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1. PROBLEMA LUNII FEBRUARIE 2018

Sa se arate ca daca aria S a unui poligon inscriptibil si circumscriptibil cu 2n laturi de lungimi ay,
ay, ..., @y se exprima prin formula S = {/a,a,...a,, ,atuncin=2.

Propusa de Corneliu Manescu-Avram

“Problema saptamdnii” 28.06.2010-04.07.2010 pe www.mateinfo.ro

Asteptam rezolvari cat mai interesante pe revista@mateinfo.ro
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2. METODE DE REZOLVARE - PROBLEMA LUNII IANUARIE 2018

Fie ABCD un patrulater convex, iar E si F mijloacele diagonalelor [ AC ], respectiv [ BD |.
Aratati ca:

2 2
AB-CD +BC - AD + 2EF ? :AC+BD<:> ABCD este paralelogram. (*)

Prof. Stanescu Florin,

“Problema saptimdanii” 9.05.2011 - 15.05.2011 pe www.mateinfo.ro

Solutie autor:

Folosim urmatoarele rezultate:

(*)Daca ABCD este un patrulater convex si M, N mijloacele laturilor [HC ], respectiv [4D],

atunci avem 2ZMN = AB + D, Egalitatea are loc daca si numai daca AF || D,

{(**) Fie patrulaterul convex ABCD s1 M, N, P,Q mijloacele laturilor [_43]._ |BC ]. lC Dl lﬂA]

Atunci avem: 2(MP* + NQ*) = AC* + BD".

(***)Teorema lui Euler:Intr-un patrulater ABCD cu E si F mijloacele diagonalelor 4C

si BD are loc relatia: AB” + BC® +CD* + DA” = AC* + BD® +4EF*,

,='Fie M,N,P,0Q mijloacele laturilor [4B][BC][CD][DA4]

Din (*) rezulta 2MP < AD+ BC s1 2NQ = 4B + CD Rezulta:

AMP* < AD* + BC* +2A4D-BC si 4NQ* € AB* +CD* +2- AB-CD = 4 MP* + NQ*) <
AD? + BC* +24D-BC+ AB* +CD® +2- AB-CD si folosind (***) si (**) avem :

HMP* + NO* )< 4EF* + AC* + BD® +24D-BC +2AB-CD = 4(MP* + NQ*) <

4EF* +2(MP* + NQ*)+2AD-BC+2AB-CD = MP* + NQ* < 2EF* + AD-BC + AB-CD
1),

E:g}alitatea avand loc daca 2MP = AD+ BC si 2NQO = AB+ CD.

.='", Folosind (**) s1 (1) obtinem :

2EF*+ AB-CD+BC-AD = @ = MP* + NO* < 2EF* + AD-BC + AB-CD =
MP + .-’\-’Qz =2EF*+ AD -BC+ AB-CD = 2MP = AD+ BC si 2NQ = AB +CD.

Astfel, folosind (*) avem .4DHBC 1 AB"CD = ABCD paralelogram.

,<=" Daca ABCD este paralelogram atunci E=F si ramane de aratat ca

AB* + BC* = @ Devarece ABCD este paralelogram avem cos 4 =—cos B,

iar din teorema cosinusului aplicata in triunghiurile ABD si CBD obtinem:
AB” +AD” - BD == AR +BC —AC = AB*+BC’ = AC” +BD" , ceea ce trebuia
24B- 4D 248 -BC 2

aratat.
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Alte solutii:

1. Prof. Constantin Telteu

Rezolvare:

Folosim notatiile: AB=a; BC=b; CD=c; DA=d; AC=¢; BD=f; EF=m.
Cu aceste notatii, relatia din enunt se scrie:

ac+bd +2m?* = ezzfz (1)
Relatia lui Euler pentru un patrulater oarecare este:
a’+b’+c?+d*—4m*=e*+ f? (2)
Aceasta, pentru un paralelogram devine:
2(a’+b*)=e*+ 1 (3)
Din (2)=4m’ =a*+b® +c®+d*—e’ - f?
Din (1)=4m*=e’+ f*-2ac—2hd
Scddem ultimele doua relatii si obtinem:
a’+b’ +¢*+d” +2ac+2bd =2(e” + f*) = (a+c) +(b+d)’ =2(e”+ ?) (4) . Demonstrim
ca aceasta relatie este valabila doar in paralelogram.
Notdm o =m ( AB, CD) st ridicam la patrat relatia vectoriala: BC =BA+AD+DC . Obtinem:

BC? = BA>+ AD? + DC? + 2BA- AD + 2BA-DC + 2AD-DC <

<b?=a?+d?+c?-2AB-AD-2AB-DC - 2DA-DC
Cu definitia produsului scalar si teorema cosinusului in triunghiurile BAD si ADC, din ultima
relatie obtinem:

2 2 g2 2, 2 .2
b?=a?+d?+c?-2ad -M—ZaCCOSa—ZdOu:
2ad 2dc
€2+ 2 _b? —d?
= COSat = ,
2ac
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cosa<1=e’+ f?><b*+d*+2ac , cu egalitate daci AB||CD

Analog: e*+f?<a*+c®+2bd ,cuegalitate daci BC || AD .

Adunam ultimele doua relatii obtinute si obtinem:

Z(e2 + f 2) < (a + C)2 + (b +d )2 , egalitatea, adica relatia (4) , avand loc daca ABCD este

paralelogram.
Reciproc, daca ABCD este paralelogram, atunci m=0; a=c; b=d si relatia din enunt devine

(3), deci este adevaratd.

2. George-Florin Serban, profesor Braila
2 AN 2
"<" ACNBD={0},0=E=F, AABC aplic T. medianei, BO* = 2(AB” + B4C )=AC ,

4BO” = 2(AB? + BC?)— AC?, BD* + AC? = 2(AB” + BC?), relatia

AC? +BD? AC? + BD?

AB-CD+BC-AD+2EF* = devine ABz+BC2+O=#,:>

BD? + AC? = 2(AB? + BC?), adevarat.
"="Fie punctele G,H,l,J mijloacele segmentelor [AD],[DC],[BC],[AB]. Aplic relatia lui
Euler intr-un patrulater, AB®+BC?+CD?+ AD’ = AC? +BD? +4EF?. In AABD, [GJ] linie

mijlocie rezulta GJ||BD, GJ :B—ZD. In ABCD, [HI] linie mijlocie rezulta

HI1 || BD, HI :%.Din GJ||HI si GJ=HI rezulta GHIJ paralelogram rezulta

Gl%+HJ? =2(GJ*+ 13%),am demonstrat mai sus.

S Bt Lt TtT-n-f Gohrp- AB+DC |
1~ e 2 2 2 2 2
— — 52 2 AR.DC DA CB’ DA-CB
m-:DA;CB.Rezu“a a’zzAB +DC +2AB'DC,§2= DA +CB +2DA.CB.
4 4
Din

AB +DC +2AB-DC+DA +CB +2DA.CB . ,BD? AC?
=2( + ),
4 4 4
AB? + DC? +2AB- DC + AD? + BC? + 2DA-CB = 2(AC2 + BD?). Din relatia lui Euler rezulta
AB?+BC?+CD? + AD* — AC? - BD?
2

GI?+HJ* =2(GJ*+1J?), =

2EF? = . Inlocuiesc in relatia din ipoteza pe 2EF°.

2 2
AB.CD +BC.AD+ 2EF2 = AC°+BD" |
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AB? +BC? +CD?+ AD*’— AC*-BD’ _ AC?+BD’

AB-CD+BC-AD+

2 2
AB? + BC? +CD?+ AD* +2AB-CD +2BC - AD = 2(AC” + BD?), dar

AB? + DC? +2AB- DC + AD? + BC? + 2DA-CB = 2(AC? + BD?). Scad ultimile doua egalitati
si obtin 2AB-DC +2DA-CB=2AB-CD+2BC- AD,

AB-DC + DA-CB = AB-CD +BC - AD, trec la modul, | AB-DC + DA-CB |= AB-CD+ BC - AD,
AB-CD+BC-AD =| AB-DC + DA-CB|<| AB-DC | +| DA-CB|<| AB|-| DC |+| DA|-| CB],
AB-CD+BC-AD =| AB-DC + DA-CB <] AB- DC | +| DA-CB|< AB-CD+ BC- AD, egalitatea
are loc daca vectorii AB,DC sunt coliniari si vectorii DA,CB sunt coliniari rezulta
AB||CD, BC| AD adica ABCD este paralelogram.

3. Prof. Octavian Stroe si prof. Marin Chirciu

Daca A,B,C,D sunt patru puncte arbitrare in plan si E,F sunt mijloacele segmentelor
(AC),(BD) atunci are loc egalitatea:

AB?+BC?+CD?+ DA’ = AC* +BD?+4EF? , (1) (Relatia lui Euler).
In particular daca ABCD este paralelogram, avem E = F , AB=CD, BC = AD , de unde:

2 2
2(AB®+BC?)= AC’+BD’ < AB.CD +BC.AD 4 2EF? = AC"+BD"

Reciproc, fie ABCD un patrulater convex, iar E si F mijloacele diagonalelor[AC] ,

2 2
respectiv[BD], care verifica egalitatea AB-CD + BC - AD + 2EF* = AC+BD , (%)

Din (1) si (*) rezultd 2( AC* + BD*) = (AB +CD)" +(BC+AD)" , (3).
Notam cu M, N,P,Q respectiv mijloacele laturilor[ AB],[BC],[CD],[ DA].
Cum MNPQ este paralelogramrezulti relatia MP? + NQ? = Z(MN 2 NPZ).

Din proprietatea liniei mijlocii rezulta MN = % si NP = % , de unde

2 2
ACTHBDT_ \pz Q7 ().

Se stabilesc usor relatiile vectoriale MP = BC;ZAD siNQ = BA;ZCD .

BC + AD si NQ

respectiv AB,CD sunt coliniari, adica ABCD este paralelogram.
Din (4) rezulta:

< AB+CD

Deducem MP < , cu egalitate numai daca vectorii BC,AD si
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AC? +BD? <(BC+AD

2 2
] +(ﬁ§%§9j & 2(AC*+BD?)<(AB+CD)’ +(BC+AD)’.

2 2
Cum aceasta inegalitate se verifica din (3), cu egalitate , rezulta ca se impun:
MP = BC+TAD si NQ= AB;ZCD adica ABCD este paralelogram.

Cu aceasta problema este rezolvata.

4. Prof. Gheorghe ROTARIU, Dorohoi, Botosani
(=)
Vom demonstra implicatia directa din echivalenta data in 3 pasi.

Pasul 1. Vom prelucra egalitatea din membrul stang cu ajutorul Relatiei lui Euler.

Relatia lui Euler:
In patrulaterul convex ABCD, cu E respectiv F mijloacele diagonalelor [AC] respectiv
[BD], are loc:
AB?+BC?+CD?+DA*=AC?+BD?*+4EF? (1)
Membrul stng din echivalenta data poate fi scris:
2AB-CD+2BC-AD +4EF ?=AC?+BD? (2)

Relatia lui Euler (1) se poate pune sub forma:
AB?+BC?+CD?+DA2—4EF2=AC?2+BD? (1)
Adunam relatiile (2) si (1’ ) \Vom avea:

(AB+CD)*+(BC+AD)"=2( AC*+BD?) (3)

Pasul 2. Vom enunta/demonstra urmdatoarea teoremad.
Teorema. Fie patrulaterul convex ABCD gi E, F,G, H mijloacele laturilor AB, BC, CD, DA.
Au loc:
a) EGZ+FH2=%(ACZ+BD2)

b) 2EG=BC+AD ; 2HF =DC+ AB
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) EGS%(BCJrAD) : HFS%(DC+AB)

d) BC||AD<2EG=BC+AD ; DC| AB<«< 2HF =DC + AB

Demonstratie.

a) Relatia este demonstrata (analitic) si de catre |. Steinberg in Gazeta Matematicd
nr.11/1914 in articolul ,,0 proprietate a medianelor unui patrulater” dar ea poate fi demonstrata facil pe
cale sintetica utilizand, de exemplu, teorema medianei unuia din triunghiurile formate cu trei din
mijloacele laturilor patrulaterului, ca atare, nu insistam.

b) Cu ajutorul regulii poligonului, vom avea:

D

—_ — —— ——

EG = EB+ BC+CG

_ — — —

EG = EA+ AD+ DG

e e — e A —
2EG=BC+ AD+| EB+ EA |+| CG+GD =
0 0

—_— —— ——

=2EG =BC+ AD O

—>

Analog pentru relatia 2HF = DC + AB

] Dmb)jazg[aﬁ]: % 2‘5[@5} R
=| EG SE{ BC |[+| AD J:EGSE(BC+AD). O
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Analog pentru inegalitatea HF < %( DC +AB).

d) Inegalitatea precedenta devine egalitate daca vectorii:

—_— — —
EG, BC, AD

sunt coliniari << AD || BC ]

Pasul 3. Rationdm prin reducere la absurd.
Presupunem ca ABCD nu este paralelogram. Rezulta atunci cd existd macar doua laturi (de

exemplu AD si BC ) care nu sunt paralele intre ele. Din punctele c) si d) din teorema anterioara rezulta

2EG <BC + AD=4EG ? <(BC+AD )”.

