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1. PROBLEMA LUNII DECEMBRIE 2017

a) Sa se arate ca pentru orice X € R exista un triunghi ABC avand lungimile laturilor:

c=AB=+2x*-2x+3, b=AC=+2x? + 2x+3, a=BC=+/8x% +10 .

b) Aria triunghiului ABC este un numar irational care nu depinde de x.

Propusa de : Prof. luliana Trasca
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2. SOLUTII PROBLEMA LUNII NOIEMBRIE 2017

Determinati toate numerele reale pozitive a si b pentru care
ab a’b ab’ 1
+— +— =
ab+n a“+nb b°+na n+l

(a+b+ab),undene N™ .

Marin Chirciu, Pitesti

Solutie.
A 1 1 . .
Notanda = —,b = — egalitatea se scrie:
X y
1 1 1 1+x+y

= +— =
I+nxy x*+ny y*+nx (n+1)xy (1)

Folosind inegalitatea lui Bergstrom obtinem:
2
1, 21 . 21 S (1jl+1) 2 _ 9 ___(2).
1+nxy X°+ny y +nx 1+nxy+x+ny+y +nx Ll+nx+ny+nxy+x-+y
Din (1) si (2) rezulta:
1+x+y S 9
(N+1)xy ~ 1+nx+ny+nxy+Xx*+y’ <:>(1+x+y)(1+nx+ny+nxy+x2+y2)29(n+1)xy

Din inegalitatea mediilor avem:

1+ x+y>33xy si 1+nx+ny+nxy+x° +y? 23(n+1)2("+l\)/(xy)2(n+l) =3(n+1)3(xy)".

Deducem ca: (1+X+y)(1+ nX+ny+nxy+x2+yz)zgg/ﬁ.g(nﬂ)vs (Xy)2 =9(n+1)xy

cu egalitatea daca si numai dacax =y =1.

Egalitatea din enunt are loc daca si numai daca a=b=1.

Nota.

Pentrun=1 se obtine problema J.416 din Mathematical Reflections 4/2017, autor Mihaela
Berindeanu, Bucuresti.

SOLUTIE DATA DE BIRO ISTVAN

Observam ca a=0=b=0 si b=0=a=0, adica a si b sunt strict pozitive.
Ecuatia din enunt se poate scrie ca o ecuatie polinomiald de gradul 3 cu
necunoscuta n si coeficienti reali ce depind de a si b. De fapt este vorba de o
identitate valabild pentru orice n nenul, de unde rezultd ca se cauta a si b pentru
care coeficientii devin simultan nuli, adica:
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a’b’(1-ab)=0

ab[(l—ab)(a3 +b%)+a*(b® —a)+b’(a’ —b)] =0
a’h’(1-ab)+a’(b*~1)+b*(a®-1)=0
ab(a’+b*—a-b)=0

Din (0) si (3) rezulta cu usurintd cd singura solutie este a=b=1 .

(0) termenul liber
(1) coeficientul luin
(2) coeficientul luin®

(3) coeficientul luin®

3. THE NUMBERS of FIBONACCI and LUCAS - IDENTITIES
- PROOFS WITH FEW WORDS -

(1)

By Dumitru M. Bitinetu-Giurgiu, Bucharest, Romania
and Neculai Stanciu, Buzau, Romania

Fibonacci

(1175 -1240)
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Francois-Edouard-Anatole Lucas
(1842 — 1891)

F,=0,F =1,
F.,=F. +F, vneN
L, =2L, =1,
L,=L,+L,vneN
r’—r-1=0,
_1+45 1-v5
2

r = , r = = ——
1 2 ﬁ 2
(X,)ns0, Fibonacci-Lucas’ s sequence
X, =Aa" +Bp", VneN,

1 1
If x,=0=F,,x, =1=F,, then A=—,B =—-——— s0:
0 0 1 1 \/g \/g

a"-p" 1 .
F,= =—(a" - "), ¥neN (Binet, 1843),
If x,=2=1L,,x,=1=L,, then A=B =1, s0
L,=a"+ ", VneN.

Note that:
a+pf=1and aff =-1,

www.mateinfo.ro

(F)

(L)
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* *

1.28. L,L, +5F,F, =2L,,,, Vm,neN (Ferns, 1967).

m+n?

Proof. L, L, +5F . F, =(@"+8")a"+")+(@" = ") (" - ") =
:am+n +amﬂn +anﬂm +ﬂm+n +am+n _amﬂn _anﬂm +ﬂm+n —
— Z(am+n +ﬂm+n) — 2Lm+n .

1.29. F?,-F?, =F,F ., VneN.
Proof. I:n2+2 - I:n2+l = (Fn+2 - Fn+1)(Fn+2 + Fn+l) = I:n Fn+3 :

1.30. L2, - L% , =5F,, F,, vmneN,m=n (Koshy, 1998).

m-+n

Proof. L2 —12 =(a™" + ™" _ (™" + f"")? =

— a2m+2n +ﬂ2m+2n +2(aﬂ)m+n _a2m—2n _ﬂZm—Zn _Z(aﬂ)m—n —
:a2m(a2n _a—2n)+ﬂ2m(ﬂ2n _ﬂ—Zn)+2(aﬂ)m—n((aﬂ)2n _1):

=a2m (a2n _a—Zn)_i_ﬁZm (ﬂZn _,B—Zn) :5F2mF2n
1.31. 2, +L2 . =L, L, +4-=1)™", vmneN,m>n (Koshy, 1998).

m+n

Proof. L2, +L2 = (@™ +A™")? —(a™" + f"")? =
:a2m+2n +ﬂ2m+2n +2(aﬁ)m+n +a2m—2n +ﬂ2m—2n +2(aﬂ)m—n —
:a2m(a2n +a72n)+ﬂ2m(ﬂ2n +ﬂ72n)+2(aﬁ)mfn((aﬁ)72n +1):
=@+ )@ + ) + M) " = Ly Ly, +A(D)™.
1.32. 5(FZ,, +FZ.)=Ly,L,, —4-1)™", vm,neN,m>n (Koshy, 1999).

