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1. PROBLEMA LUNII APRILIE 2017
WWW.MATEINFO.RO

Prove that in any triangle ABC with the lengths sides a,b,c the
areaS the semiperimeter P and circumradius R holds

9R S Z (a—b)°
8s a+b saic2(p—a)(p—-b)(@a+b+2c)-

cyclic

Proposed by Neculai Stanciu, ~’George Emil Palade’’ School, Buzau, Romania
and Titu Zvonaru, Comanesti, Romania.

If you solve the problem, you can post your solution sending it by email to revista@mateinfo.ro .
Deadline 29.04.2017
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2. PROBLEMA LUNII MARTIE 2017 - SOLUTII

Prove that in all triangles AB € holds the inequality

1
= 1.
Z (sind +sinB)? —
cycC

Proposed by D.M. Batinetu — Giurgiu, Neculai Stanciu — Romania

Solution. By Iranian’s inequality, i.e. (xy+ yz+ ZX)- Z 52 9 ,VX.y,z >0 if we take
o (X+Y)" 4
Xx=sinA,y =sinB,z=sinC, then

. . 1 9
(%}sm Asin B)(% GinA+SinB)’ J > 7 (1).

N o S +4Rr +r? . :
We have the identity Zsm AsinB = BT but by Euler’s inequality we have 2r <R so
cyc
2
SZ+4R'B+R7 452+9R2
Zsin AsinB < 22 4 >— and by Mitrinovic’s inequality we have
£ 4R 16R
s< 3V3R , SO
2
2
4. 27R +9R? 36 9
> sin AsinB < 4 . === ().
orc 16R 16 4

Hence, by (1) and (2) yields the conclusion.
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Other solutions to the problem

Solution 1 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC, |a siguiente desigualdad

L__>1 (@

(sinA+sinB)Z —

Siendo X, ¥, Z nimeros R™, se cumple la siguiente desigualdad:

1 1 1 9

x+y2 (+z? (z+x)2) =2
Realizamos las siguientes sustituciones

x=sinA>0,y=sinB >0,z=sinC =0

(xy + yz + zx) (

Luego V x,¥,Z € R se cumple lo siguiente:
9
xy+yzt+tzx=x*+y*+z2=sin’A+sin?B+sin®C=2+2cosAcosBcosC 5;

Finalmente la desigualdad es equivalente
1 1 1 9
= =
(x+y)2 + (y+z)2 + (z+x)2 7 4lxy+yz+zx) = 1 (LQQD)

Solution 2 by Kevin Soto Palacios — Huarmey — Peru

Probar en un triangulo ABC, Ia siguiente desigualdad

! =1 (A)

(sin A+sin B)2 —
Enun triangulo ABC — sin4 ,sinB ;sinC = 0
Denotemos los siguientes cambios de variables
x=sinA+sinB >0, y=sinB+sinC >0,z=sinC +sind >0

Cumpliéndose que:

1 1 1 1 1 1
x+y+z£3v§ﬁ(x+y+z)(;+—+—) 9o —+—+-=+3
y z X y z

Por la desigualdad de Cauchy en (A)
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1

si2(zY) 22 =t 3-1 weo)

1

3 Xx 3 \x+y+z

Solution 3 by Seyran Ibrahimov-Maasilli-Azerbaidian

1 1
Z (sina + sin b)? = Z 2(sin*a + sin? b)
a=2R-sina, b=2R-sinb, ¢c= 2R -sinc
2R* 2R* 2R? ¢-B-C 2(R+R+R)* 9R*
{I2+b2+ﬂ2+fz+bz+fz = 2[a2+b2+c3):az+bz+czr_}1

because 9R* = a* + b* + ¢*

Solution 4 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
3

1 1
— >
Z(sinﬂ+sin3jz Z(sinﬂ+sin3jz -

cycC cyc
(1+1+1)3 27 27
= 5 = - 5 = 5 =1
(2-(sinA+sinB +sin())” (2-Xsind) ,.3V3
2
Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
- A _ ﬂ
sin A = T
4R* 2 1
———=4R Z =
(a+ b)* a* + 2ab + b*
oy oy
12 1+1+1)2
= 4R?* . = 4R?* . ( )
a* + 2ab + b* 2(a*+ b®*+c*+ab+ bec+ca)
cCVYe
_ . 1
= 18R aZ+b%+c?+ab+bc+ca =1 (ASSURE)

18R = a* +b*+c*+ab+ bc+ca
a*+ b* + c¢* = 2p* — 8Rr — 2r*
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ab + bc+ ca=p* +4Rr + r*

p* < 4R* + 4Rr + 3r*

18R* = 3p* — 4Rr —1*

3p® < 18R? + 4Rr +1*

3p* = 3(4R* + 4Rr + 3r*) <= 18R* + 4Rr +1*
6R> —8Rr —8r* =0
3R*—4Rr —41* =0
3R = 2R* + 1% = 4Rr + 4% (Euler)

Solution 6 by Soumitra Mandal-Chandar Nagore-India

3 - - . . a . b . c
Weknow,E:_} sinA+ sinB +sin(,sin4 = ﬁ,smB:ﬁand 51nC=ﬁ

Where @, b, € are the sides of a triangle and R = circum — radius

a+b+c)?
9R2:3a2+b2+c3=;9R2:_==( )

+ Z 1 _ar? Z 1
" ZLi(sind +sinB)? (a+ b)*
cyYe cycC

= 27R* = (a+ b + ¢)?