Apoi 2HF < AB +DC = 4HF * <( AB+DC )2 care adunate ne conduc la:

(3)
4(EG’+HF’)<(BC+AD)"+(AB+DC )’ =

(:3)4(EGZ+HF2)<2(ACZ+BD2):>
:>2(EGZ+HF2)<AC2+BD2:>EG2+HF2<%(AC2+BD2)

contradictie cu punctul a) din teorema. Rezulta de aici ca presupunerea facuta este falsa, deci

ABCD este paralelogram. O
(=)
Demonstratia este imediata. In cazul paralelogramului, punctele E si F coincid, astfel ca:
AB-CD+BC-AD+2EF ?=AB*+BC? (4)
AC2+BD?2 T AB?+BC?-2AB-BC-cosB+AB*+AD’—-2AB-AD-cos(7—-B)
2 - 2 -
_ AB?+BC?-2AB-BC-cosB+AB”+AD?+2AB-AD-c0sB _
2
_ AB?+BC?-2AB-BC-cosB+AB?+BC?+2AB-BC-cosB
- ; -

=AB?+BC?  (5)
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Din (4) si (5) rezulta concluzia.

5. Prof. Buzea Gabriela, Scoala Gimnaziala Nr. 56, Bucuresti

Solutia 1

. AC* +BD?
HB'CD-FBC'HD-FE'EF‘:T =
2-AB-CD+2-BC-AD+ 4-EF*=AC*+ BD* =
2-AB-CD+2-BC-AD +8-EF*=AC*+ BD*+4-EF~
Dar, AB* + BC* + CD* + AD* = AC* + BD*+ 4- EF*,conform lui Euler.
Deci, 2 AB-CD+2-BC-AD + 8-EF?>=AB*> + BC*+ CD* + AD? =
AB*—2-AB-CD+CD*—4-EF*+BC*—2-BC-AD+AD* —4-EF* =0
(AB—CD)* — 4-EF*+(BC— AD)*— 4-EF*=10,(1).

Fie N mijlocul laturii BC.
Tn triunghiul ABC, NE linie mijlocie, deci NE || AB, NE = 2 ~ A

in triunghiul BCD, NF linie mijlocie, deci NF || DC, NF = 25 .
Dacé N nu apartine dreptei EF, atunci in triunghiul [ E—\—

P -

NEF,lN.E - NFl "\: EF = ‘— —_ —D‘ q-: E’F = |14.B _ C_Dl -q"_: ZEF_ II"I r:;;/_g__,..-—

Daca N apartine dreptei EF,atunci N nu apartine segmentului
EF= EF = |[NE — NF| = |AB — CD| = 2EF.

Deci, |AB — CD| < 2EF, (2).

Analog |BC — AD| = 2EF,(3).

Din relatiile (1),(2) st (3) rezulta ca
|AB —CD| = 2EF < AB || CD, (4)
|BC — AD| = 2EF = BC || AD, (5)
Demonstrez relatia (4).

Daca AB=CD atunci EF=0, deci E=F, ceea ce implica ABCD paralelogram.

Daca AB#CD, fie AB>CD, deci

AB —CD = 2EF = NE—NF =EF = NE= NF+ EF = N,E si F coliniare.Dar NE ||
AB,NF || DC de unde rezulta ca AB || CD.

Analog pentru relatia (5).

} = ABCD paralelegram.

. -+ AcPs$ED®
Deci AB-CD+BC-AD + 2EF* =——— < ABCD paralelogram.
Solutia 2
. AC* +BD*?
AB-CD+BC-AD+2 EFf=————,(1) =

2-AB-CD+2-BC-AD+ 4-EF* = AC® + BD*,(2).
Dar, AB* + BC* + CD* + AD* = AC* + BD*+ 4- EF*,(3),conform lui Euler.
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Din (2) si (3) rezulta ca
2-AB-CD+2-BC-AD+ AB* 4+ BC*+CD* 4+ AD?> — AC*—BD*= AC*+BD* =
(AB+ CD)* + (BC+ AD)*=2-(AC*+ BD?),(4).

Fie M,N,P si Q mijloacele laturilor [AB],[BC], [CD] respectiv [AD], E mijlocul diagonalei [AC]
iar F mijlocul diagonalei [BD].
Notam m(AB,CD) = usi m(4D,BC) = v.

Conform teoremei medianei,

in tri - , 2(NA*+4+ND?)— AD?

In trnmghzluﬂ ﬂ:’AD} - NQ? = ( ) (5.
N@ mediana 4

in tri - , 2(AB*+ Ac*)—BC*

In triunghiul ABC} — NA4Z = ( ) (6).
AN mediana 4

in tri - , 2(BD*+ DC*)—BcC*

In triunghiul BCD} — DNZ = ( ) (7).
DN mediana 4

Din (5),(6) si(7) rezulta ca

. 2(AB* + Ac*) —Bc?* 2(BD®*+DCc?*)—BC? .
4NQ* =2 + — AD?

4 4
4NQ* = AB* + AC* + DC* + BD®* — BC* — AD*
4NQ* = AC* + BD* + AB* — BC* + €D* — AD*,(8).
Analog, 4MP? = AC* + BD* — AB* + BC* — CD* + AD?,(9).
Din (8) si(9) obtinem 4(PM*+ N@*) = 2(AC* + BD*®),(10).
n triunghiul ABC, NE linie mijlocie, deci NE || AB, NE = ﬁ
in triunghiul BCD, NF linie mijlocie, deci NF || D€, NF = 25,
Deci m[ﬂﬂ_ﬂ} = m[N_E,_T"JF)
m[:ABT,_E?_D) =u

In triunghiul NEF aplicim teorema cosinusului si obtinem

} = m(NENF) =
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EF?=NE*+ NF*—2-NE-NF-cosu

. (AB\*  /DCy? AB DC
ort = () +(5) -
, v2 7 2 2
4EF? = AB* + DC*—2-AB - DC-cosu ,(11).
Din (3) si(11) obtinem
AB® +BC*+ CD*+ AD* — AC*— BD*=AB* +CD*—2-AB-CD-cosu
AB* +CD*+2-AB-CD-cosu=AC* +BD*+ AB* —BC*+ CD* — AD*,(12).
Din (8) si (12) obtinem relatia AB* + 2 - AB - CD - cosu + CD* = 4NQ@-,(13).
Analog 4MP*= BC*+2-BC-AD -cosv+ AD?, (14).
Din (10),(13) si (14) obtinem relatia
AB*+2-AB-CD-cosu+CD*+ BC*+ 2-BC-AD -cosv+ AD* = 2(AC* + BD?),(15).
Din(4) si (15) rezulta ca
(AB+ CD)*+ (BC+ AD)* =
=AB*+2-AB-CD-cosu+ CD*+BC*+2-BC-AD -cosv + AD* &
AB-CD-(1—cosu)+BC-AD-(1—cosv)=0 &
l—cosu=0 =cosu=1 <= A8 ||CD
l—cosv=0<cosv=1 < EBC| AD
. -+ AcP$ED®
Deci AB-CD+BC-AD + 2EF- =—— = ABCD paralelogram.

} = ABCD paralelogram.

6. Prof. Biro Istvan

Lema: Daca in patrulaterul convex ABCD notam cu E si F mijloacele diagonalelor [AC],
respectiv [BD] si & =m<(AB;CD), f=m<x(AD;BC), atunci au loc urmétoarele relatii:

@ AB? + BC?* +CD? + AD* = AC? + BD” + 4EF? (relatia lui Euler)
@ — AC’? +BD? - AD* - BC?
2AB-CD
3 cos /i = AC’? +BD’ - AB* -CD?
2BC-AD
Demonstratie:

(1):Folosim formula lungimii medianei intr-un triunghi oarecare si obtinem:
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4EF’ =2(DE’ + BEZ)—BDZ =
2(AD2+CD2)—AC2 2(ABZ+BC2)—AC2
4 " 4

2 2
= AD? +CD? —%+ AB? +BC? - AC

~BD?=

—-BD’ =

= AB? +BC?+CD’ + AD? - AC’? - BD’
(2) 51 (3):

Cazul 1. (e #0; 5 +0)

Aplicam teorema cosinusurilor in triunghiurile ACM, BDM, ADM , BCM si

adunam relatiile obtinute rezultd imediat (2). In mod similar obtinem (3) din triunghiurile ACN,
BDN, ABN si CDN.

Cazul 2. (¢ =0; f#0sau a=0;8=0)

Tn acest caz patrulaterul devine trapez (de exemplu AB||CD , adici o =0) si
avem de aritat relatia AC®+BD?— AD? - BC? =2AB-CD, ceea ce rezulti din:

A B
h* = AD? — 2*
h? = BC? — y*
|-1 r+y=CD—-AD
D T N ¥ C

AC? + BD? - AD? - BC? =(CD—x)’ +h? +(CD—y)* +h? - AD? - BC? =

:CD2—2CD-x+)<Z/+AD{—)<{+CD2—2CD-y+y[+B€{—f—AD/‘/—B€”‘(:

=2CD? -2CD-(x+y)=2CD? -2CD-(CD - AB) = 2AB-CD

Prin urmare relatia (2) sau (3) se transforma in (2) sau (3) :
(2) AC?+BD?— AD? ~BC? = 2AB-CD
(3) AC?+BD? - AB2 —~CD? = 2BC- AD
Cazul 3. (e =0;5=0)

In acest caz patrulaterul devine paralelogram si cu notatiile a = AB =CD si
b=AD =BC avem de aratat relatia

(4) AC? +BD? = Z(a2 +b2), ceea ce rezulta din:



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - FEBRUARIE 2018 RUWANEU18i{oN 0

a=AB=CD
b=AD = BC
h? = — 22

AC®+BD’ =(a-x)’ +h*+(a+x) +h’=2(a’ +b?)
Prin urmare relatia (2) si (3) se transforma in (4) .

Rezolvarea problemei:
(=):Avand in vedere Lema, rezulta ca

2AB-CD-cosa +2BC- AD-COSﬂ(Z):(3) AC?+BD? - AD*-BC? + AC* + BD* - AB* -CD’ m

(:DZ(AC2+BD2)—(AC2+BD2+4EF2): AC?+BD?-4EF? = 2AB-CD+2BC-AD

ipoteza

adica
AB-CD-(1-cosa)+BC-AD-(1-cos 5)=0
U (suma a doud numere pozitive)
a=L£=0
U
AB ||CD, AD || BC = ABCD este paralelogram.
(<:) :Daca ABCD este paralelogram avem EF=0 si din (4) rezultd imediat relatia ceruta.

7. Prof. Codreanu loan-Viorel, Scoala Cu Cls. I-VIII Satulung
Maramures

Pentru Tnceput vom demonstra ca:

In patratul convex ABCD, unde o, sunt masurile unghiurilor formate de laturile opuse
AB, CD resg)ectiv AD,BC si E, F sunt mijloacele diagonalele AC, BD, se verifica relatiile:

4EF® = @ + ¢® — 2ac cos o= b® + d* — 2bd cos B

undea=AB,b=BC,c=CD,d=AD

Demonstratie .
Vom demonstra prima relatie (analog se demonstreaza si a doua relatie ), luand in
consideratie doua cazuri. Fie N mijlocul laturii BC.
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Daca AB, CD nu sunt paralele , atunci m({ ENF) = a (avem NE II AB si NF II DC)
Aplicand teorema cosinusului in A ENF avem:

EF? = NF? + NE? — 2 NE NF cos o

Cum NE = %, NF = —, rezulta.

c
2
2 2

EFZZaT +C7 -2%. % Cos o
Sau 4 EF? = a® + ¢? -2ac cosa

Daca AB II CD, vom arataca 4 EF? = a” + c® -2ac
Daca AD, BC nu sunt paralele atunci ABCD este trapez si 2EF :|a -c| de unde rezulta

4 EF? = + ¢? -2ac

Daca AD Il BC atunci ABCD este paralelogram , deci E = F si a=c iar relatia
4 EF? = a° + ¢? -2ac are loc.

Din egalitatile 4 EF? = a? + ¢ -2ac cos o si 4 EF? = b® + d? -2bd cosp

Dupa adunare obtinem
8EF? = a% + ¢ + b? + d? - 2ac cos a-2bd cosp

Si folosind relatia lui Euler pentru patrulater : a® + ¢ + b? + d* = e’ + f* + 4 EF?
unde e = AC, f= BD, rezulta:

4EF? = ¢ +f2 - 2ac cos o-2bd cosp

Echivalenta cu :
2+ f?

ac cosa + bd cos p + 2EF? = *)
Folosind (*) avem urmatoarea succesiune de echivalente care rezulta problema

2 2
ac+bd +2EF2= & 71

< ac (1 - cosa) + bd(1- cosP)=0 < cosa=1sicosp=1 < AB II CDsi BC Il AD
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< ABCD este paralelogram.

8. Prof.Oana Cristina Kriszta, Grup Scolar Agricol Scornicesti, Olt

A

B

D
[:.