m+n

2
Proof. 5(F2 +F2 )= 5[%(04"*”‘ + )2 +%(am" —,3'“")} =

:a2m+2n +ﬂ2m+2n _Z(aﬂ)mm +a2m—2n +ﬂ2m—2n _Z(Qﬁ)m—n —
:aZm(OCZn +a—2n)+ﬂ2m(ﬁ2n +ﬂ—2n)_z(aﬂ)m+n(1+(aﬂ)—2n):
:a2m(a?_n +ﬂ2n)+ﬂ2m(ﬂ2n +a2n)_4(aﬂ)m+n —

— (a2m +ﬂ2m)(a2n +'B2n)_4(_1)m+n — L2mL2n _4(_1)m+n.

1.33.1+F, F,. ., =F/., ¥neN (Cassini).
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Proof. 1+F, F, , =1+%(a2" - BN (™™ - B =

1
:1+g(a4n+2 _a? IR gz gen +ﬁ4n+2):

:1+%(a4n+2 R T G LY, LS L _a2n+2ﬂ2n):
_1+1( 2n+l 2n+1y 2 1(2 2n+l 2ng 2 2 )_
=1+ (@ =) + L 2Aaf) T —(af) (e + )=

= Fona +1+%(_2_a2 -B%)=Fps +1_%(2+3) = Fya-

1.34. F, ,F, .. —1=F} ,, ¥neN (Cassini).

2n+l

Proof. F2n+lF2n+3 —1= _1+%(a2r\+l _ﬁ2n+l)(a2n+3 _ﬂ2n+3) _

_ _l+é(a4n+4 + B _2(af) R 4 2(af) P — q P g _a2n+3ﬁ2n+l):

=_1+%(a2n+2 _ﬂ2n+2)2 +2—(aﬂ)2n+l(0€2 +,32) =

+6+2J§+6—2J§J=

1 1
=F,-1+=Q+a*+p°)=F2,,-1+=|2
2n+2 5( a®+ %) 2n+2 5( 4 4

= Fos _1+%(2+3) =Fo, —1+1=Fp .
1.35. 1+F,,,,F,... = F/ .5, ¥YneN (Cassini).

Proof. 1+ FZnJr2 F2n+4 =1+%(O{2n+2 _ﬂ2n+2)(a2n+4 _ﬁ2n+4) _

:1+%(a4n+6 + ﬁ4n+6 _ z(aﬁ)2n+3 + 2(0{ﬂ)2n+3 _a2n+2ﬂ2n+4 _a2n+4ﬂ2n+2) —

1 n+ n+ 1 n+ n+ n+
:1+g(a2 3—,32 3)2 +§(2(_1)2 3 _(_1)2 ZﬁZ _(_1)2 2a2):

= Fona +1_%(2+0‘2 + %) =Fpp +1-1=F; 5.

1.36. 4F, F,,.,Fpr.sFonis +1= (2F,.,Fynip —1)%, VN eN.

n' 2n+l

Cassini

Proof. 4F, F, . FonoFons +1=1+4(F, F, ) (Fo i Fonis) =
=1+ 4(F22n+1 _1)(F22 2+t = 4F22n+1 F22n+2 —4( F22n+2 - F22n+1) -3=

= 4F22n+1 F22n+2 - 4(F2n+2 - F2n+1)(F2n+2 + F2n+1) -3=
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= 4F22n+1 F22n+2 - 4F2n F2n+3 -3= 4F22n+1 F22n+2 - 4F2n+3 (F2n+2 - F2n+1) -3=

= 4F22n+1 Fzz;wz —4F, P + 4F2n+l Fonis —3=

= 4F2€1+1 F22n+2 Y 4( a2 tD—3=

= 4F22n+1 F22n+2 —4F,, 5 (Fons —Fonp) +1=

= 4F22n+l F22n+2 —4F, 1o +1=(2F, 1 Fons _1)2 '
1.37. 4F |:22n+2|:2n+3 +1= (2 one2 +1) vn eN.

2n+l
Cassini

PrOOf 4'|:2n+1 F2€1+2 I:2n+3 +1 1+ 4F n+2(F2n+1 F2n+3) =
=1+4F, ,(F.,, +1) =4F, , +4F; , +1=(2F;,, +1)°.

n

1.38. F2,~-F2=F,.,, VneN.
Proof. F>, —F? :%(oz”+2 —ﬂ"+2)2 —%(a” —ﬂ“)z -
:%(a2n+4 +ﬂ2n+4 —2(0{ﬂ)n+2 _aZn _ﬂZn +2((Zﬁ)n)=
1

= @@ —a )+ pB - B+ 2Aap) (- (@)=
:%(azmz(az _ B+ fA (B _az)):l(az _ B ) (a®? - g =
:%(a—ﬁ)(a+ﬁ)(a2”*2 _ 2n+2 1 \/_ 5-1-(« 2n+2 2n+2) _

1 n+ n+
=—(6¥2 2 _IBZ 2)= I:2n+2'

NG

1.39. F,-L,+F,-L, =2F,,,, vmneN (Ferns, 1967).

m+n?

Proof. F_-L +F, -L_ =%(am ™" +ﬂ”)+%(a“ -p")a" + ") =

%( m+n 05/3’ +a ﬂ ﬂm+n mn_amﬂn+a”ﬂm_ﬂm+n):

_(am+n _ﬂm+n) - 2F

2
V5

=5F,,;, VneN.

m+n *

1.40. L2 + 12

n+1

Proof.. L2 + L2, =(a"+B8") + (" + ™) =
:aZn +ﬁ2n +2(0!,8)n +a2n+2 +ﬁ2n+2 +2(0!,8)n+1 2n+1(a +0!)+
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BB )+ 2af) W af) = (@~ f)a™ - f) =
_ \/g(aZnﬁ-l _ﬁ2n+l) _ 5.i(a2n+l _,an+l) _ 5F2n+1 .