4R 27 12 19 1
- (a+b+b+c+c+a)?| 3Li(a+b)?* 4 (a+b+c)?
cye

27R?
=1 (proved) equalityat A = B=C ==

" (a+bte)? 3

Solution 7 by Soumava Chakraborty-Kolkata-India

) ) A—B

smﬂ—!—smB:chsEcns >
m A-B m
277 <72
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A—B
5 0 < cos =1
2 C A—B <2 C
= — <= —
coS oS — cos
C (a) C
= sinA + sinB < 2(:055 = (sind +sinB)* < 4(:0535
{(B) A () B
Similarly, (sin B + sin 0)* < 4c053—and (sinC +sin 4)? < 4sinzz
.+ 1 24
Using (a), (b), (c)Z A+sm3]2 = Zsec 5

Let f(x) = sec? G) Vx € (0,m)

f'(x) = sec? G) tan? G) + %sec“ G) >0

“ f(x) is convex on (0, 1)

Z Z AJ’WE’“I 3 z(A+B'+t‘f)
f[511u'-]l+smﬁ'j2 _4 sec” g %€ 6

= 41 . 3. (%) =1 (Proved)

Solution 8 by Martin Lukarevski-Stip-Macedonia

Solution. We use the well-known inequality a? + b +¢? < 9R2. Since ab+be+ca <
a? + b% + 2, the inequality

> (a+b)* < 36R*

holds. By the law of sines the inequality (1) is equivalent to

5 .4
(a+b)2 7~ 4R

By Cauchy-Schwarz

Z 1 9 1

» = B
(a+b)2 7 Y (a+b)2 " 4R2
and we are done.

MARTIN LUKAREVSKI, DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY " GOCE
DELCEV” - STIP, MACEDONIA
E-mail address: martin.lukarevski@ugd.edu.mk
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Solution 9 de Biro Istvan — Romania

Putem folosi urmatoarele relatii cunoscute
1) (x*+ y2)2 <2(X*+y?), Vx,yeR

@) 3 XY+
1
“+
X

1 15 3 VX, y,zeR,
7+7
y z
(3) sin® A+sin*B+sin’C s%, valabil Tn orice triunghi .
1 S 1 1 S 1 9 9

Astfel obtinem > -y = >=. : > -1,
& (sinA+sinB)” © 2 G'sin® A+sin®B @2 2.3 sin® A ® 4.2

cyc

egalitatea are loc daca triunghiul este echilateral.

Solution 10 de Mihai Miculita- Romania

Folosind teorema sinusurilor si apoi inegalitatea: = (a - b)2 >0, obtinem ca:

a+b)’
sinA+sinB=i+£:a—+b:(sinA+sin B)zz( 2) =
2R 2R 2R 4R
_a2+b2+2ab<2(612”’2)_2a2+b2:> 1 1 (2R)’ "
4R? T 4R? ' (2R)2 sinA+sinB 2 a’+b?’
) 2R)? 2R)?
In mod analog, aratam ca: ! >1( ) ;o (2) si 1 > L ( ) 3)

sinA+sinC 2 a’+c?’ sinB+sinC 2 b2+c?’
Adunand acum inegalitatile (1), (2) st (3), membru cu membru si folosind apoi inegalitatea:

2 2 2 2
X z X+y+z
l. _+y_+_2u'

m n p m+n+p

(Y)x,y,z,m,n,peR; m,n, p>0|,

obtinem ca:
2 2 2
1 . 1 . 1 S 1] (2R) +(2R) +(zR)

(sinA+sinB)2 (sinA+sinC)2 (sinB+sinC)2_2 a’+b*> a*+c® bP+c’ |

1 (6R)Y _ 3R* _ 9R?
_2'2(a2+b2+c2) 4.(a2+b2+c2) a’+b%+c

_>1 (fiindca: 11.|9R? > a% +b% + %)) =

1 1 1
= + + >1lm

(sin A+sin B)2 (sin A+sin C)2 (sinB+sin C)2
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Demonstratia inegalititilor I si II, folosite in solutia data:

2 2 2
l. Avem: %+L2M

n m+n

@M+n2x2+m2y2+W2M+2mnxy+/mnf{<:>
< n*x* —2mnxy + m’y® > 0 < (nx—my)® > 0.
2 2 2 2 2 2 2 2
Y_ZM:{X_J_JJ_ZMﬂ_ZM_.
m n) p m+n p  M+N+p
I1. Notdnd cu G —centrul cercului circumscris si cu G —centrul de greutate al triunghiului ABC,
avem: |OA|=| OB |=| OC |= R si din: @:W:m% |2=(FA+@+CT)

-mn(m+n) < (M-+n)(nx® +my?) = mn(x+y)* <

2

Asaca: —+
m n m+n

2

~|OAf’ +|OBF +|OC [ +2.(OA-OB+0A-OC +08B-OC); ()

insa, din: AB =OB-OA=>c? o AB '=(OB ~OA) = OA ~20B -OA+|OB =

—2R?-20B-OA=>|20A-0B=2R*—c*| (2)
si analoagele: |20—AO—C =2R*-b° |; 3) si |2@& =2R*-a° | (4)
In fine, tindnd acum seama de relatiile (2), (3) si (4), relatia (1) devine:
9.|0G P=9R*—(a” +b? +¢?) >0 <> |9R? > a’ +b” +¢*| m

Solution 11 de Constantin Telteu, C.N.4. ,, Regina Maria”, Constanta - Romania

1 1 1 4R? 4R? 4R?
S= ) ; 2T ; 7T ) 2= 2T 2T 7 -am
(sin A+sin B) (sin B+smC) (S|nC+S|n A) (a+b) (b+c) (c+a)
folosit teorema sinusurilor
Folosind inegalitatea lui Titu Andreescu (Harald Bergstrom — Nota Redactiei), obtinem:

36R? 3 36R’
~(a+b) +(b+c) +(c+a) Z(a2 +b®+c’ +ab+bc+ca)

Cu inegalitatea (1) a’+b’+c” <9R’® sicu inegalitatea a” +b” +c* > ab+bc+ca, obtinem:
S 36R’ S 36R’ S 36R’
18R*+2(ab+bc+ca) 18R*+2(a’+b*+c?)  36R?

La toate inegalitatile folosite, egalitatea se obtine pentru triunghiul echilateral, deci si pentru

inegalitatea din enunt.

Pentru demonstrarea inegalitatii (1) , folosim mai Tntai egalitatea

=1 c.c.t.d.

(2) a’+b*+c”=2(p’—r’—4Rr) cu care inegalitatea (1) devine:
2(p®—r?—4Rr) <9R* < 2p” <R +2r° +8Rr
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Pentru demonstrarea ultimei inegalititi folosim inegalitatea lui Gerretsen p? <4R?+4Rr +3r? si
inegalitatea lui Euler R>2r , sub forma R* <4r? . Avem:

2p* <2(4R*+4Rr +3r*) <8R’ +8Rr +6r> <8R’ +8Rr + R* +2r* =9R* +8Rr +2r’.

Pentru demonstrarea egalitatii (2), putem proceda astfel:

Luam a=x+Yy,b=y+z,c=z+X, X,¥,2>0 si cu acestea avem:

P=X+Yy+2z,r= / Xyz ’Rz(x+y)(y+z)(z+x) . Tnlocuindu-le pe acesteain (2)se
X+Yy+z 4,/(x+y+2)xyz

verifica egalitatea.

Solution 12 de Rotariu Gheorghe — Romania

Din teorema sinusurilor avem, cu notatiile uzuale,

sjnAzi; sjnBzi; snC = S,
2R 2R 2R
Inegalitatea de demonstrat devine
2 2 2
2R]+[2R]+ R | s1ewrr| Ly L 4 1 1>
a+b b+c c+a a+b b+c c+a

Din inegalitatea Titu-Andreescu (Harald Bergstrom — Nota Redactiei), avem

2
1 1 1 1+1+4+1

+ —+ > —

a+b2 b+c c+a2 a+b2+ b+c2+ c+a2
_ 9
2 a’+b*+c?+ab+ac+bc

1

Deoarece a® +b? +¢c? >ab+ac +bc, avem
a’+b’*+c*+ab+ac+bc<2a?+b?+c? . 2
Cu acestea, avem

1
2
IR 2 1 i 1 n 1 > 4R -9

atb’ b+c’ c+a’] 2a*+b*+c’+ab+ac+hbc

2 2
> 4R?.9 _ 9R >1
4 a’+b*+c? a’+b?+c?

deoarece 9R ? >a? +b? 4+ c? (avem cunoscuta egalitate OH > = 9R? — a? +b? +¢? ).
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Solution 13 Marin Chirciu - Colegiul National ,, Zinca Golescu”, Pitesti - Romania

Folosind teorema sinusurilor avem
9p* +2p?(4Rr —3r?)+r? (4R +r)’
. 1. 2:4R22 1z1iarz 12:p+p( )+ (2 +)
cyc (Sln B+S|nC) cyc (b+C) cyc (b+C) 4p2(p2 +r2 +2R|‘)
care rezulta din