N
C
P
Fie P mijlocul lui (BC) si Q mijlocul lui (DC)

EQ si FQ sunt linii mijlocii si EQ:A—ZD si FQ:%

Aplicam Teorema cosinusului in triunghiurile FEQ si FEP:I
EF?=EQ?+FQ?-2EQ-FQ-cos Q

AD’ 2 :
EF*= + BC _2AD-BC -0sQ
4 4 4

4EF?=AD?+BC?*-2AD-BC -cos Q . Analog , in triunghiul FEP obtinem :

4EF*=AB*+DC?*-2AB-DC -cos P

Prin insumarea celor doua relatii obtinem:

8 EF?=AD?+BC?+ AB*+DC?-2AD-BC -cos Q - 2AB-DC -cosP (1)
Conform relatiei lui Euler, in orice patrulater convex avem:

www.mateinfo.ro

AD*+BC?*+ AB*+DC?=AC*+BD?+4EF? (2) dar din enuntul problemei avem:

AB-DC+AD-BC+2 EF 2= AC” +BD”

2 AB-DC+2 AD-BC+4EF?=AC?+BD*

2 AB-DC+2 AD-BC+8 EF*=AC*+BD?*+4EF* (3)
Din relatiile (2) si (3) avem:

AD?+BC?+ AB*+DC?=2 AB-DC+2 AD-BC+8 EF*?
AD?+BC?-2 AD-BC+ AB?+DC?-2 AB-DC=8 EF* (4)
Din relatiile (1) si (4) avem :
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AD?+BC?-2 AD-BC+ AB?+DC?-2 AB-DC=AD?*+BC?*+ AB?+DC?-2AD-BC -cos Q -
2AB-DC -cos P
Adica : 2 AD-BC+2 AB-DC-2AD-BC -cos Q-2AB-DC -cos P=0
2 AD-BC(1- cos Q)+ 2 AB-DC(1- cos P)=0
Cum AD,BC, AB, DC sunt lungimi de laturi si sunt strict pozitive ,iar 1- cos Q si

1- cos P sunt totdeauna pozitive,suma este nula doar daca fiecare termen al sumei este nul.
Adica daca:
1- cos Q =0 si
1- cos P=0
Obtinem : cos Q=1 si cos P=1 =>masurile unghiurilor sunt de zero grade ( pentru ca
este patrulater convex) ceea ce inseamna ca E=F =>diagonalele se injumatatesc=>ABCD
paralelogram.
e

2 2
Stim ca: AB.DC+AD-BC+2 EF 2=AC TBD”
Adica: 2 AB-DC+2 AD-BC+4 EF*=AC?*+BD*?
AB-DC+AD-BC+ AB-DC+AD-BC+4 EF*=AC*+BD*?
Cum ABCD paralelogram (AB=DC,AD=BC, EF=0) , relatia devine :

AB’+ AD*+DC?*+BC?=AC*+BD?- adevarat pentru ca reprezinta relatia lui EULER in
paralelogramul ABCD (EF=0)
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3. THE NUMBERS of FIBONACCI and LUCAS - IDENTITIES
- PROOFS WITH FEW WORDS -
(V)

By Dumitru M. Batinetu-Giurgiu, Bucharest, Romania
and Neculai Stanciu, Buzau, Romania

Fibonacci

(1175 -1240)

Francois-Edouard-Anatole Lucas
(1842 — 1891)

F,=0F =1,
F..,=F. +F,VheN (F)

n+1
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L, =2L, =1,
L,=L,+L,vneN
r’—r-1=0,
_1+45 1-v5
2

n=p=

=« .
! 2

(X,) 0, Fibonacci-Lucas’ s sequence
X, =Aa" +Bp", VneN,

1 1
If x,=0=F,,x, =1=F, then A=—,B =—-—— s0:
0 0 1 1 \/g \/g
F _a"-p" 1
" a-p 5

If x,=2=1L,,x,=1=L,, then A=B=1,s0
L,=a"+ ", VneN.
Note that:
a+pf=1land aff =-1,

*
* *
n oyl n+l
f :R>R, f(x)zzxkzl 1 X 1
=] 1-x 1-x 1-X
Zn:kxk‘l _1-(n+Dx" + nx"*
2
f,(X): k=1 (1_X)
n(n+1)’X:1
2

xf '(X) :ikx",Vx eR-{l}.
k=1

www.mateinfo.ro

=——(a"=B"), ¥neN (Binet, 1843),

, X € (—00,+00) — {1}

(L)
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1.1bis. > F =F,, -1 ¥neN" (Lucas, 1876).
k=1

Proof. = f(o:)—i f(B) Ly

1 & 1
i B&Y T BE T E&

1 1 O( 1_ﬂn+l 1 1_an+l 1_ﬂn+l
- _1_ 1]=— - —
ﬁ( bﬂ+J£(ﬁ @ )

:i a_an+2_ﬁ+ﬂn+2 :i n+2 _ pn+2 _i _ -F _F =F -1
\/g 0[,8 \/g(a ﬁ ) \/g(a ﬂ) n+2 1 n+2 '

1.2bis. d'L, =L,,,-3 VneN".
k=1

Proof. f(a)+ f(f)= Za +Z Z _1-a™ —1+1_ﬂn+1 1=

k=1 k=1 k=1 l-a 1-p
N+l _ pn+l _,N+2  pn+2
_1l-a +1 yij _2=a+,8 a S —2-L,-3.
B o afp

1.93 bis. > kR, =nF,,-F,;+2 VneN".

Proof. xf'(x) — yf '(y) = xzn: kx ¥t — yzn: ky ! = Zn:kxk —Zn:kyk =

_k(X -y, \/—Zk(x -y = Tf(x)—Tf(Y)3

1 a-(+D)a"" +na

= DK =l @) A=
_i.ﬂ_(n+1)ﬁn+l+nﬁn+2 a— (n+1)an+1 r]an+2 B ﬂ—(n+1)ﬂ”+l+nﬁ”+2

J5 1-B)° Nk N
_ a3_(n+l)an+3+nan+4 _ﬁ3+(n+1)ﬂn+3 _nﬁn+4 _
V5(ap)’

l n+1 n+3 n+3 n+4 _ pn+d —
_E( - )_T( -p )+\/—(05 B")
_(n +1) Fn+3 + nFn+4 - Iq(FnM - n+3) - Fn+3 + F =

=nF.,-F.s+2=nF_,—-(F.,-F..)+2=(+1)F Foa +2.

n+2

1.94 bis. > kL, =nL,,, —L,,;+4, VneN".

k=1
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Proof. xf '(x) + yf'(y) = x> kX" +y> ky“t = > Tkx“ + > ky* =
k=1 k=1 k=1 k=1
=Y k(X +y ), of (@) + F'(B) =D k(a* + B*) =D kL, =
k=1 k=1 k=1

n+1

1-(n+Y)a" +na

:>Zn:kLk =df'(a)+'(B) =«

1-a)
+ﬁ-1_(n lel)_ﬁﬁ”);r g™ :%(1—(n +Da" + na”*l)+ %(1— (n+1pB" + nﬂ””):
_a’=(n+Da" +na"™ + g - (n+ B +np™t

(ep)’
=C¥3 +ﬂ3 _(n_+_l)(an+3 +ﬂn+3)+n(an+4 +ﬂn+4) —
= L3 _(n+1)Ln+3 + nLn+4 = 4_ Ln+3 + n(L Ln+3) = nLn+2 - Ln+3 +4'

n+4

* *

ooy Yorlt Jo2 Yol 3

F., F .
Theorem. Q"=| "™ " | VYneN".
F F.

n

Proof. Yields by mathematical induction

Qn+1_Qn Q_ I:n+1 I:n 11 _ I:n+1+|:n Fn+l _ I:n+2 Fn+l
- \F, FLM10) U F F,) \F. F, )

n n+l n n+1 n

Theorem. F _,F ,—F>=(-1)", vneN".

n+1
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Proof. detQ =-1= detQ" = (-1)", but:

n I:n+l Fn I:n+l I:n 2 - .
detQ" =det = =F,.F, —F.,, yields the conclusion.
Fn Fn—l Fn Fn—l
Theorem. F_ . ., =F ,F . +F F, vmneN’ 0]
Foon = FouF +Fo Fys YMne N (i)
Fm+n = I:m Fn+l + I:m—lFm Vm, ne N* (J)
I:m+n—1 = I:m I:n + I:m—an—li Vm, ne N* (JJ)
Proof.
Qm+n — Qm . Qn — I:m+1 I:m I:n+1 I:n — m+1Fn+l + I:m I:n Fm+an + Fm I:n—l —
I:m I:m—l I:n Fn—l I:m I:n+1 + I:m—l I:n I:m I:n + I:m—l Fn—l

_ Fm+n+l l:m+n
- I:m+n I:m+n—l -

e Ifin (i) we take m=n, then:

I:2n+1 = I:n2+1 + Fnz, vn eN.
e Ifin(ii) and (j) we take m =n, then:
I:2n = I:n(|:n+1 + Fn_l), vn EN*.

e Ifin(jj) wetake m=n , then:
F,,=F?+F?,VneN".

1.109. F L ,+F L =L .,vmneN".

Proof. In (i) we take n+1 instead of n:
l:m+n+2 = l:m+1 I:n+2 + I:m I:n+11 Vm, ne N* (1)
F.=F . .F+FF_,, vmneN’ (i)

Adding (L) with (ii) yields:

Foo+Fony=F. . (F +F ,)+F (F,.,+F_), vmneN", soby 1.15 we get:
Lm+n+1 = I:eran+l + I:m I—n’ Vm, ne N*'
1.110. F, L +F L, =L ., vmneN".

Proof. In 1.109 we take n—1 instead of n.

1.111. F L, +F,L, =2F, ., vmneN"

m+n?

Proof. Adding (ii) with (j) we obtain:
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2Fm+n = I:m+l Fn + I:m Fn—l + I:m Fn+1 + I:m—l I:n = I:m (Fn—l + I:n+1) + I:n (Fm+1 + Fm—l)’ then
taking account by 1.15.

1.112. L L, +5F F =2L_ .., vmneN.

Proof. L, L, +5F . F, =(@"+8")a"+")+(@" - ") (" - ") =
:am+n _'_amﬂn +anﬁm +ﬂm+n +am+n _amﬂn _anﬂm +ﬂm+n —
— z(am+n +ﬂm+n) — 2Lm+n .

I:n+l —X I:n 2
F =(Fn+1_x)(Fn—1_X)_Fn =

det(Q" —xl,) = oy
n-1

=x*-(F,,+F _)x+F ,F  —F>=x’ —%(oz“+l +a"t - B - B )X+

+F ,F, ,—F?=x*-Lx+(-1)" =0, with the roots:

- L, ++/L2 —4(=1)" - L, —+/L2 —4(-1)" . L, +~/5F, o L, —~/5F, _pn
l 2 7 2 e 2 o 2 |
So:
x> —Lx-1=0< x*-x-1=0andthen Q*-Q-1,=0=Q(Q-1,)=1,.
S0 (Q_Iz)_l:Q-
We have:
(|2+Q+Q2+---+Qn)(Q_|z):
=Q+Q%+Q%+..+Q"+Q" -1,-Q-Q*-..—-Q"=Q"™ —1,
(|2+Q+Q2+---+Qn)(Q_Iz)Q:(QnH_Iz)Q@
S L+Q+Q%+..+Q"=Q™ -Q.

Therefore:

10 F, F F, F F F F F F, F
+ 2 1 + 3 2 +o 4+ n+l n — n+3 n+2 | 2 1 P
O 1 l:l I:0 FZ Fl I:n I:n—l I:n+2 Fn+1 Fl I:O
1+F +FH+..+F FL+F +..+F F..-1 F.,-1 o
= = , SO:
F+F+..+F I+F+F+.+F F..-1 F

n+2 n+l

F+F+.+F,=F,,-1,F+F+.+F =F_ -1, F+F +.+F_,=F, -1,
Fn+l I:n I:n+1 I:n I:n
1 n_ Fn—l I:n—l — I:n I:n 1 I:n—l
Q= F TF -
n-1 f 1 f 1
I:n—l Fn—l
Fn+l Fn n
lim : lim 5
; n oo F o F - a® «a l+a «a
= Ilm Q n n-1 n-1 — —
"\ Fos lim—" 1 a 1) \le 1
n—o Fn—l
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1.113. F? =2F2, +2F2, ~F2,,Vn>3.

PrOOf' Fn2 = (Fn—l + I:n—2)2 = I:n2—1 + I:n2_2 + 2Fn—1 Fn—Z =
= 2Fn2—1 + 2Fn2—2 - (Fn—l - I:n—2)2 = 2Fn2—l + 2Fn2—2 - Fn2—3 :

CATALAN - FIBONACCI POLINOAMYALS

o (X)=xf,(X)+ f, (X), VXeR, VneN, f,(x) =0,
f,() =1 f,(x)=x, f,(x) =x* +1, f,(X) = x* +2x, f,(x) = x* +3x* +1, f,(x) =0.

t? —xt-1=0,
t, = a(x) _Xrvx 44 “X2+4, t, = B(X) _XoNx 44 Vx* +4 ,s0 f (X)= a"(x)—B"(x) _
2 2 a(x) - B(X)

Theorem. xzn: f()="f ,(X)+f (xX)-1 VneN,VxeR.

k=1
Proof. f_,(x)=xf ,(X)+ f,(X), VXeR, ¥neN so:

> (0 =X £ 00+ D F (0 = > (00 -3 (0 =X f,(0)

k=0

K1) = F. 00+ L, (00— L0 F,(x) <

k=0

XD 00 ="f .00+ f,(x)-1vneN".

k=0

Let Q(x) = x 1 (o hx) By mathematical induction easily yields that:
(1 0) LR fx)) Y 7Y '
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fn+1(x) fn (X)
fn (X) fn—l(X)

detQ(x) =‘)1( ;‘ =150 detQ"(x) = (detQ(x))" = ()" <

fra(X)  f,(%)
f.(x)  f.(%)
For x=1we obtainF, ,F_, =F’+(-1)", VneN".
Q™ (x) =Q"(X)Q"(X), ym,neN",VxeR<
Frna (X)) Fon (%) fra ) Fo (@) ) fa 0 (%)

Q(fmxn mewJ:[mu> mﬂmlfan fMuJ
a0 Fra )+ F (O £,00 F 00, () + £, (%) F0(X)
[fm(x)fml(x)_'_ fna () £, 00 £, 0 F, (%) + £, (%) fnl(X)]’

Q%m=(

J, vneN”.