V5

1.41. L L, -2, =5(-1)", VneN.

nne2 T

Proof. L L, -Li, =(@"+8")(@"" + ")~ (2" + ") =
=a2n+2 +an+2ﬁ +a ﬁn+2 +ﬁ2n+2 _a2n+2 _ﬂ2n+2 _z(aﬁ)ml —

=(ap)"(a® + f*) - 2ap)™ = (af)" (a® + B* ~2af) =

— () (@-p) = (1)’ [“I - [J ~ (-1)" () =5(-1)".

1.42. 5F? =12 —4(-1)", ¥neN.

Proof. 5F° :5-(%(05" —,B")j =a® + B -2(af)" =

=(@"+p") —4ep)" =L, -4-D".
1.43. > =L,, +2(-)", YneN".

Proof. L2 =(a" +B")? =a™ + B°" + 2(af)" = L,, +2(-1)".

1.44. L, —L =5F,,, vneN.
Proof. L, —L, =a™ + 8™ —a" - 3"
:an+2( —a )+ﬂn+2( ﬂ ( ﬂ )(an+2 ﬁn+2) —

1

)=
z(a—ﬂ)(a+ﬂ)(a“+2 n+2 \/_ n+2 n+2 _5__(an+2 _ﬂn+2) —5F

5

1.45. L, =5F? +2(-1)", VneN".

Proof. L,, =a™ + " = (a" - ") + 2(ap)" :5% (o - w] .

+2(-)" =5F +2(-1)".

1.46. L,,.,—(-D)"L, =5F,F,.,, vm,neN.

m° m+n?

www.mateinfo.ro

n+2"
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Proof. L

omin— (D" Ly ="+ T — ()" (@" + ")

1 1
5FmFm+n =5__(am _ m)_(am+n _ m+n) =a2m+n _am m+n _am+n m + 2m+n —
NG B N B B o+ p

=0{2m+n +ﬁ2m+n _(aﬂ)m(an +ﬂn) — I—2m+n _(_1)m I—n ]

147.F, . —(-)"F, =F,L

m —m+n?

vm,n eN.

Proof. FmLm+n =i(0{m _ﬁm)(amm +ﬂm+n) _

5
%(a2m+n _am+nﬂm +amﬂm+n _ﬂ2m+n): F2m+n _%(aﬂ)m(an _ﬂn):

= I:2m+n - (_1)m I:n :

1.48. F, =FF ,+F _F,VneN".

PrOOf' Fn Fn+l + Fn—an = Fn (FI'H—]. + Fn—l) = %(an _ﬂn)(an+1 _ﬂn+l +an_l -

My =l@ - Y@ (@ v at) - BB - ) =

5
— (@ - )@@ - )~ (B ) =
1 1

=@ Pat P’ "+ ) =@ =) = .

+(-)"F, =F,,,L,, YmneN.

m+n—n"’

1.49. F

2m+n

1
Proof. F, L, =—=(@™" ="")(a" + ") =.
V5

1

=_(a/2m+n _amﬂmm +am+nﬂm _ﬂ2m+n)= (a2m+n _ﬁ2m+n)+

ol
sl

+%(aﬂ)”’(a” ") =By + (CD)F,.

1.50. F,F,, -F,,F. ,=F,.,, VneN" - {1} (Lucas, 1876).

n' n+l n-1" n-2

Proof. F,F,, - F,,F :%(a”—ﬂ”)(a”“—ﬁ““)—

_%(anl _ﬁnfl)(an72 _ﬁn72) :%(aZnJrl _an+1 n _anﬁnﬂ +ﬁ2n+1 _a2n73 +
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+an—2ﬁn—1 +an—lﬁn—2 _ﬂZn—3) Z%(a2n+l +ﬂ2n+l _aZn—fﬂ _ﬂZn—3 _(aﬁ)na_
@)+ (ap) P a) = %(a“l(az )+ fNBE - B~ (D)

~(D"B+(-)"a) = %(062”'1(052 =B+ BB —at)) =
1

NG

—aF, =1, vneN" -{l}.

- %(a e+ H@ - fY = (@ - ) = F,y

n+1

1.51. yjaF, +F,_, +4/F

Proof. aFn + anl = i(arH—l _aﬂn +an—l _ﬂn_l) —

NG
1

:_(an+l+ﬂnfl+anfl_ﬂnfl)Zi.an(a*_afl):

V5 J5

a"(a-p)=a".

Fn+1 —aFn — (an+1 _ﬂml _an+l +ﬂn06) —

H&‘H&‘H

=—-fB"(a-p)=p", thenweuse a+ 4 =1.

75

2n 2n .
1.52. Z( ’ J(—z)k L, =5", VneN".
k=0

Proof.
5= a1y = 3 ¥ ooy e = 33 Jeort o = 3 ey

2n 2
5" = (1-2)" = Z[ k”j(—zmk
Adding (1) and (2) we obtain:

k

k=0

o.(n
1.53- Z(kjF4mk = F2mn I—gm! Vm,n EN.
k=0

k=0 k=0

=(1+()(4m)n _(1+ﬂ4m)n :a2mn(a2m +a—2m)n _ﬂZmn(ﬂZm +ﬂ—2m)n —

o 8 58-S S

www.mateinfo.ro

&(2n kok-1g K Ky _ e[ 2n K ok-1 : ;
DI ED 2 (@ + g =D ) (=1)*2**L, , yields the conclusion.
k=0

(1)

()
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_aZmn(OCZm +ﬂ2m)n _ﬂZmn(OZZm +ﬂ2m)n =(a2m +ﬁ2m)n(a2mn _ﬂZmn) —

= /5L _F,.., follows the conclusion.

