b2 +c?)(@ +b° +cP)@ +b° +c) >27.
dr. Dorin Marghidanu
Solution
By Holder inequality , we have :
(a® +b% +¢?)3 (a® 1+ b° + )3 (a® +bF +c%)B >

a+b+c a+b+c a+b+c

>a 3% 4+b 3% 4+c¢c 3 = a+b+c=3 =

= (@@ +b*+c?) (@ +b°+cP) (@® +b® +c) >33

hence the inequality from enonce , with equality if a=b=c(=1).

Proposed problem

If a,b,c arenon-negative real numbers , such thata+b +c=3 , then
(@® +b? +c?)(@" +b° +cP)(@® +b° +c®) >27.
Solution
By Holder inequality , we have :
(aa 4 p? _'_Ca);.(ab —|—bb —|—Cb); _(ac 4 p° —|—CC); >

a+b+c a+b+c a+b+c

>a 3% 4+b 3 +c 3 = at+b+c=3 =

= (@@ +b*+c?) @ +b°+cP) (@ +b° +c) >33

hence the inequality from enonce , with equality if a=b=c(=1).
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