= (_1)n = fn+l fn—l - fn2 (X) = (_1)n’ vn EN*-

S0:
frna () = fr0 () L ) + £, () f,(X), vmneN, Vx eR (*)
f..00)=Ff ,00f )+ f (X)f _(X),vmneN", vxeR (**)
f..00=Ff 0)f  (X)+f ,(X)f (x),vmneN", vxeR (***)
f . )=Ff()f X)+f (X)f (), ymneN", vxeR (F***)

Theorem. . .(x)=f, . ()f ., (X)+ . (X)F (x), ymneN", vxeR.

Proof. f,(x)= @) =B" ) ere a(x) = XX E4 B(X) = X-Nx“+4
()~ A() 2 >
The result yields by
Q™"(x)=Q"(x)Q"(x), Vm,n e N* VxeR.
Other proof:
fm+n+1(X) = fm+1 (x) fn+1(X) + fm (x) fn (X) &

am+n+l(x) _ﬂm+n+1(x) ~ am+1(X) —ﬂm+1(X) . an+l(x) —ﬂn+l(X) .

a(x) - B(X) a(x) - B(X) a(x) - B(X)
am (X) - ﬁm (X) an (X) - ﬂn (X) m-+n+1 m+n+1
ek O RYc0). O R )
— am+n+2 (X) _ am+1 (X)ﬂnﬂ(x) _ an+l(x)ﬂm+l(x) + ﬂm+n+2 (X) + am+n (X) _
—a™ ()" () —a" ()" (X) + B (X) =
= ™" () @(X) + (@(¥)) )+ B (B + (B()) ),
Note that:

a(x) = B(x) =Vx* +4,a(x) (x) = -La(x) + B(X) =X,
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a0 ooy =N 2 X 20
X+vVx:+4 2 x> —x* -4
X+Vx2+4 x—+x*+4 -
- 5 - 5 =VX" +4,
BO)+(BO))™ V; +4 2 _x—Vx*+4 2@+Vx-+)
—X?+4 2 X2 —x2-4
b4 X+yx +4=—-x2+4,VXeR
2 2
So:
Frnsnia () = = (amml(x)(a(x)+(Ol(X))_l)+,Bm+n+l(X)(ﬂ(X)+(ﬂ(X))_l))<:>

x> +4

© Tnna () = ﬁ(a“"“(xw X%+ 4= B (XN X+ 4):
+

_ am+n+1(x) . ﬁm+n+1 (X) , and we are done.
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LUCAS POLINOAMYALS

L) =xl_,(x)+1.(x), VneN, ¥x eR
I, (X) = 2,1,(X) = X, 1,(X) = X* + 2,1,(X) = x* +3x,1,(X) = x* +4x+2,

I, (X) = X° +5x° +5x,1(X) = x® +6x* +9x* +2.

t? —xt-1=0,
X+X2 +4 X—VX>+4
O!(X)=T1 ﬁ(X)I#-

al) =a, 1) = B,a(2) =1+/2, B(2) =12

_an(x)_ﬂn(x) _.n n
L= 0+ =00+ 4709,

1.114.1. (x)=f,, )+ f ,(X), VneN",Vx eR.

Proof. f.(x)+ f.(x)= % ¥=L70) @™ (®)-7(X)
*on+l n-1 a(X)—ﬂ(X) a(x)_ﬂ(x)
= le 4(a”(X)(Ot(X)+(a(x))‘l)—ﬂ”(x)(ﬂ(x)Jr(,B(x))‘l)):
+
1

VX2 +4

1.115. 1 (x) =xf (x)+2f _,(X), VneN",vxeR.

Proof. xf. (x)+2f, ()= x. 2 =B 5 @ (X)=F7() _
a(x) - p(x) a(x) - B(x)

www.mateinfo.ro

(@"(X)VX*+4+B"(X)VXE+4) =a"(X) + 8" (X) =1, (X).
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(xa" (x) = xB" (x) + 22" (x) = 2" (x)) =

I
>
e
j‘
N

- (" () (x+2(a()) ) = B" () (X +2(B(X)) ™)) =

X"+

Hq
IaN

_ m(a"(x)[mﬁj‘ﬂn(x)[“ﬁﬂ:
W)J p )[ 4(x+_x/ﬁ)D

4

[a"(x) X+ ——
X

( (x X+M)—ﬁ”(x)(x—x—\/m»=
x°
a"(x ) ﬂ (x) =1,(x).

T

1.116. xI,(x) = f,,,(x) = f, ,(x), YneN" - {1}, Vx eR.

1 n+2 n+2 n-1 n-1 _
Proof. f_,(x)—f ,(X) =m(a ) =B""(X)—a" () +p"(X) =
1

m(a” ()@’ () —a > (X)) = B"(X)(B*(x) - B2 (X)) =

m(a”(x)(az(x)—ﬁz(X))—ﬂ"(X)(ﬂz(X)—aZ(X)))Z

= (a(¥) + BOYNa" (x) + 5" (%)) = X1, (x).
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OTHER RECURENT POLINOAMYALS

9,0 =xg,;()— g, ,(x), vneN" - {1}, vx eR
9o(x) =0,9,(x) =1.
h,(x) = xh, ,(x)=h, ,(x), VneN" - {1}, vx eR

h,(X) =2,h,(X) =x.

t? —xt+1=0,
X+Vx* -4 X—x* -4
V(X)=#,5(X)=#,

y(5) = a,6(\5) =—.

7920 =00+ 670

T

1.117. h2(x) - (x* —=4)gZ(x) =4, VneN.

Proof. ()~ (x* ~4)g:() = 7" (9 + 8" () - ~4) (y(yg;:g(i)x))) )

— ]/Zn (X) + 52n (X) + 2(7()()5()())“ N (XZ N 4) . 7/2 (X) + 52 (X) — 2(7()()5()())

www.mateinfo.ro

n

W —af
=" (X)+ 0" (X)+2— " (X) =" (X)+2=4.
1.118. 12(x) - (x2 +4) f 2(x) = 4(-1)", VneN".
Proof. 12(x)—(x* +4) f2(x) = (" () + 8" () -
X2+4 n _ n 2_ 2n 2n n_
—m(a ()= B"(0) = a® () + 57 () + 2(a(x) B())
X +4

(" () + 87" (X) = 2(() B())" )= 4a () B(X))" = 4(=D)".

X +4
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1.119. £2(x)+ £2,(X) = f,,,(x), ¥neN" (Koshy, 1999).

Proof. £2(x)+ 1,2, (x) = (" 00-700F (e (0= p*00F )=

1
(a(x) - BOO)
= 2::_ (aZn (x) + ,32” (X) — Z(a(x)ﬁ(x))n 4?2 (X) n 'B2n+2 (X) _ 2(a(X),B(X))n+l):

- 21 4( " (9((@(x) +a(X))+ﬂz””(X)((ﬂ(X))’l+ﬁ(X)))

7 @A) L+a(x)p(x)= v 4( ™" (X) (e (x) - B(x)) +

a(X) ,B(X)( 20 () _ g2 (x)) =

2n+1 (X) ﬁZMl(X) _ f2 l(x).

+ ﬁz"” (X)(=a(x) + B(x))) =

I A S e

1.120. f_ (L () + f, ()1 (x) = 2f,.. (x), ¥m,n N (Koshy, 1999).

m+n

Proof. (I, (x)+ f, (X1, (x) = m(am () =B" ()" () + B" (X)) +

1 n n m m N 1 m-+n _
Y- 500 (@ ()= (N () + s (X))——a(x)_ﬂ(x) (™" (x)

—a" ()" () +a" (B (X) = B () +a"" () +a" ()" () - a" (X)B"(X) -
m-+n _ 2 m+n m+n
- (X))_—a(x)—ﬂ()( ()= ™" (X)) =2 {0 ().

1.121. 1 (X) +vx* +4 - f (X) =2a"(X), VneN .

Proof. | (X)+vx*+4f (X)=a"(X)+B"(X)+Vx* +4 -;(a”(x)—ﬂ“(x)) =

a(x) - B(x)
=a"(X)+B" () +a"(X) - B"(X) =2a"(X).
1.122. 1 (X)—Vx* +4-f (x) =28"(X), VneN .
Proof. | (X)—VX*+4f (X)=a"(X)+B"(X) —Vx* +4 () ,B( )( a"(xX)-B"(x) =

=a"(X)+ " () —a"(X)+ " (X) =28"(x).

1.123. 1., (01, () —12(x) = (-1)"*(x* +4), ¥neN "~ (Koshy, 1999).
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Proof. 1., ()1, () =I5 () = (@™ (x) + 8™ () @™ (x) + B (X)) -
—(@" () + A" (x))* =™ () +a"™ ()BT () +a" () B"(X) + B (X) — ™ (X) -
=B (%) = 2(a(Xx) B(x))" = (a(x) (X)) (@* (X) + B (x) = 2(x) (X)) =
=(=D)" (@ () + B° (%) — 22(x) B(x)) = (-1)" " (a(x) = B(x))* =

1(x+\/;<2 +4 x—\/;(z +4J2 — (“D)™ (X +4).

="

1.124. 12, (x) +12(x) = (x? +4) f, . (x), ¥n N (Koshy, 1999).

Proof. I5,(X)+1;(x) = (@™ (x) + 8" ()" +(a" (x) + 8" (X))* =
= a2 () + B2 () + 2(a() B))" + e’ (x) + B2 (x) + 2@ (X) A(X)" =
= o™ () (@(x) + (@(x)) ) + " (BX) + (B()) ) =
= (a(x) = OO @™ () - £ (X)) =

= (a(x)— BOY) - azng; ﬁzn;l(x)—(x FO), (0.

1125 hn (X) = gn+1(X) - gn—l(x)1 vneN ) :

1 n+1 n+1 n-1 n-1 _
Proof. gm(X)—gnfl(X):W(V (X) =" () -y () +6" (X)) =
WU ) () = () 7) =" (XS(X) = (5(x)) ™)) =
W(V () (x) = 6(x) =" (X)(6(x) -7 (X)) =
=7" () +35"(x) =h, ().

/ 2
I2n+1(X)+ X +4 f2n+1(x) :a2n+1(x)’ Vn GN.

1.126. a(|2n+1(x)) = >
Proof. «af(l,, (X)) = 15,2 (X) +\/2m _

= a0+ @00+ 00 4=
(azn*l(x)+,32"+1(X)+\/a4"+2(x)+ﬂ4n+2 (X)+2(O{(X)ﬂ(X))2n+l +4):

-5

(a2n+l(x)+ﬂ2n+l(x)+\/(a2n+l(x)_ﬂ2n+l(x))2 )=

2n+l(x)+ﬁ2n+l(x)+\/a4n+2(x)+ﬁ4n+2(x)_Z(a(x)ﬁ(x))2n+l):

R

I\Jll—‘ l\)ll—‘l\)
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=%(aszrl(X)+ﬁ2n+l(X)+a’2n+l(X)—ﬂ2n+l(X))= aZ"”(X).

120 (00) = 5 (s (00 + &0 = () =

=%(I2"+1(X) +(a(x) - B(X))- 2 WP (X)j )

a(X) = ()
= %(|2n+1(x) + \/monﬂ (X))

1.127. A, ., (x)) = 222 ) _ B™1(x), Wn N,

-V X2 +4- f2n+1(x)
2

Proof. ﬁ(|2n+1(x)) _ |2n+1(X) - I2n+1(x) +4 _

= a0 @00 00 +4)=

o e BN P Ry e R

= 00~ 700+ 700 - 20BN )=
2 (0= @200 = 577 00) = 7).
Pl (9) =5 (s (9= (@700 = 277 () -
_E _ _ - 0[2n+1(X)—ﬂ2n+1(X) _
-~ [Im(x) (@09 -p00)- s J
= %(IZnJrl(X) - N X2 + 4 f2n+l(x))'

f
1.128. f (I,,.,(x)) :M, vmeN, YneN".
foma (X)

Proof. f (I (X)) — a’ (|2m+1(x)) _ﬁn (|2m+1(x)) _
. nam a(|2m+1 (X)) - ﬂ(|2m+1 (X))

B a(2m+1)n (X) _ ﬁ(2m+l)n (X) B f(2m+1)n (X)

a’™ (%)= f7H(%) Fama (0

1.129. 12, (x)—4 = (x> +4) f 2 (x), VneN".