1.54. L., —(-)"L, =5F,F,,,, vm,neN.

Proof. L2m+n _(_1)m Ln :a2m+n +ﬂ2m+n _amﬂm(an +ﬁn) -
:am”‘(am _ﬂm)_ﬂmm(am _ﬂm) = (am+n _ﬁmm)(am _ﬂm) :5FmFm+n '

1.55. L, =L L, —(-1)"L,, ¥neN.

Proof. L, =™ + 5 = (" + ") (@™ ~(@f)" + ) = L, (L, —(-)").

1.56. L,, = Z[EJLK vneN’".

k=0

Proof.L,, =a™ + 8*" =(1l+a)" + 1+ )" _Z(EJak + (Ej B =
k=0

Fohe -5l

157. F, = Z[DFW vneN",VieN.

1 n+i n+i
- @™ =g =F

1.58.("n +2*/g':nJ _ Lm +me“ , wm,n eN (Fisk, 1963).
Proof. L +me” _a +p era —F =a™, on the other

(Ln+\/§FHJm :(a"+ﬂ”+a”—,b’” "
2

5 j =(a")" =a™, follows the conclusion.

2n+i *

hand
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1.59. L,,,,F,, =F,,., -1 VneN (Hoggatt, 1967).

Proof. L,,.,F,, :%(a2n+1+ﬂzn+1)(a2n _ By =

:%(a‘m“ _ﬂ4n+1 +a2nﬂ2n+l _a2n+1182n) 4n+1 + \/_((aﬁ)Znﬂ (0{,8)2”&)

Fona + \/— —(f-a)= Fp -1

1.60. L,,.,F,,., = Fi..s =1, Vn eN (Hoggatt, 1967).

l (a2n+1 +ﬂ2n+1)(a2n+2 _ﬂ2n+2) —

5
_ i(a4n+3 _ﬂ4n+3 _a2n+1ﬁ2n+2 +a2n+2ﬂ2n+l) =F,., _i((aﬂ)Znﬂﬂ_ (aﬁ)2n+la)=
NG V5

~ 1+I 1-+5
n+3+\/—( 0!+ﬂ) 4n+3 \/g( 2 2 j F4n+3 1

Proof. L,...F,.,

161. F,  =F,L —-(-D"F, ., vmneN,m=>n (Ruggles, 1970).
1
Proof. F. L, —(-1)"F, =E((am — A" @" + ")~ (aB) (@™ - ")) =
:%(amm +amﬂn _anﬁm _ﬁm+n _amﬂn _anﬂm):%(amm _ﬂern) — Fern.

1.62. L, =L, +D", YneN (Hoggatt, 1965).

nbna =

Proof LnLn+1 (an +ﬂn)(an+l+ﬂn+l) :a2n+l +ﬂ2n+l+anﬂn+l +an+lﬂ:
= I—2n+l + (aﬂ)n (a+ﬁ) = L2n+1 + (aﬂ)n = L2n+l + (_1)n '

1.63. 5(F> +F2,)=3L,, ,—4(-1)", VneN".

Proof. 5(F;" +F’,) =5@(a“ -p")? +%(a” —ﬁ”*)zj -
:a2n +ﬂ2n —Z(Qﬂ)n +a2n—4 +ﬂ2n_4 _Z(Qﬂ)n_z :azn_z(az +a_2)+

BB+ ) - Ap) =t @+ )+ B + ) A =
= (@ + )@+ ) 4D = (@ + )L, — A =
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o - e - 3 G-
- EWa) ) = e ) =Fy,

e okl -

=(l+a)"+@+p)" =™ + B =L,,.

Proof. S (n (-D*F, = Zn:(rk]j(—l)k(ak—ﬁk):

- @ p)=F,
1.67. Zn:(EJ(—l)kLk =L, VneN.

Proof. Zi:(rk]j(—l)kLk _Z( j( D (" + p*) =

k=0

I

1.68. F,,-1=F, L, ,, VneN" (Dudley si Tucker, 1971).

www.mateinfo.ro

1< k_i_n_i_”:i"_”:
__SL @( o) -kz;[ j(—m J—@(l @) = p) = (5 =)
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1
75
v g )=y | (o) Loy &) Sy - (2 )

(a2n+1 _ﬂ2n+l)(a2n—1 +ﬁ2n—1) —

Proof. F,..,L,,, =

B )5
e 1 (B-a)a+p)_
_F4n \/g Olﬂ I:4n

1.69. F,,, -1=F, L,., VneN.

V5

-1.

PrOOf. F2nL2n+1 :%(ah _ﬂZn)(a2n+l +ﬂ2n+1) :%(amu _a2n+1ﬂ2n +

+ aznﬂznﬂ _ﬂmﬂ) Fina ((aﬂ)zna (aﬂ)zn ﬂ) Fina E(a _:B) =Fya 1.
1.70. F,,+1=F, ,L,..;, YneN.
i 201 p2n-dyg, 204 2n41 :i
NG (a BN+ BT) N

+a2n—1ﬂ2n+1_ﬂ4n):F4n_((aﬂ)Zn—laZ_(aﬂ)Zn—lﬁZ)%zF4n+%( 2—ﬂ2)=

2n+lﬂ 2n-1

4n
Proof. F,, L, = (" -a +

=F,, +1.

1.71. F, , +1=F, L, . VneN.

Proof. FypuLy, == (@™ = )@ + f7) = %(aw ot

/5
a2 F, 4 (@) a - (af) f) = 5= Finat ﬁ(a—ﬂ)=

=F,,,+1.