S (a+b)(at+c)’ Y (a’+ab+betca) Y (a’+p?+ri+4Rr)

1 _oe _ oy _oe

wb+re)  TIb+e)  [2p(p?+ri+2rr)[  [2p(p?+r+2Rr)]

cyc

apoi cu identitdtile cunoscute in triunghi » a*= 2[ p*-2p? (4Rr +3r? ) +r?(4R+ r)z} si

cyc

a’?=2(p®>-r?—4Rr) deducem formula sumei .
; (p ) §(b+c)z

. 1 R? 9p*+2p?(4Rr —3r2)+r?(4R+r)’
Obtinem formula Z _ = ( ) 2( ) .
cyc (Sln B+S|nC) p (p2+l’2+2Rr)

2 9p*+2p?(4Rr—3r?)+r2(4R+r)’
InegalitateadedemonstratsescrieR—z- P p( ) 2( )
P (p*+r?+2Rr)

3R\/3 RZ 4
2

Tinand seama de inegalitatea lui Mitrinovi¢ p <

, rezultd— > —.
p° 27
4 9p*+2p*(4Rr—3r*)+r*(4R+r)’

Este suficient sa aratam ca—- > >l
2 2
(p*+r°+2Rr)

4[9p4+2p2(4Rr—3r2)+r2(4R+r)2]227(p2+r2+2Rr)2 o

9p*— p’(76Rr +78r*) 2 r*(44R* + 76Rr +23r*) <

p*(9p* —76Rr —78r%) > r* (44R* + 76Rr +23r°).

Cum (9 p° —76Rr—78r2) >0, din inegalitatea lui Gerresten p®> >16Rr —5r° si inegalitatea lui
Euler R > 2r , este suficient sa aratam ca

(16Rr—5r2)[9(16Rr—5r2)—76Rr—78r2] > r?(44R* + 76Rr +23r%) <
(16R—5r)(68R —23r) > 44R? + 76Rr +23r2 < 1044R*—2384Rr +592r2>0 <
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261R* —596Rr +148r >0 <> (R—2r)(261R—74r)>0 , evident din inegalitatea lui Euler.

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Nota.

Inegalitatea poate fi intarita:

Prove that in all triangles ABC holds the inequality
1 J27R?
& (sinB+sinC)”  4p’

Marin Chirciu, Pitesti

Solutie
2 9p*+2p*(4Rr—-3r?)+r’ (4R +r)’°
Folosind formula demonstrata Z - 1_ 5 =R—2- P P ( ) 2( ) ,
5 (sinB+sinC)"  p (p*+r°+2Rr)

2 9p*+2p?(4Rr —3r?)+r2(4R+r)’ 2
inegalitatea de demonstrat se scrie R—2 il ( ) 2( ) > 27R2
p (p?+r®+2Rr) 4p

4] 9p*+2p?(4Rr 3r?)+r* (4R+1)" |2 27(p? + 12+ 2Rr)

9p* — p’(76Rr +78r*) > r*(44R* + T6Rr +23r*) <

p*(9p* —76Rr —78r%) > r* (44R* + 76Rr +23r°).

Cum (9p® ~76Rr —78r*) >0, din inegalitatea lui Gerresten p* >16Rr —5r? si incgalitatea lui
Euler R > 2r , este suficient sa aratam

ca(leRr—5r2)[9(16Rr—5r2)—76Rr—78r2] > r?(44R? +76Rr +23r*) &
(16R—5r)(68R—23r) > 44R* + 76Rr + 23r* <> 1044R* - 2384Rr +592r° >0 <«

261R* —596Rr +148r? >0 <> (R—2r)(261R—74r)>0 , evident din inegalitatea lui Euler.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Observatie.
2
Tinand seama de inegalitatea lui Mitrinovi¢ p < 3R£/§ , rezulta 247R2 >1,de unde
p
1 27R’ 1 27R? : 3

. —— >=—>1, adici inegalitatea ) — — >——este mai tare decat
o (sinB+sinC)”  4p o (sinB+sinC)”  4p
inegalitatea » | ! >1,

4 (sinB+sinC)”



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — APRILIE 2017 www.mateinfo.ro

Solution 14 de Nela Ciceu si Roxana Mihaela Stanciu

Prezenta expresiilor de tipul (sinA + sinB)? la numitorii fractiilor ne sugereaza o
inegalitate foarte cunoscuta - Iran 1996:

Daca a, b, ¢ >0, atunci (Gb+b€+ﬂﬂ)zm ?% (*)

Deoarece vom folosi aceasta inegalitate in cazul particular cand a, b, ¢ sunt
laturile unui triunghi, iata o solutie elementara a inegalitatii (*) in acest caz
(preluata din [2]):