Proof. 12,00-4=(a” 00+ (0f —4=a" () + 8" (0 + 200" ~4 =
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=a® () + " () -2=a" (x) + " (¥) = 2(a(x) S(x)*" = (@™ (x) - 7" (x))* =

e (@) =BT e g
= (a(x) - A(x)) ( 00— 500 j (< +4) F2(x).

1.130. y(1,,(x)) = a®(x), vneN.

L, (X)+vVx* +4-f, () _
2

2

proof. 700 ="YX 50 5(1,,00)= 21,00 + 15,00 4=

- %(IZn(x)W(aZ"(x) A 0) 4

= 00+ Y 00+ 00~ 2B )=

=@ 09+ A7 () +a” () - 7 () =™ () -

= 2000+ (@™ (0= 7 (0)°) =

:%['Zn(XH (@(x) - B(x)-Z -7 n(X)j )

a(x) - p(x)
_ %(bn () + VX + 41, (X))

1.131. 5(1, (x)) = 2= _ 47 (x), Vn eN.

(X)—Vx2+4-f, (X)
2

Proof. §(x) =~ YX =% “;‘2_4, 50 5(1,, (X)) = %(l2n (x) =12, (%) - 4):
= 00~ 0+ A7 00) -4

= 00~V 0+ 7 00— 2PN )=

~ 20 @ 00 - A7) -

_1 _ _ ()-8
_Z(IZn(X) (@(x) = B(x)) a(x) - B(x) J

= 00~ A, 0)

www.mateinfo.ro
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=@ (4B (- a™ (9 + 57 () = ().

1.132. g, (,, (X)) = 2”‘“(()) vYmeN™,vneN.

Proof. g, (l,,(x)) = 7 (lan ()0l () _ a2:” (x)—ﬂim”(x) =
Y () =6(1, (%)) a™(¥) =BT (X)
__a®=pK) M=) _ fom(¥)
a® ()= () ax)-B(x) fom (X)

* *

www.mateinfo.ro
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4. INEGALITATI OBTINUTE PRIN INTEGRARE

Sebastian Petrisor Ilinca

Multe inegalitati elementare pot fi demonstrate simplu folosind aceastda metoda asa cum

aratd exemplele urmatoare:

n n n+l n+1
ba<ba

n  n+l

1) Fie a,b>1. Aratati ca

Solutie: Prima metoda de demonstrare consta in definirea functiei

n n n+1 n+l
f(t)= t-a 1 & vie [a,b]. Calculand derivata functiei se obtine
n n+1

f '(t) =t"* (1 - t) < Odeci functia f este strict crescatoare si f (a) =0,deci f (b) <f (a)

b
Mai simplu: J‘(x”‘1 —x")dx<0,x>1.

2) Fie a, a,, ...,a, humere reale fixate astfel incat a, >—1, vk =1,n. Daca

1+a1a1x +1+a;2X +...1+a;nx <1, vx [0, 1] aritati ca (1+a, Y1+a,).(l+a,)<e.

Solutie: Prin integrare se obtine:

1 1

a a a 1 1 1 1
_[ S sj‘dx<:>In(1+alx]0+In(1+a2x)|0+...+In(1+anx)|0 <X, &
o\I+ax 1+a,x  1+a,x) 3

olnll+a, l+a,).(1+,)<1e (1+a, f1+a,).(1+,)<e

3) Fie xe —Z,Z aratati ca sin xIn 1+s!nx > 2x°.
2 2 1-sinx

(M.Glomb, MM, Q 887)

. SR . 9 . : T\
Solutie: Observam ca este suficient s demonstram inegalitatea pentru X (O, Ej din cauza

paritatii

1 1 (1+ﬁnx
1-sinx

Icostdtzsin X, .[—dt:—ln j astfel aplicand inegalitatea lui Cauchy Schwarz
0 0

cost 2

X

avem: [ 1(t)glt)ct < Jj ()t g*(t)dt .

0
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Punem f(t)=+/cost, g(t)=

si se obtine concluzia imediat

1
4/cost

4) Folosind inegalitatea lui Cauchy Buniakowski in forma integralda sia se arate ca

In n+1< 1
n ~ Jn(n+1)
Solutie:
n+l n+l  n+l
o s (o [ S dxs————
n n X n n X n(n +1
a,a;
5) Fie a;, a,, ..., @, numere reale. Demonstrati ca Z—> 0.
i,j= 1I + J

Solutie: Acest exemplu aratd avantajele folosirii metodei integrarii in demonstratia unor
inegalitati.

Considerdm functia f Za Xt — [Zan Observam ca f(X)Z 0,vx>0. asadar

= =
1
! f (x)dx > 0, j f (x)dx = lem
6) Daca x si y sunt numere reale pozitive atunci
(n—1)m —1)(x”+"1 + y”+”‘)+(m +n —1)(x”‘yn + x”y”‘)z ( menly 4 xy””"‘l), m,neN

Solutie: Pentru x >y avem

m+n-1 m-+n-1

n+m- n+m- X ) X ym .- yn
mn(x— )Yt = ym ) (man -2 -y Jx -y (m+n—1)(X—y)2m(X—Y)n(X‘Y).

Prin integrare avem (y — X)jtm”"zdt > J‘tm’ldtJ-t”’ldt relatie adevaratd conform inegalitatii lui
y y y

Cebisev.

Bibliografie :
1. Radulescu V, T.Radulescu : Problems in Real Analysis: Advanced Calculus on the Real Axis,

Springer, New York, 2009
2. Radu E., Sontea O. : Manual de analizd matematica (clasa a XI a+ a XII a), Editura Bic ALL ,
2006
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5. iIN LEGATURA CU PROBLEMELE

JP.103 SI JP.105S WINTER EDITION 2017
ROMANIAN MATHEMATICAL MAGAZINE

Marin Chirciu®

Pornind de la doua probleme din Romanian Mathematical Magazine, Winter Edition 2017,
articolul prezinta o clasa de inegalitati in triunghi , cu sume de forma:

X fz(éj—kaZ[Ej—kifz[gj@isz(a)+if2(b)+ifz(c)’
y+z 2) 7+X 2) X+y 2 y+z Z+X X+y

undex,y,z>0 si f este o functie trigonometrica sau o functie rationala.

Folosim urmatorul rezultat ajutator:
Lema.
Fie x,y,z>0si f:D— R o functie . Are loc relatia

Pl ( (Zf ) -X ()

y+12
Demonstratie.

X x+y+z Cs
A —f 11| fA ()= —2—= f2(t)>
en Y1) - z(y+z+ j (=X (- ()

cs (Z ) (Zf ) 1 ) ,
> —(> f -> f
Ny T e MU R IR e LS 0 M
(Simbol:CS=Cauchy-Schwarz=Bergstrom=Titu Andreescu).

In continuare trecem la prezentarea problemelor care fac obiectul studiului mentionat.

1) InAABC

2
X oAy Y Bl oy ZC>18—p— undex,y,z>0.
y+12 2 74X 2 X+y 2 2r?

D.M.Batinetu-Giurgiu, Romania and Martin Lukarevski, Macedonia
RMM, Winter Edition 2017, Problema JP.103

Remarca.
Inegalitatea poate fi intarita:
2) InAABC

2
X el Y B2 cot2—>2(1+ﬁj—p— undex,y,z>0.
y+z 2 ZI+X 2 X+y 2 r 2r?

Solutie.
A X A X+y+ Z A Bergstrom
AvemS —*_cotz 2 —— 4+1-1fcot?==M22"% cot?’= >
Z y+12 2 Z( y+12 j 2 Z y+12 Z

! Profesor, Colegiul National ,, Zinca Golescu”, Pitesti
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P 2
r _ p*-2r®-8Rr _

]

>(X+ +z cot? — x+ +Z
(x+y Z y+2) Z y )2(x+y+z) r?
p> p°®—2r’—8Rr 16Rr +4r?— p? 8R p?

£ _ i - d =242
2r r 2r r 2r

Mai sus am folosit identitatile cunoscute in triunghi:
A p . , A p°—2r*—8Rr
cot—=— s1 cot' —=—«%f—.
2 2 r° 2 2 r’
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Remarca
Inegalitatea 2) este mai tare decéat inegalitatea 1):
3) In4ABC
2 2
Kot Y o8y 2 o 2(1 ﬁj_p_2218_p_2’ undex,y,z>0.
y+2 2 Z+X 2 X+Yy 2 r 2r 2r
Solutie.
. : .., 8R p? p’ . .
Vezi inegalitatea 2) §12+7_? 218_? < R > 2r (Inegalitatea lui Euler).
Remarca
Inegalitatea 2) se poate dezvolta:
4) In AABC

_ 2
X oAy Y B2 cot22>n(1 EJ—MP— undex,y,z>0sin>2.
y+12 2 Z+X 2 X+y 2 r 6

Marin Chirciu, Pitesti

Solutie.

Vezi inegalitatea 2) si 2(1+ ?j— 2pr [1 ?)—%% < (2- n)(1+$—;)722j >0,
videntdin2—n< 0§i1+$—3p—:2 <0< 3r’ +12Rr— p> <0< p?>3r? +12Rr, care rezultd din
inegalitatea lui Gerretsen p> >16Rr —5r? si inegalitatea lui Euler R > 2r .

Nota.

Pentrun=21n 4) se obtine 2).
Din demonstratia de mai sus deducem ca cea mai buna inegalitate de forma 4) se realizeaza
pentrun=2.
Remarca
In acelasi registru se pot propune:
5) InAABC
X LAy @Csp 1 (4R +r

B
tg° —+——1tg° —+—— >2-=
y+292 z+xgz x+y92 2 p

2
] ,undex,y,z>0.

Solutie.
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/A Bergstrom

AvemZ—t ZA—Z(— +1- 1jtg zw 2A ztg — >

y+12 Yy+12Z Yy+12Z

AR+r
Z(Hy“)%Ztgzgz(x+y+z)2((x+py+jz){(4Rp+ rJzz}

_1[4R+r]2_ (4R+rj2_2 _2_1[4R+rJ2
2\ p p 20 p
Mai sus am folosit identitatile cunoscute in triunghi:

2

A 4R+r . ,A (4R+r
tg—= tg° —= -2.

zg2 p §1292 [ pj

Remarca
Inegalitatea 5) se poate dezvolta:

6) In AABC

2
LthA y tg Z thEZn—Zn_l- 4R+r ,undex,y,z>0sin>2.
y+z = 2 7+X x+y 2 6 p
Marin Chirciu, Pitesti
Solutie.
2 2 2
Vezi inegalitatea 5) §i2—1 ARAT ) o 202t fAReT < (2-n) 1L ARET) s,
20 p 6 P 3L P

2
AR +r

1 j <0< (4R+ I’)2 >3p?, care rezultd din inegalitatea lui
p

videntdin2—-n< Ogil—g(

Doucet 4R +r > pv/3.

Nota.

Pentrun=21n 6) se obtine 5).

Din demonstratia de mai sus deducem ca cea mai buna inegalitate de forma 6) se realizeaza

pentrun=2.
7) InAABC
2r(4R+r

—tg g C+Ltg Ctg?_ A+Ltg2A 9252#—£,undex,y,z>0.

y+z 2 Z+X T 27 2 X+y 2 p 2
Solutie.
Avem

C X B C X+y+z B C Bergstrom
X g2 Byg? — 11t =ty == > —tg’ — t —t 2= >

Zy+zg 97 Z[y+z j92g2 Zy+z Zg )

o2eg]
>(X+y+12) S(y+2) - tg? Ztg x+y+z)

1 _ p*-2r’-8Rr _
2(x+y+12) P
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_1 p?-2r’-8Rr _2r(4R+r) 1

2 PP pr 2
Mai sus am folosit identitétile cunoscute Tn triunghi:

2 2
Ztg—tg——l si Ztg 2C ngm
p

Remarca
Inegalitatea 7) se poate dezvolta:
8) In AABC
,C Y C , B r(4R+r) 2n-1

Xy + 2> ¢ ——+———t —>n-
y+zg g2 z+xg J xygzgz p° 6

undex,y,z>0§1 n>2.

Marin Chirciu, Pitesti
Solutie.

Vezi 7) giLFerr)—lz n- r(4R2+ r)_2n-1 = (n—Z)F—r(L;r)} >0, evident din
p 2 p 6 3 p

1 r(4R+r)

n-2>0 §i§ - —20< p®>3r (4R + r) , adevarata din care rezulta din inegalitatea lui

Gerretsen p® > 16Rr —5r° si inegalitatea lui Euler R > 2r .

Nota.
Pentrun=21n 8) se obtine 7).
Din demonstratia de mai sus deducem ca cea mai buna inegalitate de forma 8) se realizeaza
pentrun=2.
y 2

9) InAABC

2 2
LcotzEcot29+—cot29cot éJricotzécotzEzz(B) —l(ﬁﬂj ,
y+2 2 2 7+X 2 2 X+y 2 2 r 2\r

undex,y,z>0.

Solutie.
Avem

B C X B C X+Yy+2 B C B C Bergstrom

——cot?—=cot?* == | ——+1-1 |cot* —cot* = = t? —cot’—— t? —cot’— >
Zy+zco > Z[y+z+ jco 2co > > V2 co 2co 5 D co 2co 5
2 2

(ZCOthOtEJ (ngl] (4R+r1) —2p?
> t t _
(x+y+2) S(y+2) - cot’ Zco x+y+z)2(x+y+z) >

r
Mai sus am folosit identitatile cunoscute in triunghi:

2 52
Zcot—cot9=4rR 1si ZCotzzcotzg (4R+rr)2 2p.