4n+1

1.72. F,.,, +1=F, ,L,, VneN.

Proof. F, L (a4”+2 +a®

o =%(a2n+2 _ﬁ2n+2)(a2n +ﬂ2n) \/_

2n+2 4n+2) 1

4n+2+\/—(aﬂ)2n(a _ﬂ )_ 4n+2+\/§(a_ﬂ)(a+ﬂ):

g

1
=Fp.t—F— \/— (a-pB)=F,.,+1.
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4. IN LEGATURA CU
306-INEQUALITY IN TRIANGLE
TRIANGLE MARATHON 301-400

ROMANIAN MATHEMATICAL MAGAZINE 2017

Marin Chirciu®

1) In AABC
2 2
&4_%4__263"—_‘)
h, h h 4r
Mehmet Sahin, Ankara, Turkey
Solutie.
Demonstram urmatorul rezultat ajutator:
Lemal.
2) InAABC
m> m: m’ p*+5r®+2Rr
A4 by_c-- = —
h, h h 4r
Demonstratie.
2 —
Folosind formulele m2 :%Jr# si h, =§ obtinem:
2b* +2¢* —a’
__—_i 2 2 a2 _i 2 2 2 a2\ _
Z = 25 _8SZa(2b +2c2-a )_SSZa(Za +2b* +2¢* ~3a% ) =
a
2 2 .
88(2Za2a 3Za) [2 2p-2(p*~r?-4Rr)-3-2p(p*-3r —6Rr)]_
_ p?+5r°+2Rr
Ar '

Sa trecem la rezolvarea inegalitatii din enunt:
2 2 2 2
p+5r°+2Rr Z63r -p -
4r ar
rezultid din inegalitatea lui Gerretsen p> >16Rr —5r” . Rimane si aritim ci:
2(16Rr —5r*) > 58r° — 2Rr <> 34Rr 217r” < R > 2r , evident din inegalitatea lui Euler.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Folosind Lemal inegalitatea se scrie: 2p* >58r>—2Rr, care

Remarca.
Inegalitatea 1) poate fi intarita:
3) In 4AABC
_j + m_s _C > g_R .
h, A 2
Solutie.

! Profesor, Colegiul National ,, Zinca Golescu”, Pitesti
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p>+5r’+2Rr _ 9R

Folosind Lemal inegalitatea se scrie: 1
r

inegalitatea lui Gerretsen.

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remarca.

Inegalitatea 3) este mai tare decét inegalitatea 1):

4) In AABC
m ., m m_9R_ 63" —p’
h, h h 2 4r
Solutie.

Vezi inegalitatea 3) si si inegalitatea lui Gerretsen p> >16Rr —5r?.
Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

Se poate scrie o0 inegalitate de sens contrar:

5) In AABC
m> mZ m’ _2R*+3Rr+4r?
byt < :
h, h  h 2
Solutie.

P> +5r°+2Rr _2R*+3Rr+4r®
< P

Folosind Lemal inegalitatea se scrie:
4r 2r

< p® <4R*+4Rr +3r?, evident din inegalitatea lui Gerretsen.

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remarca.
Se poate scrie dubla inegalitate:

6) In AABC
9R _mZ m} m? 2R*+3Rr+4r?
gagpbgog .
2 h h h 2r
Solutie.

Vezi inegalitatile 3) si 5).

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

In acelasi registru se pot propune:

7) In AABC
Ror,9.mmm_R 3R 7
r 4R 8 h> h> h> 2r" 8r 4
Solutie.
Demonstram urmatorul rezultat ajutétor:
Lema2.
8) In AABC

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - DECEMBRIE 2017 JWANEVET01{N 10

> - p® >16Rr —5r?, evident din

Marin Chirciu, Pitesti

Marin Chirciu, Pitesti
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m m m P+ p*(10r* -8Rr)+r (4R +r)’

C

a4 b, C -
h?  h> h’ 8p°r?
Demonstratie.
2 2 .2
Folosind formulele m? = M# sih, = % obtinem:
2b% +2¢” - a?
m_ 4 _ 1L Za2(2b2+202—az):i(42b2c2—za4):
h? (23 T 16S? 16S?
a

p*+ p(10r*—8Rr)+r*(4R+r)’
- 8 pzrz )
Sa trecem la rezolvarea primei inegalitati din 7) :
Folosind Lemaz2 obtinem

p*+p*(10r*—8Rr)+r*(4R+r1)" 1

r(4R+r)° .

[pz +10r> —8Rr +

8p’r’ “8r? p’ B
r?(4R+r)’ 2 2_2r?
> L |16Rr—5r2 +10r —gRr+ AR+ 1) | BRTr+ORIT-2rT R v 9
8r R(4R+r) 8Rr r 4R 8
i 2(2R=r) |

unde ultima inegalitate rezulta din inegalitatea lui Gerretsen p> > 16Rr —5r?si inegalitatea lui
R(4R+r)’

Blundon p® Sg.
2(2R-r)

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Pentru cea de-a doua inegalitate scriem:

“+ p?(10r> —=8Rr )+ r’ (4R +r)’ 2(AR+r1)
RN h 2) (4R+1) LS p2+10r2—8Rr+M <
8pr 8r p
r?(4R+r)’ 2 2 R’
<L | 4R® £ 4Rr +3r7 +10r? —8Rr + (4R+ )2 JARTSRrAlAr ROSRL T
8r r(4R+r) 8r 2rc 8r 4

R+r
unde ultima inegalitate rezulta din inegalitatea lui Gerretsen p> < 4R?+4Rr +3r’si inegalitatea

) r(4R+r)2 o . . , ,
> “Rar adevarata din inegalitatea Iui Gerretsen p° >16Rr —5r°.
+r
Egalitatea are loc daca si numai daca triunghiul este echilateral.

9) In AABC
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Marin Chirciu, Pitesti

Solutie.
Demonstram urmatorul rezultat ajutator:
Lema3.