Zub+bc+cu 9 Z(ab+bc+ca 3) Z{ﬂr+3b)( b)+Bath)lc-a) _

{a+b)( Do a+]b{ ]4 - 4[a+g?)
_vlatdbie Jatb)(e-a) o (a+3b)( Yeta
_Z(%ﬁmz):z o _21 i [Z (”“ ]
_yb-olla+b\(Beta)-(eta)*lat+3) ) [3betalb+e—a
L ot et B

Aplicand inegalitatea (*) pentru sinA, sinB, sinC (care sunt laturile unui triunghi)
obfinem 9

(sinAsinB+ainBsinG’+sinCsmA)Z (sin}l-l}sinB)z 31

Rezulta imediat ca este suficient s3 demostram ca
sinAsinB + sinBsinC + sinCsinA <= 9/4.
Avem  sinAsinB + sinBsinC + sinCsinA <= sin®A + sin’B + sin’C <= 9/4,
unde ultima inegalitate este itemul 2.3 din [1].

[1] O. Bottema, Geometric Inequalities, Groningen 1969
[2] T. Zvonaru, Inegalitati igamentate si neligamentate, Arhimede 5-6/2003

Solution 15 de Buzea Gabriela, Scoala Gimnaziald Nr. 56, Bucuresti

Utilizdm inegalitatea lui Radon, ea fiind un caz particular a inegalitatii lui Holder
+1 +1 +1

: ; xr (x; +x, + -+ x,)P?

7t~ Tt —5 = b

a, a, a, (a,+a,+--+a,)

unde X1,Xz,...,Xn $i a1,a2,...,&n SUNt numere reale pozitive si p numar real pozitiv.

X
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7
ay

www.mateinfo.ro

Pentru cazul particular n=3 si p=2 obtinem inegalitatea
x5 xy (g + x4 x3)°

+—== (1)

a; a; (a;+a,+ay)?
Aplicand inegalitatea (1) rezulta

- = - = >
(sind+ sinB)? (sinB + sinC)? (sinC + sind)? —
(1+1+1)3 27

= =
~ (2sind + 2sinB + 2sinC)? 4(sind + sinB + sinC)?

Din teorema sinusurilor avem

- a - - C
sind = SR’ sinB = SR’ sinC = SR

Atunci

+bh+c 3v3R 33
sind + sinB + sinC = = c _3V3R_3V3

2R 2R 2

(2)

deoarece (a + b + ¢)* < 3(a® + b* + ¢?),conform inegalititii C — B — S,

jar a’

+ b? + ¢? = 9R?, conform inegalititii lui Leibniz.

Folosind inegalitatea (2) obtinem ca

-
4(sind + sinB + sinC)? — . (3‘_/5)
2

Deci,

;=1

Y
(sind + sinB)? —

evident cu egalitate dacd triunghiul ABC este echilateral.

Multumim profesorilor rezolvitori pentru solutiile interesante si tuturor celor care sustin
Revista Electronica MatelInfo.ro !
Multumim, de asemenea, domnului profesor Dan Sitaru pentru sustinerea acestui concurs i
pentru solutiile trimise !

Cu stima, Andrei Octavian Dobre
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3. STUDIU DE SPECIALITATE ASUPRA

VARIATIEI DISTANTEI DINTRE PUNCTELE UNUI
PLAN SI UN PUNCT, O DREAPTA SAU UN PLAN

Prof. Stan llie
Colegiul Tehnic “Anghel Saligny”, Rosiorii de Vede, Teleorman

Actualul studiu este o continuare a articolului din numarul precedent
»dtudiu de specialitate asupra variatiei distantei dintre punctele unei drepte si un punct, 0
dreapta sau un plan”:
http://mateinfo.ro/reviste-de-matematica/revista-electronica-de-matematica-mateinfo-
ro-aparitie-lunara-2065-6432/revista-mateinfo-ro/revista-electronica-mateinfo-ro-
2017/693-revista-electronica-mateinfo-ro-martie-2017

Ne propunem analiza variatiei distantei dintre punctele unui plan(...a) si un element
geometric elementar(Punct, dreapta, plan) in toate pozitiile lor relative.

De la punctele unui plan a la un punct P (...aP)

Punct exterior planului
In sistemul cartezian 3D alegem planul a=(0x, Oy) si P pe axa Oz.

Iy
20

30

20
30

Fie M pe axa Ox si cercul C; de centru O si raza OM.

Miscarea unui punct mobil M va genera cercurile C1(O, OM) care vor acoperi intreg planul a.
f ]

20 &
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Fie O’ pe Oz la distanta O’O=PM. Construim, intr-un plan paralel cu a, cercul C, de raza
OM. Proiectia lui C; pe a este C;. Cotele punctelor lui C, reprezinta distantele de la punctele
lui Cy laP.