:1(4R 1T (4R+r)" —2p? :2(£)2_£(4R 1T

20U r 2 r) 2Ur
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Remarca
Inegalitatea 9) se poate dezvolta:
10) In AABC

2 2
Lcot2Ecot29+icot2Ecotzé+icot2§cot2%2n(BJ _2n—1[ﬁ+ ] :

y+12 2 2 Z+X 2 2 X+Yy
undex,y,z>0si n>2 .
Solutie.

Vezi 9) giZ(Ej —E(ﬁﬂj 2n(£j _2n—l(ﬁ+1] @(n_Q)F(EJr j _(BJ }20,
r 2\ r r 6 r 3Ur r

evident din

2 2
n—-2>0 si %(ﬁ +1} - (Bj >0< (4R + r)2 >3p?, adevirati din care rezultd din inegalitatea
r r

lui Gerretsen p® <4R?+4Rr +3r’si inegalitatea lui Euler R > 2r .
Nota.
Pentrun =21n 10) se obtine 9).
Din demonstratia de mai sus deducem ca cea mai buna inegalitate de forma 10) se realizeaza
pentrun=2.
11) In AABC

2
Lsin“éJrLsin“E+isin“Ez p2—1(1+L],undex,y,z>0.
y+12 2 Z+X 2 X+Yy 2 8R° 2 R
Solutie.
Bergstrom
Avemzisin“ézz X1 sin“ézzwsin“é— sin‘1é >
y+12 2 2 y+12 2 2

LAY ry
Zsmz—) (1——) s .
(—Z)Zsin4§:(x+y+z) 2R) _BRIAT P
2

>(X+y+z
(x+y+2) D (y+12 2(x+y+12) 8R?
1 r\ 8R*+r’—p> p?—-4Rr—4R®> p’> 1(, r
=—|1-— | - > = - =———|1+—].
2 2R 8R 8R 8R° 2 R
Mai sus am folosit identitatile cunoscute in triunghi:
2, 2 a2
Zsinzézl_L $1 Zsin“é:w.
2 2R 2 8R
Remarca
Inegalitatea 11) se poate dezvolta:
12) In AABC
2 —
Lsin“éjtisin“Ejtisin“g2n-p—2—72n 1(1+Lj,undex,y,z>0§in2l.
y+12 2 Z+X 2 X+y 2 R 16 R 8

Marin Chirciu, Pitesti
Solutie.
Vezi inegalitatea 11) si
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2 2 _ 2
p_2_1[1+Lj2n.p_2_72n 1[1+Lj@(1_nj p_z_E(HLj >0,
B8R 2 R R 16 R 8 R 2 R

2
vident din%— n<o §i%—%(1+%j <0< 2p® <9R(R-+T), care rezulta din inegalitatea Iui

Gerretsen p* < 4R*+4Rr +3r’si inegalitatea lui EulerR > 2r .
Nota.

Pentrun = %Tn 12) se obtine 11).

Din demonstratia de mai sus deducem ca cea mai buna inegalitate de forma 12) se realizeaza

pentrun—1
8
13) In AABC
2
Lcos“é+icos“5+icos L p2 ,undex,y,z>0.
y+12 2 74X 2 X+y 2
Solutie.
Bergstrom
AvemZ—cos Z—+1 1cos4é_zx+y+zcos4é— cost 2%
y+12 y+12 2 y+12 2 2
2
(Z“’S 3 et 75 _meryy
>(X+y+z f = (X+y+z - =
(ry+2) 5y D (y+2) - 2.c08 2 (x+y )2(x+y+z) 8R?

2 2 2
4R -
1[2+'r j ! H)z > - E
2 2R 8R 8R

Mai sus am folosit identitdtile cunoscute in triunghi:

2 2
Zcoszé: 2+ i Zcos4é :M.
2 2R 2 8R
Remarca
Se poate scrie inegalitatea:
14) In AABC

2
—cos4é+icos4E+icos492Z-L—g-(Lj ,undex,y,z>0.
y+12 2 7+X 2 X+Yy 2 R 8 \R

Marin Chirciu, Pitesti

Solutie.
Vezi inegalitatea 13) si inegalitatea lui Gerretsen p® >16Rr —5r2.
15) In AABC
X st B Y st E+icsc4£ > p* (16Rr —2r’ - pzz —r? (16Rr + 2r2) |
y+z 2 7I+X 2 X+ 2 or
undex,y,z>0.
Solutie.
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Bergstrom
Avem Z—csc4 A z X 11 eset 2 A chsc4 A csc* s A >
y+12 2 y+12 2 y+12 2 2

r2 ) ) p4+2p2(r2—8Rr)+r2(r2+32R2)

4

osc? 2 P8R}
>(x+y+z)(§(y+zj ZCSC )[

B 1( p? 412 _SRrJZ p*+2p*(r*—8Rr)+r’(r’+32R*) p*(16Rr—2r>—p*)—r*(16Rr +2r*)
=3 _

=(x+y+z 2(x+y+2) r

r? r 2r'
Mai sus am folosit identitdtile cunoscute in triunghi:

chczézw s zcsc“é: p*+2p*(r®-8Rr)+ rz(r2+32R2).

2 r2 i 2 r
16) In AABC
4
Lsec“é+ y sec4E+ : sec49>23 3 —1 14| ARET ,undex,y,z>0.
y+12 2 Z+X 2 X+Yy 2 p 2 p
Solutie.
Bergstrom
AvemZ—sec4A ZL+1—1 sec4é—zx+y+zsec4é— secé >
y+12 2 y+12 2 y+12 2 2
4R +r
(ZSGC —j (H[ p U p*+ p*(2r*—32Rr)+(4R+r)
>(X+y+7)m— ZSEC =(x+y+2z) ,
Z(y+z 2(x+y+1z) p

22 4 2 2 4 2 4
+ 2r°—=32Rr )+ (4R +r
1 1+(4R+r] Pt : )+(4R+r) :zg(gJ 1 1+[4R+rj
2 p p p 2 p

Mai sus am folosit identitatile cunoscute 1n triunghi:

4
Zseczgﬂ (4R+r] Zsec4A p'+p (2r2_32Rr)+(4R+r) |

p4
17) In AABC

2

X sin?2 A+—Ysin? B+Lsin2C22L+1(L) ,undex,y,z>0.
y+z Z+X X+Yy R 2\R

Solutie.

Folosim Lema si identitatile cunoscute in triunghi:
2 2
. p . . 2 p°—r°—4Rr
SinA=—gsi ) sSiIN“A=————.
Z R 4 Z 2R2
Remarca
Inegalitatea 17) se poate dezvolta:
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18) In AABC

2
X _sin? A+—Ysin?B+—2—sin C>n% 9;‘”(%) ,undex,y,z>0si n<2.

y+12 Z+X X+Yy
Marin Chirciu, Pitesti
Solutie.
2 2 2
Vezi 17) §i2L+1 L AL . L < (2-n) L—ZLZ >0, evident din
R 2R R 2 \R R R

2
2-n>0 Sl%_% >0 < R>2r (inegalitatea lui Euler) .

Nota.
Pentrun = 21n 18) se obtine 17).
Din demonstratia de mai sus deducem ca cea mai buna inegalitate de forma 18) se realizeaza

pentrun=2.
19) In AABC
2 y 1(p *r 5
——co0s* A+ ——cos’B+——c0s’C>=| = | ———=,undex,y,z>0.
y+12 Z+X X+Y 2\ R R 2
Solutie.

Folosim Lema si identitatile cunoscute in triunghi

2 —
ZcosA:1+% si ZcoszA—6R +HARr+rf o p”

2R?
20) In AABC
X a2y Y pry ? c?>24/3S, undex,y,z>0.
y+z Z+X X+Yy
G.Tsintsifas

Solutie.

Avem Z—a = Z(L +1—1ja2 => XTYHZ Y@ Berggmm

y+2 y+1 y+1

(23) ->a’ :(x+y+z)((2—p)2—2(p2—r2—4Rr):

Z(Xer+Z)Z(y+z) 2(x+y+12)
=2p*-2(p*—r*—4Rr)=2(r* +4Rr).

Mai sus am folosit identitatile cunoscute in triunghi:

Ya=2psi y a’=2(p’~r’-4Rr).
Ramane sa aratam ca 2(r” +4Rr) 2 24/35 < 1’ +4Rr 2 /3rp <> 4R +1 > p/3 care este

inegalitatea lui Doucet.
21) In AABC

a‘m+2 m+2 Cm+2
+ + 22\/§S,undem>0.
b™ +c™ c¢"+a™ a"+b"
D.M.Batinetu-Giurgiu, Romania and Martin Lukarevski, Macedonia
RMM, Winter Edition 2017,Problema JP.105
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Solutie.
Folosim 20), luind x = a e b — 7= mC —.
b™ +c c"+a a"+b
22) In AABC
X atyY piy c*>8S?, undex,y,z>0.
y+1z Z+X X+Yy
Crux Mathematicorum, 11/1986,George Tsintsifas, Grecia

Solutie.

X X+ y+z 4 Bergstrom
Avem —a*=>|—+1-1la*= at >

) e

(Xe)

>(x+y+2) at=(x+y+2)
M) YT I

Za 4 2)? 4 b’c®-> a'
ALyl e T

2(x+y+z

4 2 2 2 2 4 2 2 2 2
:2[p +p*(2r* —8Rr)+r°(4R+r) };Z[p —p*(8Rr+6r*)+r°(4R+r) }:8r2p2:882.
Mai sus am folosit identitatile cunoscute Tn triunghi:

> b’c® = p*+ p?(2r*=8Rr)+r*(4R+r)" si Y a'= [p“—p2(8Rr+6r2)+r2(4R+r)2]

23) In AABC
P+ (pb)  Ep o) 2R ) 5, unde >0,
Solutie.

Folosim Lema si identitatile cunoscute n triunghi:

> (p-a)=psi Y (p-a) =p°—2r*—8Rr.

24) In AABC
X_az(P—al)2 +Lb2(p—b)2+icz(p—c)2 >2S? undex,y,z>0.
y+z Z+X X+Yy
Marin Chirciu, Pitesti
Solutie.

Folosim Lema si identitatile cunoscute n triunghi:
D a(p-a)=2r(4R+r) si Y a’(p- a)’ =2r? [(4R+r)2—p2],

25) In AABC
2 2 2 2 2 2
x (p-a p (16Rr —2r°—p”)-r-(16Rr +r
Zy+z.( az) > ( 32R222 ( ),undex,y,z>0.
Solutie.

Folosim Lema si identitatile cunoscute in triunghi:

p-a_ p’+r’-8Rr . «(p-a) p'+ p*(2r’ —16Rr)+r?(32R* +r?)
Z - $1 Z 2 2,2 :
4Rr a 16Rr

26) In AABC
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x al >2(p2—4Rr—4R2)

2

5 ,undex,y,z>0.

y+1z ( p— a)2 a r
Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

Z a :Z(ZR—I’) siz a_2 :2(8R2+I’2—p2).
p—a r i (p_a)Z r2
27) In AABC
x (p-a)_ 1
ZY—FZ. b?c? 28R2,undex,y,z>o,
Solutie.

Folosim Lema si identitatile cunoscute in triunghi:
2 2 2
Z - z -a 4R+r1) —
p-a_4R+r . (p-a)” ( ) —p _

bc 2Rp b?c? 8R%*p°
28) In AABC
X 2 2 y 2 2 Z 2 2 2
——a’(b+c) +——b’(c+a) +——c’(a+b)” =325*, undex,y,z>0.
y+12 Z+X X+Yy
Marin Chirciu, Pitesti
Solutie.

Folosim Lema si identitatile cunoscute in triunghi:
Y a(b+c)=2> bc= 2( p? +1? +4Rr) si > a’(b+c)’ = Z[p“ +2p*r? +r?(4R+ r)z}.
29) In AABC
X 2 y 2 z

2+ e+ r? 22p2—1(4R+r)z, undex,y,z>0.
y+2 Z+X X+Yy 2

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

D =4R+rsi >r? =(4R+r)" —2p°.
Remarca
Inegalitatea 29) se poate dezvolta:

30) In AABC

2y 2y 2 rfznpz—%(4R+r)2,undex,y,z>0§in22.

y+Z 0 Z+X 0 X4y

Solutie.

Vezi 29) 5i 2p° —%(4R+ r) > np? _%(Lm )’ & (n-2)[ (4R+r)’ ~3p* |20, evident

dinn—-2>0 si(4R + r)2 —3p® >0 care rezulti din inegalitatea lui Gerretsen

p? <4R*+4Rr+3r’ si inegalitatea lui Euler R > 2r .

Nota.
Pentrun =21n 30) se obtine 29).
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Din demonstratia de mai sus deducem ca cea mai buna inegalitate de forma 30) se realizeaza
pentrun=2.
31) In AABC

Ziazra2 >2p*(8R*+r°— p?), undex,y,z>0.
y+2

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

>ar,=2p(2R-r) si p_a’r; =2p*(8R*+17 —p’).
32) In AABC
Z—yi(rz(p—a)2 r? 2%82, undex,y,z>0.