10) In AABC

2 om? N m p“—6p2Rr—r2(4R+r)2
hh  hh  hh 4per? '
Demonstratie.
2 2 .2
Folosind formulele m? =2b+# sih, :§ obtinem:
2b%* +2¢*—a’

m: _ 4 1 2 2 2y 1 2, A2 _

Zhbhc =575 _16szzbc(2b +2c-a )_1682[22bc(b +c?) acha]_
b ¢

B p“—6p2Rr—r2(4R+r)2
- 4p2r2 '

Sa trecem la rezolvarea primei inegalitati din 9) :
Folosind Lema3 obtinem

4 pn2pp g2 2 2 2 2 2
_Pp*—6p°Rr 2r2(4R+r) _ 12 p2—6Rr—r (4R2+r) N 12 16Rr —5r% —6Rr (4R+r)2 _
4p*r 4r p 4r r(4R+r)
R+r

10Rr —5r>—r(R+r — . : :
pr= ( ) = 9R4 ér =%E—g , unde ultima inegalitate rezulta din inegalitatea lui
r r r

r(4R+ r)2
R+r
Pentru cea de-a doua inegalitate scriem:

Gerretsen p® >16Rr —5r% >

4 pmope L2 2 2 2 2 2
p*—6p°Rr 2r2(4R+r) :iz p2—6Rr—r (4R2+r) siz 4R2+4Rr+3r2—6Rr—r (4R+r)2 _
4p*r Ar p 4r R(4R+r)
2(2R-r)
AR*-2R’r—Rr?+2r (RY 1R 171 1 o .
= : =l—| = —+=——-= , unde ultima inegalitate rezulta din
4Rr r 2r 2R 4
R(4R+r)’
inegalitatea lui Gerretsen p® < 4R*+4Rr +3r?si inegalitatea lui Blundon p? sm-
—r

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
Remarca.
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11) In AABC
m m m_m m m
4Dy >_24 D4t
I’IDI«IC hcha haho ha }'10 hC
Solutie.

Folosind Lemaz2 si Lema3 inegalitatea se scrie:
p*—6p°Rr—r?(4R+r)’ N p*+ p(10r*—8Rr)+r*(4R+r)’
4p2r2 - 8p2r2
& p?(p® —4Rr—10r*) > 3r? (4R + r)’, care rezultd din inegalitatea lui Gerretsen

& p* - p?(4Rr+10r*) 2 3r* (4R +r1)’

p® >16Rr —5r’si observatia ci p> —4Rr —10r” > 0 .Rimane si aritim ci:
(16Rr —5r?)(16Rr —5r* —4Rr —10r”) > 3r* (4R +r)" < 4R*—9Rr +2r* > 0
< (R-2r)(4R—-r)>0, evident din inegalitatea lui Euler R > 2r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

12) In AABC
m? m? m_ _9R
h+h h+h h+h 4
Marin Chirciu, Pitesti
Solutie.
Demonstram urmatorul rezultat ajutétor:
Lema4.
13) In AABC
m2 m? m?  P°+pir’—p*(36R’r’+4Rr*+r¢)—r*(4R+r)’
a4 c )
h,+h, h +h,  h +h 4rp2(p2+r2+2Rr)
Demonstratie.
2 2 .2
Folosind formulele m? :W sih, =§ obtinem:
2b% +2¢* —a’
5 m 2 1be(d°+2¢-a?) 1 _ bc(2a*+2b°+2¢°-3a°)
h+h 25,25 8s b+c 85 b+c -
b ¢
p® -+ pr®— p®(36R°r* +4Rr* +1*)—r*(4R+r)’
- 4rp?(p*+r’+2Rr) '

Sa trecem la rezolvarea inegalitatii propuse.
Folosind Lema4 inegalitatea se scrie:

p° -+ p*r’— p®(36R°r* +4Rr* +r*)-r*(4R+r1)’ _9R
2( 2 2 z2—— &
4rp (p +r +2Rr) 4
& p°+p*r’— p?(36R’r*+4Rr* +1*)—r*(4R+r1)’ 2 9Rrp?(p* +1” + 2Rr ) &

& p®+p*(r’—9Rr)— p*(54R’r* +13Rr* +1*)-r*(4R+1)’ 20 =
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< p? [ p*+ p®(r* —9Rr)—(54R°r* +13Rr’ + r‘ﬂ >r®(4R+r)’, care rezulta inegalitatea Iui
Gerretsen p’ >16Rr —5r si observatia ci p* + p*(r* —9Rr)—(54R*r* +13Rr* +r*) > 0.
Rédmane sd aratam ca:

(16Rr—5r2)[(16Rr—5r2)2 +(16Rr —5r%)(r? —9Rr)—(54R2r2+13Rr3+r4)}2 r*(4R+rY
< (16R-5r)| (16R-5r)(7R—-4r)-(54R +13Rr +1°) |> (4R+r1)’

& (16R—5r)[ 58R* ~112Rr +19r° | > (4R +1)’ < 144R° ~355R°r +142Rr’ ~16r° >0 <
& (R-2r)(144R* —67Rr +8r?) 2 0, evident din inegalitatea lui Euler R > 2r.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
Tnlocuind h, cur, se pot obtine noi inegalitati.
14) In AABC
2 2 2 2 2
m;  m 4R —-3Rr—r
o(R-r)<Ma M M AR -SRT-T
I, I, I, r
Marin Chirciu, Pitesti
Solutie.
Demonstram urmatorul rezultat ajutétor:
Lemala.
15) In AABC
M M M pTodr-7Rr
[ A r
Demonstratie.
2 2 2
Folosind formulele m? _2br2e—a sir, = > obtinem:
4 p—a
2b% +2¢* - a?
m? 4 1 2 o2 o\ P°—4r*—T7Rr
A= = —-a)(2b*+2c¢*-a’)=—

p—a

Sa trecem la rezolvarea inegalitatii din enunt:

2 2 2 2
< pc—4r°—7Rr < 4R —3Rr—r
r r
rezultd din inegalitatea lui Gerretsen 16Rr —5r” < p> <4R*+4Rr +3r” .
Egalitatea are loc dacd si numai daca triunghiul este echilateral.