4]
-

1P,

-10 y
T

Prin variatia punctului M pe Ox obtinem...o suprafata de rotatie...

p
¥
-10T

...un hiperboloid cu doua panze! Doar una este reprezentata si reprezentativa, in acest caz.
Rezultatul este relativ usor demonstrabil matematic.

Ilustrarea poate fi obtinuta si prin alte constructii ce asigura parcurgerea planului a(drepte
paralele cu Ox sau dreptele ce trec prin origine).

Prin migcarea lui P in diverse pozitii pe Oz, se obtin diversi hiperboloizi de rotatie.
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Punct interior planului
Cand punctul P este pe planul a(P=0), hiperboloidul degenereaza in con!

De la punctele unui plan la o dreapta (...ad)

Dreapta si planul paralele

Tn sistemul cartezian 3D folosim planul xOy ca fiind planul @ si o dreapta d paralela cu el.
Fie M punct mobil pe Oy si N punct mobil pe di(d; paralela la Ox ce trece prin M). N va acoperi
intregul plan a.

15‘

Fie ND perpendicular pe d. Miscarea lui N pe d; (cu M fixat) traseaza prin intermediul lui PP o
hiperbola.
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lar intreaga suprafata este o suprafata de translatie...un cilindru hiperbolic.
In sectiune apare astfel:
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15‘

Dreapta continutd in plan

20
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Cilindrul hiperbolic a degenerat Tn doua semiplane(un diedru drept).
Dreapta si planul concurente

Ce o fi asta?

Parca ar fi situatia de la ...da, in care hiperbolele sunt “scoase din 2D si insirate in 3D”...ca
burduful unui acordeon...
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b e
De fapt e o suprafata riglata! O suprafata conica eliptica! Excentricitatea elipsei este legata de
inclinarea dreptei d fata de planul a. Cand dreapta e perpendiculara pe plan, regasim cazul ...aP
si conul circular drept!
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De la punctele unui plan la un plan (...aa)

Plane paralele

Obtinem simetricul planului oy fata de planul a;.
Plane concurente

www.mateinfo.ro



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — APRILIE 2017 www.mateinfo.ro

Se obtine un diedru...
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Cand planele noastre initiale a si f sunt perpendiculare obtinem un diedru drept!

(va urma)
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4. ASUPRA PROBLEMEI 4106 DIN CRUX
MATHEMATICORUM

Marius Dragan, Bucuresti

Daca m,n >1 atunci in orice triunghi este adevarata inegalitatea
b"+¢c" c¢"+a" a"+b" 3\
—t———t——— 26| — .
a b c 2s

. . 1
Demonstratie. S, =a" +b" +c",b" +¢c" =S, —a", deci b" +c" si —sunt la fel ordonate.
a

Cu inegalitatea lui Cebd§ev si inegalitatea lui Jensen obtinem

P R T
2 n n n 2 l—n nnl-m 1 ; "
:g(a +b" +c )Z( j 2§ (29)"3 (zg) _3'““‘( )( J =

_ 6 273" o [3)“ 1
3m+n 2msm

2

Observatie.

, apoi din (*)

. : S N 1 2m"
e Din inegalitatea lui Mitrinovic, s < ﬁR , rezulta > .
2 Sm—n 3(m-n) Rm—n

3 2
deducem

am 3m2 Rm—n
e Pentru n=1,m=5 se obtine inegalitatea din problema 4106, Crux Mathematicorum,

Vol. 42(1), January, 2016.

b”+cn 6 1
Z .
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5. IN LEGATURA CU PROBLEMA 3096 DIN CRUX
MATHEMATICORUM,
VOL.31(2005),NR.8(OCT)

Marin Chirciu, Colegiul National ,,Zinca Golescu”, Pitesti

Tn revista de matematici Crux Mathematicorum din octombrie 2005 este propusa urmitoarea inegalitate
n triunghi:
3096.Let ABC be a triangle with sides a,b,c opposite the angles A,B,C , respectively.
Prove that
sin“—<
aamcb+c 2 8
Proposed by Arkady Alt, San Jose, CA, USA

Articolul prezinta inegalititi cu sume de forma z f( A) si zi f(B)f(C),unde f este

cyclic cyclic C

z bc . ,A a+b+c

una dintre functiile trigonometrice.

) A< a+b+c

1. a) Z—sm — 5

Crux Mathematicorum 31/2005, Arkady Alt, USA
Solutie:

Vom nota cu M si M, membrul stang si respectiv membrul drept al relatiei de demonstrat.