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

Y (p-a)r, =3rp si Z(p—a)zr;:srzpz.
33) In AABC
3 X _(p—a)2>4r(4R—r)—p2

y+12 r2 2r?

a

,undex,y,z>0.

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

—a  p?-2r(4R+r) . —a)’  p*-16p°Rr+2r2(4R+r)’
Zpr _bp rfo )§lz(pr2):p p - (4R+r)"
34) In AABC

rL+r

> x_ (% )2 22(1+ﬁ) undex,y,z>0.
y+z (p-a) r

Solutie.

Folosim Lema si identitatile cunoscute in triunghi:

2(p*~r*~4Rr)

2
Zrb+rC:2_p$iZ(rb+rc)2: :

p-a r (p—a) r
35) In AABC
X (p—a)2>r2( 1 1)
. >—[ 2 ——>» —|,undex,y, 0.
L ey 2\ P L) ey 2>
Solutie.

Folosim Lema si identitatile cunoscute in triunghi:

Zp a_rz Zpa Zz'

h,+r r+r
36) In AABC
2, 2 2
X h§+ y hz z hczzpz.ﬁ_iw ,undex,y,z>0.
y+z ° Z+X T X+y R 2 2R
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Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

2
S, =R Ry (M} a2

2R R
37)InAABC
Zﬁ(p—a) h? > 8‘: | p?(16Rr—2r*— p?)—r*(16Rr+r?) |, unde x,y,z>0.

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

2 2_
> (p-a)h,= il +2rR i si
> (p-a)’hi= 4r:2[p4+ p?(2r* ~16Rr )+ r*(32R? +12) .
38) In AABC

¥ X .(p_a)2 zl,undex,y,z>0.
y+z h? 2

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

p-a_ 4R+r (p—a)z_(4R+r)z—p2
zha_ p 2 e o o2pt
39) In AABC

2 2 2
X a b Z C
—-—2+—y =t — —>2,undex,y,z>0.
Y+2Z I Z4+X I X+Y r

Marin Chirciu, Pitesti

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

2 4R r a’
a —+ lz (4r+rj L

p
40) In AABC

a

x_a_  y bz c2
S t+———+———2>2,undex,y,z>0.
y+z W z+x h? x+y K
Marin Chirciu, Pitesti
Solutie.
Folosim Lema si identitatile cunoscute in triunghi:
4 2 2 2 2
p2—r’—4Rr . <a’ P'—p*(8Rr+6r’)+r?(4R+r)
I - -

rp 2r°p
41) In AABC

2 yi(rz(ra—r)2 22(p*~4R*—4Rr), undex,y,z>0.
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Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

> (r.-r)=2(2R-r) si >(r,—r) =2(8R*+r*—p?).

42) In AABC
?(20Rr —2r% — p?)—r?(20R? +12Rr +r?
Zy—)i(-z(ha—r)zzp( p)gRZ( - ’ ),undex,y,z>0.
Solutie.

Folosim Lema si identitatile cunoscute in triunghi:
24 p2_ *+ p*(2r® —12Rr ) +12R?r? + 4Rr® +r*
Sl 1= BB gy PR -
2R 4R°r

43) In AABC

Zﬁbzcz(ra —r)2 28R2r2[4 p*—(4R+ r)z} ,undex,y,z>0.
+

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

> be(r,—r)=4Rr(4R-+1) 5i Y b%c?(h, ~r)° =16R’r*| (4R+1)" ~2p? .
44) In AABC
Zﬁaz(ha —r)’ > 2r*(p*+r +4Rr)=72r*, undex,y,z>0.
+

Solutie.
Folosim Lema si identitatile cunoscute n triunghi:

> a(h,—r)=4rp si y.a*(h,—r)"=2r*(3p’—r’—4Rr).
45) In AABC
Zﬁhj(rb +1,)" 2 2p’[4r(4R+r)-p’ ], undex,y,z>0.

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

S, (5, +1) =20 si S, 1) = 4p*(p*~2r* ~8Rr).
46) In AABC

Ziazctgzéz 2p®, undex,y,z>0.
y+2 2
Marin Chirciu, Pitesti
Solutie.
Folosim Lema si identitatile cunoscute n triunghi:

Zactg§:2(4R+r) si ZazcthQ:Z[(4R+r)2— pz]
47) In AABC
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p*(16Rr —4r* - p?)

> X (p-ay oyt

,undex,y,z>0.

y+2 2r?
Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

8Rr . A _p'-16p’Rr +2r° 4R+1)
2.(p- a)Ctg _ P2 -8R or si > (p-a) ctg® > = ( S
48) In AABC
Z—a tg 2(p2—4R2—4Rr),undex, y,2>0.
y+z

Solutie.

Folosim Lema si identitatile cunoscute in triunghi:
Zatg?: 2(2R-r) si Y a* t92§= 2(8R2 +ric pz)_
49) In AABC

Z—a thB tg® = & —>2r%,undex,y,z>0.
y+2 2

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

Zatg 2 C Zrz[(‘m”)z_pz}

2r 4R r

p
50) In AABC
2
Ziaz ctngctgzg 22—5( p® —4Rr —4R2), undex,y,z>0.
y+2 2 2 r
Solutie.
Folosim Lema si identitétile cunoscute in triunghi'
2p(2R~r 2p*(8R*+r% -
Zacthcth 2p(2R-r) si » a? ctg ZC p( . p)
r
51) In AABC
2
Zi(p—a)ztgzézi, undex,y,z>0.
y+z 2 2
Marin Chirciu, Pitesti
Solutie.

Folosim Lema si identitatile cunoscute in triunghi:
D p—a)tg§:3r si D ( p-a)’ tgzgz3r2 .
52) In AABC

X 2. ,B. ,C _16Rr—4r*-p?
—(p—-a) tg°=tg°—2> ,undex,y,z>0.
Zy+z(p ) J 2 g 2 2 Y

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:
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B, C p°-2r(4R+r) 2C p“—16p2Rr+2r2(4R+r)2
—a)tg—tg—= 1y a‘t .
2.(P-a)tg= g o B2y >
53) In AABC
X . C 3p
——(p—a) ct > ,undex,y,z>0.
Zy+z(p ) 95 2 Y 2 2 Y
Solutie.
Folosim Lema si identitatile cunoscute in triunghi
> (p- a)ctg—ctg——sp si ) a’ctg? ctg == 3p°.
54) In AABC
8R*| 4r(4R+r)- p?
= a%esc A [4r( ; ) p],undex,y,z>0.
y+12 2 r
Solutie.

Folosim Lema si identitatile cunoscute in triunghi:

Zacsc2 A_4Rp si > a’csct— (4er [p2—2r(4R+r)].

55) In AABC

2
Lazsec4§>8R{4(4R+rJ ] undex,y,z>0.
p

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

D asec 2A 4R(4R+r si » a’s (4:J [(4R+r) —2p2].

56) In AABC

A _ P*(24Rr—2r° - p?)—r*(4R+ r)

L _a)? 40
T2 (p-a)isecth -

,undex,y,z>0.

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

2.(p- a)Secz': WSI da sec“': PP 5

57) In AABC

Z—yizbzczsin“gz%rzppz—(4R+r)z] undex,y,z>0.

?(2r*—8Rr)+r® (4R + ry

2

Marin Chirciu, Pitesti
Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

., A . .4 A
Zbcsmzzzr(4R+r) si szczsm“E:rz[(4R+r)2—2p2}.
58) In AABC
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sin‘1é 4p? — 2
2 p*—(4R+r)

X
. > ,undex,y,z>0.
Zy+z a’ 32R?*p? y

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

Z i 2A 4Rer 5L (4R+r)2—2p2
= .

16R?p?
59) In AABC
sin* 2
> X 2 224R2+r2,undex,y,z>0.
y+12 (p—b) (p—c) 8Rrp
Solutie.
Folosim Lema si identitatile cunoscute in triunghi:
. 2—r(4R+r
ZZ;SIH2 A_ 1 s1 Z 21 23|n4é:%_
(p-b)(p—c)” 2 2Rr = “(p-b)(p-c) 2  16pR’r
60) In AABC
Zibzczcos“é>1 p2[4r(4R+r)— p2] undex,y,z>0
y+z 2 2 ’ Y '
Solutie.
Folosim Lema si identitatile cunoscute in triunghi:
Zbccos —=p’si y bc*cos’ == p*(p’—2r’-8Rr).
61) In AABC
cos* 2 2
5 _4r(4R -
>, x_. 22 > " +2r)2 P ,undex,y,z>0.
y+z a 32R°r
Solutie.

FOIOSim Lema si identitétile cunoscute in triunghi:
A p*—2r(4R+r)

oS
Z 2 4Rr Z 2 16R’r?
62) In AABC
cos4é
z X_. 2 24R+r,undex,y,z>0.

y+z (p-a)’ 8Rr

www.mateinfo.ro

Marin Chirciu, Pitesti

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:
4AR+r
Zicoszéz P s> 1 cos“A:L“).
p-a 2 2Rr (p—a) 2 8Rr
63) In AABC
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r’(4R+r)
y+12 8R?

Zi(p_a)zsin“gz ,undex,y,z>0.

Solutie.
Folosim Lema si identitatile cunoscute in triunghi:

LA p LA r¥(p’-r’—4Rr
Z(p—a)s"‘25=§&Z(p—a)zsm“zz ( e )

In inegalitatile de mai sus egalitatea are loc daci si numai daci triunghiul este echilateral.

Bibliografie:
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Pitesti, 2015.

7. Marin Chirciu, Inegalitati trigonometrice, de la initiere la performanta, Editura Paralela
45, Pitesti, 2016.

8. Marin Chirciu, Inegalitati cu laturi si raze in triunghi, de la initiere la performanta,
Editura Paralela 45, Pitesti, 2017.
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6. 0 NOUA DEMONSTRATIE A INEGALITATII LUI GERRETSEN

de MARIAN CUCOANES, MARASESTI

In cele ce urmeazi vom demonstra urmitoarea inegalitate a lui Gerretsen
p? <4R? +4Rr +3r?,

adevarata in orice triunghi ABC - cu notatiile uzuale.

Demonstratie. Datorita identitatilor

cosA+cosB +cosC :1+%;

p>+4Rr+r? r

cosAcosB +cosBcosC +cosCcosA = > -
4R R

2 2
PP-4Rr-r?

cosAcosBcosC = >
4R

inegalitatea de demonstrat se scrie sub urmatoarea forma echivalenta:

(1-cosA)(L—cosB)(1—cosC) > cosAcosBcosC . 1)

Daca triunghiul ABC este obtuzunghic sau dreptunghic, atunci inegalitatea (1) este evidenta.

Ramane sa demonstram inegalitatea (1) in cazul AABC ascutitunghic.

Notam: a=7—2A,f=n-2B,y =x—2C si deoarece A,B,Ce(O,%) avem ca «, 3,y >0

si

a+fry=n.Deci: A=Z-% B=Z_ L c_Z_ 7 Gumeazs
2 2 2 2°7 2 2

COSA = sinﬁ ,COSB = sinﬁ, cosC = sinZ .
2 2 2
Asadar, inegalitatea (1) devine

(1—sin%j[l—sin§j[l—singjZSin%singsin%. (2)

Raméne sd demonstram cad inegalitatea (2) este adevdratd in orice triunghi A'B'C’ cu

masurile unghiurilor in radiani «, S,y .
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Cu substitutiile lui Ravi avem sin& = S L si analoagele, iar inegalitatea (2) se
2 X+ y)(x+2)

rescrie astfel

(WO 0+ 2) —yz Vo Iy +2) =z (= 2)(y + 2) —xy )= xyz. 3)

Tn continuare vom demonstra inegalitatea (3).

Avem succesiv

MA-MG
JOX+Y)(X+ 2 +\/ﬁ < X+yJ2rX+Z+yJ2rZ:x+y+z

(1/(x+ y)(X+z +\/qu/(x+ y)(X+2) —\/E)s (x+y+ z)(«/(x+ Y)(X+2) —\/ﬁ)
(x+ y+z)(,/(x+ Y)(X+2) —\/ﬁ)z (X+yY)(X+2)—yz=x(X+Yy+2)
( (X+y)(x+2) —\/ﬁ)z X.

Analog se obtin si inegalitatile similare

W+ 0y +2) -Vxa)= ysi (x+2)(y+2) -xy)= 2,

care inmultite conduc la inegalitatea dorita.

Observatii

1.Inegalitatea (3) se poate demonstra si asa

C-B-S

(X+y)(x+2) > (x+4/yz)?
NX+Y)(X+2) = x+\/ﬁ
ANX+Y)(X+2) —\/E > X, si de aici se contind ca mai sus.