Folosind Lemala dubla inegalitate se scrie: 9(R—r) , care

16) In AABC
2 2 2 2
E—L—gg—;+m—§+m—§£ 4F§ —@+2.
rr-R 2 r, rn T r 2r
Marin Chirciu, Pitesti
Solutie.

Demonstram urmatorul rezultat ajutétor:
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LemaZ2a.
17) In AABC
m: m2 m? 2p‘-3p°(r’+8Rr)+ r(4R+r)’
Demonstratie.
2 2 2
Folosind formulele m? _2br2e—a sir, = > obtinem:
4 p-a
2b* +2¢*—a’

T 2% _3p2(r?+8R 2(4R 2
S A= LS (pay (s at) PSSR

r s ¢ 4s?
p—a

trecem la rezolvarea dublei inegalitati 16) :
Folosind Lema2a dubla inegalitate 16) se scrie:
R T 9 2p*-3p*(r®+8Rr)+ r2(4R+r)’ _4R* 1R
r R 2 2p°r? rr2r
2p*—-3p*(r? +8Rr)+r2(4R+r)2 1
2p%r? 2r

+ 2, care rezulta din

r2(4R+r)2
——

p
inegalitatea lui Gerretsen16Rr —5r° < p® <4R” +4Rr + 3r’si inegalitatea lui Blundon- Gerretsen
2 2
M < p2 < M
R+r 2(2R-r)
Egalitatea are loc daca si numai daca triunghiul este echilateral.

. {sz —~3(r*+8Rr)+

18) In AABC
2 2 2
3S&+&+ﬂ35+£ .
rr. rr, rr, r R
Marin Chirciu, Pitesti
Solutie.
Demonstram urmatorul rezultat ajutator:
Lema3a.
19) In 4ABC
2
memg p*(4r®+Rr)—r*(4R+r)
Lrorrorr p?r? '
Demonstratie.
. 2b% +2c?-a® . S .
Folosind formulele m? = —§iL= obtinem:
p—a
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2b* +2c? —a’ ,
2 —— —— 1 p*(4r* +Rr)—r®(4R+r)

Z%: i4i 482Z(p—b)(p—c)(2b2+2c2—a2)= — Sa
p-b p-c
trecem la rezolvarea dublei inegalitati 18) :
_ o _ p*(4r’+Rr)-r’(4R+r)" R or
Folosind Lema3a dubla inegalitate 18) se scrie: 3< o7 S?JFE' care

rezulta din

p*(4r*+Rr)-r*(4R+r)" 1] r2(4R+r)
7.2 =—| A+ RM - — |,
pr r p
inegalitatea lui Gerretsen16Rr —5r° < p? <4R”+4Rr +3r’si inegalitatea Blundon- Gerretsen
2 2
r(4R+r) _ e R(AR+T)
R+r 2(2R-r)

Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca.
20) In AABC
2 2 2 2 2 2
m m m m m, m
24+ 242> D
ra rb r-c rb rc r-c ra ra I’-b
Solutie.

Folosind Lemaz2a si Lema3a inegalitatea se scrie:

2p* —3p°(r’+8Rr)+r*(4R+r)’ N p*(4r® +Rr)—r?(4R+r)’ o
2p2r2 - p2r2

& p?(2p* —11Rr —26r%)+3r* (4R +1)" 2 0.

Distingem cazurile:

Cazul 1). Daci 2 p?—11Rr —26r* > 0, inegalitatea este evidents.

Cazul 2). Daca 2 p® —11Rr —26r* <0, inegalitatea se rescrie:

3r?(4R+r)" > p? (L1Rr +26r” —2p?), care rezulta din inegalitatea lui Gerretsen
16Rr —5r% < p? < 4R? +4Rr +3r?. Ramane si aratim ci:
3r°(4R+r)" = (4R +4Rr +3r”)(L1Rr +26r° — 2(16Rr —5r°))

& 4R*—2R°r —7Rr® —10r° > 0 <> (R—2r)(4R* +6Rr +5r*) > 0, evident din inegalitatea lui

EulerR>2r.
Egalitatea are loc dacd si numai daca triunghiul este echilateral.

21) In AABC
r(7R=2r) . m>  m  m _8R*-2R’r+7Rr’+2r’
<——+ +——x .
4R L+r L+r r o+ 4R?
Marin Chirciu, Pitesti
Solutie.
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Demonstram urmatorul rezultat ajutator:

Lemada.
22) In AABC
m: m@ m? p‘+p’(4R°+10Rr)-r(4R+r)’
4+ +—=L—= .
A A AN R 4Rp?
Demonstratie.
2 2 _ g2
Folosind formulele méf:ZbL sir, = S obtinem:
4 p-a
2b* +2¢* —-a’
5 m? 4 (p-b)(p- c( 242¢° —a) p*+p (4R2+10Rr) (4R+r)
h+r, S S 4S a 4Rp®
p-b p-c

Sa trecem la rezolvarea dublei inegalitati 21) :
Folosind Lema4a dubla inegalitate 21) se scrie:

3r(7R—2r) _p*+p*(4R*+10Rr)-r(4R+r)’ gR3_2R? 2408
( )< P p( ) ( ) §8R 2RI+ 7R+ 2r , care rezulta din

4R 4Rp? 4R?
“ + p2(4RZ2+10Rr)-r(4R+r)’ AR +1)
p p

inegalitatea lui Gerretsen16Rr —5r° < p? <4R” +4Rr + 3r’si inegalitatea Blundon- Gerretsen
2 2
r(4R+r) - 2<R(4R+r)