Folosim identititile cunoscute ZSinzgzl—é si Zasinzgz p(l—%) .

b+c ., A
M, —sm = g 2—=— b+c)sin? === (a+b+c—a)sin?
a5 TS T 0o 1 Tash e

,2p

1 , A DA p r 1 r p a+b+c
=— 2 sin =—=-) asin® —=—{1-— |-=- 1-—|=—= =M, .
b2, Z 2 2( ZRJ 4 p[ Rj 4 8 ‘

2 8
IneMath 10/2016
Solutie:
Folosim identitatile »cos’ §_2+ﬁ si Y acos’ g— p[1+ ] Obtinem
M, = ;LCOSZ A<zb+c Zé:—Z(b+c)cos :—Z(Zp a)cos 5=

r 3p
——— 2 E ——— E 2+—|—= —=M,.
p- cos’ acos’ 2( > j p( j d

2_
5 a)z 2A 4R 5§r+3r
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Solutie:

2 2 2
Folosim identititile Ztgzé:w si Zatgzgz 4RUAR+N=2P" (pinem

A_xbtc, é__ 2 ALl S A 2 A
M, Zb+ctg <Z = Z(Zp a) tg® _4[2p D tg 5 > atg 2}

_l{zp'(4R+r)—2p _4R(4R+r)—2p }_ 1
4

7 > _4—p-2[(4R+r)2— p*—2R(4R+1)|=

Gerretsen 1

[(4R+r)(2R+r) p*] < [8R2+6Rr+r —~16Rr +5r” | = :(4R2—5Rr+3r2)=Md.

2
2A p(2R*-3Rr+r?)
b) Z > .
IneMath 10/2016
Solutie:

Folosim identitatile thg2 A ﬂ Zactg 2R r). Obtinem
P

_Zb+cctg = Zﬂctg25=12(2p a)ctg? —=—[2p thg —-> actg? }

:%{Zp.w—z_p(zR_r)}ZTp{P —2r> —8Rr +r? —2Rri|=£|:L_10Rr}Gerrsetsen

r r r? 2 r?

Gerretsen

< SPz[4R® +4Rr +3r° —r* ~10Rr | =L (2R* ~3Rr +1°) =M,

bc . A R?*-Rr+r?
3. a —1tg—=< :
)Zb+c 2 r
Solu;i :
b+c 1 A A
—t—= 2 at—=—2- tg——> atg— |=
Zb+c Ay Py Z(p )t 4{p292 > 92}

1 a?+b?+c? 2(p —r2—4Rr 1 ) , Gerretsen
=—|2p———-2(2R-1n)|==| p-—————-2(2R~-r) |=— -8R <
4{ P 4S ( "] 4{p 2rp ( r)} 4r(p o r)

Gerretsen 1

< —(4R2+4Rr+3r2+r2—8Rr)=1R2—Rr+r2.
4r r

b) Z—tgé< R+r;
Solutie:

b A 1 4R 1
bec { > Ztg—— 2.2ty } { p+r_2(2R—r)}=§(2R+2r)=R+r.

C) Z_tg_<R+r<m-

r
Solutie:
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Vezi b) si inegalitatea lui Euler.

IneMath 10/2016
Solutie: M <zwctg—=—2(2p a)ctg—:—{Zp thg——Zactg } ﬂ E—Z(4R+r)}:

Gerretsen

=—[p —r(4R+1)] < 1(4R2+4Rr+3r —4Rr—r?)= 1(2R2+r2)=Md.

2
4. a) Z%sinAs(R;r) ;

Solutie:
M, < bficsnA_ > (2p-a)sinA== [Zp Y sinA-Y asinA]= [Zp L
2 2 erretsen
—M}z—[p2+r2+4Rr]G£ L (4R +4Rr +3r% + 1> + 4Rr ) = 1(R2+2Rr+
R 4R 4R R

+r2):%(R+r)2 =M,

bc p
b ——COSA<—.
)Zb+c 2

IneMath 10/2016
Solutie:

M, < bficcosA_ Z(Zp—a)cosAzi[Zp'ZcosA—ZacosA]:

1 2p-(1+L]—2rp} 2Prpirr]=Pow,.
4 R) R | 4R 2

p(2R* +Rr +2r?)
4R?

bc . .
5 a ———sinBsIinC <
) Zb+c
Solutie:

< be:csin BsinC = %Z(Zp —a)sinBsinC = %[Zp - sinBsinC —

Gerretsen
~Y asinBsinC|==> { Nk +;Rj4Rr Sép} 822[p2+r2—2Rr] < 8%(4R2+4Rr+

+3r2+r2—2Rr) P (2R2+Rr+2r) M, .



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — APRILIE 2017 www.mateinfo.ro

pr(R+2r)
4AR?

bc
b ——cosBcosC <
) Zb+c
IneMath 10/2016
Solutie:
Z—cosBcosC = Z(Zp a)cosBcosC = —[2p > cosBcosC —

Gerretsen

_ 2
~ Y acosBcosC ] ZZ{ZP'%_%} = 822 [p?+r*—4R*-2Rr] <

Gerretsen p

< 5oe (4R +ARr 3+ 1? —4R? —2Rr)= 42';’2 (R+2r)=M,.