R+r " = 2(2R-r)
Egalitatea are loc daca si numai daca triunghiul este echilateral.
23) In AABC
9R 3r_ m; m; m? _10R?-9Rr +2r?
R + + < :
4 2 h +2r, h+2r, h+2r 4R
Marin Chirciu, Pitesti
Solutie.
Demonstram urmétorul rezultat ajutdtor:
Lemab.
24) In AABC
m? N m; m__p 2(10R-5r)—r(4R+r)’
h,+2r, h +2r h+2r 4p° '
Demonstratie.
2 2 .2
Folosind formulele m? _2+ec —a , h, _25 sir = S obtmem:
4 a p
2b® +2¢® -a’ , ,
5 m 1Za(p a)(20° +2¢* —a®) _ p?(10R-5r)-r(4R+r)
h+2r, 25,25 8s p 4p? |
a p-a
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Sa trecem la rezolvarea dublei inegalitati 23) :
Folosind Lema5 dubla inegalitate 23) se scrie:

2 _Er)_ 2 2 2
9R 3r_p*(10R-5r)-r(4R+r)” 10R”—ORr+2r
4 2 4p° 4R

2(10R=5r)=r(4R+r)’ r(4R+r)*| .
P°( 4)p2 ( ) :% 10R—5r—% si inegalitatea Blundon- Gerretsen

, care rezultd din

r(4R+r)’ .y R(4R+r)"
R+r 2(2R-r)

Egalitatea are loc daca si numai daca triunghiul este echilateral.

25) In AABC
m? m? m>  _27r
+ + > .
h,+2r h+2r h+2r 5
Marin Chirciu, Pitesti
Solutie.
Demonstram urmatorul rezultat ajutétor:
Lemas.
26) In AABC
m2 m? mZ  2p*+p*(26Rr+5r°)—r®(4R+r)(16R+r)
a_+ +—"—= :
h,+2r h+2r h +2r 4r(4p*+r®+8Rr)
Demonstratie.
2 2 .2
Folosind formulele m? =m , h, :égir _3 obtinem:
4 a p
2b* +2¢* - a’ S
5 m? _f_iza(p—a)(Zb +2c?-a?)
h, +2r 25 25 8S p+a
a p
2p*+p*(26Rr +5r°)—r®(4R+r)(16R+r)
- ar(4p”+r’+8Rr) '

Sa trecem la rezolvarea inegalitati 25) :
Folosind Lema6 inegalitatea 25) se scrie:

2p*+ p*(26Rr +5r°)—r®(4R+r)(16R+r) i
ar(4p*+r°+8Rr) ~ 5
& 10p* + p® (130Rr —407r%) 2 320R’r* +964Rr° +113r* <
& p? (10 p® +130Rr —4O7r2) >320R’r? +964Rr® +113r* adevirata din inegalitatea lui
Gerretsen p® >16Rr —5r® Ramane si aritim ci:
(16Rr —5r*)(10(16Rr —5r* )+ 130Rr —407r° ) = 320R°r” + 964Rr° +113r* <
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< T20R* -1621Rr +362r* >0 <> (R—2r)(720R-181r) >0 , evident din inegalitatea lui

EulerR>2r.
Egalitatea are loc dacd si numai daca triunghiul este echilateral.

27) In AABC
2 2 2 3 3
27T M, M £3R +§Or .
h,—-2r h-2r h -2r 2r
Marin Chirciu, Pitesti
Solutie.
Demonstram urmatorul rezultat ajutator:
Lema/.
28) In AABC
m? N m? N m p*(2R+5r)+r(r+4R)(r-8R)
h,—2r h-2r h-2r 4r? '
Demonstratie.
2 2 .2
Folosind formulele m? _2ptec —a , h, :Egir:§ obtinem:
4 a p
2b%* +2c*—a’ S
s mo_— 4 1y pa(2b?+2¢’~a’)  p?(2R+5r)+r(r+4R)(r—8R)
h, —2r 25 28 8S p-a 4r?
a p

Sa trecem la rezolvarea dublei inegalitati 27) :
Folosind Lema7 dubla inegalitate 27) se scrie:

p*(2R+5r)+r(r+4R)(r —8R)  3R°+30r°
4r? 2r?
& 10p* + p® (130Rr —407r%) 2 320R’r* +964Rr° +113r* <
& p? (10 p® +130Rr —4O7r2) >320R’r? +964Rr® +113r* adevirati din inegalitatea lui

Gerretsen16Rr —5r° < p> <4R*+4Rr +3r.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

= 27r <

29) In AABC
2 2 2
SR 3 m m m SR IR 9
4 r 2 hr, hr, hr. 2r 27r 4
Marin Chirciu, Pitesti
Solutie.
Demonstram urmatorul rezultat ajutétor:
Lemas.
30) In AABC
m m: o m? pz(loRr—srz)—r2(4R+r)2
a 4+—C — .
hr, hr hr 4p*r?
Demonstratie.
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2b?+2¢c?—a’® h 2S

Folosind formulele m? = hy=——sir,= obtinem:
4 a p—a
2b* +2¢* - a’ 2( 2) g )2
m? T4 ) 2 o\ P 10Rr —5r°)—r°(4R+r 5
Zhafa_ P _8822a(p a)(2b®+2¢° -a’) = prce . Sa
a p-a
trecem la rezolvarea dublei inegalitati 29) :
Folosind Lema8 dubla inegalitate 29) se scrie:
9 R 3 p2(10Rr—5r2)—r2(4R+r)2 5R 1R 9 .
————— < — <—.—+—.———, care rezulta din scrierea
4 r 2 4p°r 2r 2r 4
2(10Rr —5r2)—r? (4R +r)’ r?(4R+r)’
il Z > ( ) = 12 10Rr—5r2—(—2) si inegalitatea Blundon-
4p°r ar
r(4R+r)’ R(4R+r)’
Gerretsenu <p’ su.
R+r 2(2R—-r)
Egalitatea are loc daca si numai daca triunghiul este echilateral.
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