2 2
6. a) Z%(sinBHinC)s3R +2Rr+2r :

R
Solutie:

M, < b%f(sinB+sinC)=%Z(2p—a)(sinB+sinC):%[2p-Z(sinB+sinC)—

— — Gerretsen
_Za(sin|3+sinc)}=1[2p.@_w _ 1 4p°—p®—r'+4Rr < 1[3(4R2
4 R R 4 R 4R

HARY +3r? )—r —4Rr]_ (3R2+2Rr+2r ) M,

b) > %(cosBjtcosC)sw.
+
IneMath 10/2016

Solutie:

M, < Z—(cosB +¢0sC) = Z(Zp—a)(cos B +cosC) :%[Zp-Z(cosB +c0sC) —

—Za(cosB+cosC)]=%[2p-2(1+%j—2p} g(l 2%j:%(RJJr)z M,.

7. )Z (szEHng] %;

Solutie: M <zb+0[ in’ —+sm —j 2> (2p- a)(sm %-}-Sln %j_%[Zp-Z(sinZ%Hinz%j—

—Za(sm —+sin —H {Zp 2( ;j—p}z%-@—z—;— j 4Fl)q(BR—Zr)sz.
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b) > — (cos B+c0529j M.
b+c 2 2 4R

IneMath 10/2016
Solutie:

b B 2C 1 ZB ZC
S —COS — + CO0S — 2p—a)l cos“—+cos” — |=
24( > veos' S - zm( > veos' |

1 ,C 1 r
== cos —+cos’= al cos’ —+cos’ = | |==[2p-2| 2+— |-3p|=
4[ -+ ) Z( ’ 2ﬂ al?? (+2R) p}

=£( 2—]: (5R+2r)=M
4°" R

2R? —3Rr +2r?
8. a) Z—sm ssz p( T r);

b+c 2 16R?
Solutie:

b+c..B..C 1 .,B..,C 1 . ,B
M. <) —Zsin? =sin? === (2p-a)sin’—sin> = ==[2p- sin? —sin?
s Z 4 2 2 42( p-a) 2 2 4[ P Z 2

4 16R? 4R 8R? B

eretsen AR? +4Rr +3r° +r? —10Rr p
4 8R? " 16R?

2 2 2 2 _ Gerretsen
_ZasinZEsinZE}=£{2p.w_m}=%w :

(2R2 —3Rr+2r2)=

6R*+5Rr +2r?
b) £COSZECOSZSS p( )

b+c 2 2 16R?
Solutie:

b+c B , B ,C 1 B C
M. < —cosz—cos = ==%"(2p-a)cos’—cos? =1 2p- Y cos’ —cos®——
LY o8’ z(p) > 24[102 5 005"

2 2 — Gerretsen
_ZaCOSZEcoszE 15 PHUR+’ MR+ | p P’ +(4R+1)'2R@R+1) o7
2] 4 16R 4R 4 8R

ceren p 12R” +10RT +4r°

16‘;2 (6R? +5Rr +2r2)=M,.

4 8R?
[ 2R2 3Rr +r?
C 2 2
)Z > —p
IneMath 10/2016
Solutie:
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b+c, ,B,,C 1 B.,C 1 B.,C
M, <> — =g’ —tg? —==> (2p-a)tg’ —tg* —==|2p- > tg° —tg’ = —
s 49292 2 (2p )9292 A[F’ 9292

B,,C|] 1 p>-2r°—8Rr 2r 1
—Yatg’—tg° = |==|2p- ———————(2R-r) |=—-| 2p° —2r* —=8Rr —2Rr +r° | =
Zgzgz] 4{'0 16R? p( )} Zp[p ]

Gerretsen

:i(pz—rz—loRr) < —(4R*+4Rr+3r?— r2—10Rr=£(2R2—3Rr+r2)=Md.
2p 2p

p
bc p(2R* +Rr+2r?)
9. a) Y ——sinA< :
) Zb+c 4R?
. . b+c . 1 ] 1 p(p2+r2—2Rr)Gerretsen p
m@- MSS TS”]ZAZZZ(b-i-C)SanAZZ- R < 8R2(4R2+4Rr+

+3r2 412 —2Rr):4—|22(2R2 FRr+2r2)=M, .

p(4R*—7Rr+2r?)
4R? '

bc
b) Y ——cos®’ A<
) z b+c
Dezvoltari, M.Chirciu
Solutie:

p 8R?+2Rr—r?— p2 Gerretsen
M, < D+C s A=12(b+c)cos2 A=l ( S ) <
4 4 4 2R

Gerretsen p

< ——(8R*+2Rr-r?-16Rr+5r? P 4R*—TRr+2r*)=M,.
2 2 d
8R 4R

La fiecare dintre inegalitdtile de mai sus egalitatea are loc dacd si numai daca triunghiul este
echilateral.
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