2. Pentru inegalitatea (1) existd mai multe demonstratii (vezi [1], [2] si [3]).

BIBLIOGRAFIE

[1] D. Grinberg, M. Lascu, M. Pachitariu, M. Tetiva — Din nou despre inegalitati geometrice,
G.M.-B 6/2006.
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7. ASUPRA UNEI PROBLEME DESCHISE

MARIAN CUCOANES, MARASESTI, MARIUS DRAGAN, BUCURESTI
si NECULAI STANCIU, BUZAU

In [1] apare urmatoarea

Problemai deschisa. Sa se determine numerele naturale n> 2 astfel incat inegalitatea

2 2 2
X, X X;

X—Z+X—z+...+x—1 > \/n(xf +X2 4.+ X2, (D)
sa fie adevdrata pentru orice numere strict pozitive X;, X, ..., X, .
Solutie. Consideram cazurile n>9. Pentru
X, =X, =..=Xg =X 2 V17 -4, Xg = X9 =... = X, =linegalitatea (1) se scrie dupa ridicarea la

putere a doua si efectuarea calculelor echivalent
(x* +7x% —=9x+1)® > n(6x* —14x® +10x> — 2x) , apoi dupa simplificare cu (x —1)*
(x? +8x—1)?

(6x* —2x)n < (x> +8x—1)* sau n < > , (2).
6X° —2X
2 Y
Consideram functia f :[v17 —4,20) > R, f(x) = (Xﬁﬁ# cu derivata
X" —2ZX
F1(0) = (x=1)(x* +8x -1)(6x* +3x +1)
2x2(3x —1) '

Avem

min_ f(x)=f@) =16, (3).
Din (2) si (3) obtinem n< min f(x)=16. Deci n<16. Asadar, n < {9,10,...,16}.

x=+/17-40
Deducem ca (1) ar putea fi adevarata pentru n e {2,3,...,16}.

2 n
A . . X .
In continuare consideram f (X;, X,,..., X,) = E e - /n E X, st F.(X)=1( X,Xz,...,X"_l),
i=1

ciclic 2

Fn(X) :§+1+ X+..+ Xni3 +X2n72 _\/n(l+ X2 +“+X2n—2) .

Calculam

F. - |=-0,015, F L2018,  Fy-L|=-035, F,-|=-052,
10 10 10 10

FlS( ! j =-0,69,
F, (lj =-0,86.
10

10
Deci pentru n e {1L12,13,14,15,16}inegalitatea (1) nu e adevarata VX, X,,..., X, > 0.
Rdmén cazurile ne{2,3,4,56,7,8910}. In [1] sunt demonstrate cazurile ne {234} si este
propusa ca conjectura inegalitatea care reprezinta cazul n=5 al inegalitatii (1), i.e.
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2 2 2 2

X_+y—+—+—+u—2\/5(x2 +y?+22 +t2+u?), (4).

y z t u x

Iata o solutie

Z_—Z _Z(——2x+yJ Z(X y)° , (5).
5 X2 =(D.x)=2> [(x-y)* +(x—2)? ],(6)-

ciclic ciclic ciclic

D (x=2)" =23 (x=y)* +22 (x=y)y-2), (7).
ciclic ciclic ciclic
Inegalitatea (4) este echivalenta cu

[Z—HZHZ—HZHZNZJ

iar din (6) inegalitatea (8) este echivalenta cu

LR PrRDUIEP AT AN

ciclic ciclic ciclic ciclic ciclic ciclic

iar din (5) inegalitatea (9) este echivalentad cu

Z(X y)* (Z +Zx]>2(x V) + D) (x-2)" <

diatc Sy &) & Pl
@%;:(X—y) ;—z+z+§+a—;+i—;+§+§+;+;}>mzhlc(x_z) o

Qcic;:(x_y)z l)j_i+lz_;+%+% 32/ (y;zz) (Zyt) +2]+a%;(x y)z[Z;XJ>mzm(x—z)
@%;:(X—yf §—z+%+i—;+% ; (Y;ZZ) (Zyt) j+c;“c(x V)2 +

+CICZ“‘,C[(X Y) ——(y—Z)\/gT+2CiCZ“C(x—y)(y—z)deZ"C(x—z)2,(10).

Din (7) rezultd ca (10) este echivalenta cu

(X W Uz (y-2) (21
Cicz“C(X_y) (7+U_y+x_y+y+;+ yz ' yz J CIC|IC|:(X y)\/7+(z_y)\/7:| =0,

adevarata.
In final propunem ca problema deschisa rezolvarea cazurilor n e {6,7,8,9,10} ale inegalitatii (1)

care se verifica cu ajutorul calculatorului.

BIBLIOGRAFIE
1. T. Zvonaru, N. Stanciu, Bergstrom sau Holder, Revista de Matematica din Timisoara, Nr. 4,
2013, 10-12.
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8. PROBABILITATI GEOMETRICE - TRIUNGHIUL

Studiu de specialitate

Partea I-a
Prof. Stan llie
Colegiul Tehnic “Anghel Saligny”, Rosiorii de Vede, Teleorman

Céndva Mos Nicolae mi-a lasat in ghete, Trei nuieluse-jucause, drepte si cochete.
Si o intrebare ce ma rascoleste ca un junghi: Care e probabilitatea de a face un triunghi?

Tema:

Ne propunem sa studiem posibilitatea si probabilitatea construirii unui triunghi folosind 3
segmente de lungimi date: a,b,c.

Conditii:

Este cunoscuta exprimarea “Oricare latura este mai mica decat suma celorlalte doua laturi”
(exprimare “generoasa”... ce contine un cuvant doua in plus!).

Asadar: a<b+c, b<c+ta, c<atb

Din b<c+a putem obtine b-c<a iar din c<a+b obtinem c-b<a adica |b-c|<a<b+c:
“O latura mai mica decat suma si mai mare ca diferenta celorlalte laturi”. Ajunge pentru una!

a+b+c=s =a+b=s-c<s deci a+b<s
“Suma oricaror doua laturi este mai mica decat perimetrul triunghiului”. Normal...

a<b+c =a+a<atb+c =2a<a+b+c
Notand s=a+b+c avem 2a<s =a<s/2. Analog b<s/2, c<s/2.
“Oricare latura este mai mica decat semiperimetrul triunghiului”. Stia el Heron ca p-a>0...

s=at+b+c<at+b+s/2 =s<at+b+s/2 =s-s/2<a+b =s/2<at+b =a+b>s/2

“Suma oricaror doua laturi este mai mare decat semiperimetrul triunghiului”. Are logica...t
Posibilitati:

Cu 3 segmente putem construi un triunghi sau nici un triunghi dupa cum sunt sau nu indeplinite
conditiile anterioare. Asadar putem construi maxim 1 triunghi.

De fapt...oricare 3 segmente determind un triunghi!!!
Si sunt mai multe modalitati!!! Cuvantul cheie este “determina”!

Solutiile:
| I i v \/ VI VI | VI IX X
E+E 3 2 2 1 1 1 0 0 0 0
E/S 0 1 0 2 1 0 3 2 1 0
SNS 0 0 1 0 1 2 0 1 2 3

S=Segment, E=Extremitate segment
Reprezentarile sunt pe pagina urmatoare.
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E + E = Extremitati comune(albastru)
E /S = Extremitati pe segment(galben)
S N S = Intersectie de segmente(rosu)

www.mateinfo.ro

%

—

1 (3-0-0) 11 (2-1-0) 11 (2-0-1)
N A e b
1]

a a a
1V(1-2-0) 1V(1-2-0) V(1-1-1)
V(1-1-1) VI1(1-0-2) V11(0-3-0)
VI111(0-2-1) 1X(0-1-2) X(0-0-3)

S

Probabilitati:

Sa reprezentam grafic conditiile:
atb<s

a<s/2

b<s/2

a+b>s/2
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Tntr-un sistem de coordonate carteziene xOy

X,y>0 fac trimitere la primul cadran

Dreapta x+y=s

-----

determina prin semiplanul x+y<s...
un triunghi:

Dreapta y=s/2

delimiteaza(prin semiplanul y<s/2) zona:
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Dreapta x=s/2 delimiteaza(prin semiplanul x<s/2) zona:

Dreapta x+y=s/2 delimiteazi(prin semiplanul x+y>s/2) zona:
N
Toate dreptele conditii( ©! ) conduc prin intersectia lor catre...triunghiul median

Raportul dintre aria triunghiului median i aria triunghiului initial este Y.
Aceasta este si probabilitatea ca 3 segmente date sa poata forma(puse cap la cap!) un triunghi.
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9. ASUPRA LIMITEI UNUI SIR

Profesor matematica: Tanase Gabriel
Colegiul Agricol Dr. C. Angelescu Buzau

Se da functia f :[0,+%0)— R prin formula f (x)= ey

; (n)
legg f (x)]

Calculati  lim [

N—+00

Notam x, =lim f™(x) , n>1.
o
)= e&ﬂ(@x_if;' ) e )1 5 gracp -0
f(x)= eﬁ(ﬁ_lz:\/e;;(&ﬂ) - e (\/iz)x_zel_f; " (_\/;) unde P, (x)=x-1si
gf:id:;z:elﬁ(x —3\/§+9§;)X:j-;(x+3\/§+3) e Ps(J;)X—:\/; P,(~x) e

P,(x)=x*—3x+3si gradP, =2.
Din relatiile de mai sus putem deduce ca

o 7))

0 (x)= VN ,n>1 unde P, este polinom de gradul n—1.

Demonstram aceasta relatie prin inductie matematica

o () (]

P(n): f™(x)= n>1
( ) (X) 2an—1\/;
Etapa verificarii:
N
P(1): f'(x)=——F— adevarat

24x
eﬁ(\/;—l)—e*&(—\/;—l)

P(2): f"(x)= adevarat

2): () -

Etapa demonstratiei:

Presupunem P(l), P(2),...,P(k—2), P(k —1) adevarate si demonstrdm ca P (k) este adevirata.
Stim ca 4xf " (x)+(4n-6) F "V (x)- f"P(x)=0 , n=2 (*) (sedem. tot prin inductie).
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e () ¢ 8]

§(<2) (x)= cu gradP,_, =k -3

k-2 Xk—s\/;
o R () -2 2.,
2k—1Xk—2\/;

Din relatia (*) deducem:

£ (x) =

cu gradR_, =k -2
R R) R () e R e R ()
k-2 Xk—S\/; _( n- ) 2k—1xk—2\/; -
e 2xR_, (VX) = (40— 6) Ry (Vx) |- e | 25, (—x) ~ (4n—6) Ry (—x) |
2k—1Xk—2\/;
e& [prkfz (\/;) - (4n - 6) Pk—l (\/;)} - e_\/; |:2XPk—2 <_\/;) - (4n - 6) Pkfl (_\/;)}
2k+1Xk—l\/;
e [\/Y B (VX )~ (2n-3)R, (VX )} e [\/Y By (VX) - (20 -3)R, (X )}
ok kal\/;

4xf (x)=

- f(k)(x)z

Luim P (x)=X*P_,(X)—(2k=3)P_,(x) (**¥)
P, =k-
gradhi, = gradP, =k -1

gradR,_, =k -2

el P (\/;)—ej/; - B, (—\/;)
2k Xk_l'\/;
Observam ca sirul de polinoame P, are proprietatea:
P, (x)+ P, (x)=xP,,(x),n>2

Demonstratie:
Inductie matematica

Pentru n=2 avem P, (x)+PR, (x)=x-1+1=x=x-P(X)

Obtinem f () (X) = si inductia matematica se termind aici.

Pentru n=3 avem P,(x)+ P (x)=x>-3x+3+2x-3=x*—x=X(Xx-1)=Xx-P,(X)
Din (**) rezulta:

P'(x)= [szn_z (x)-(2n-3) Pn_l(x)]' =2xP,_, (X)+X*P., (x)—(2n=3) P, (x)

Mai departe avem:

P,(x)+P'(x)=x°P,_,(x)-(2n-3)P, ( )+2xP_2(x)+x2Pn’_2(x)—(2n—3)Pn’_l(x)=

R8P0 R8P0 28,1 6) 8,020 3)3) 24,0
X-Pn_3(X) x‘Pn,z(x)
= xR, 5(X)—(2n=5)xP, , (x) = X[ X’P, 5(x)=(2n=5)P, , () | = xP,,(x) ., cctd.
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Acum putem calcula formula termenului general a sirului (Xn )n

e‘RPn (\/;)—e“ﬁPn (—\/;)Subst_ﬁzt _e'.P (t)_e‘t.P

— i (n) — i n n _
X, = Ig}:g f (X) - I);gg on Xn—l\/; - I:g)g ong2n-1 -
iim g! (Pn (t)-l— Pn’ (t))+ e (Pn (—t)+ Pn’ (_t)) im el.t. P, (t)+ et '(_tPn—l(_t)) . et. P, (t)_e—t P, (_
= 2" (2n-1)t" s 2" (2n-1)t"* o 2 (2n-r
0
e-R(t)-e"-R(-t) . e-e" (OJI' e +e 2

— i - _ _
0 2 (2n—1)(2n—3)-..-5-3t &0 2" (2n—1)lIt 02" (2n—1)Il 2" (2n—1)!

im £ (x) | =
le%lf (x)}o

Rezultd X, = - pentru n >1 deci lim [

2”71(2n —1) N—>-+o0



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - FEBRUARIE 2018 RUWANEU18i{oN 0

10. CATEVA RELATII METRICE IN PATRULATERUL CONVEX

Prof. Buzea Gabriela
Scoala Gimnaziala Nr. 56,Bucuresti

Fie ABCD un patrulater convex.

Notam cu M,N,P,Q mijloacele laturilor AB,BC,CD, respectiv AD.

Notam cu E si F mijloacele diagonalelor AC, respectiv BD.

Segmentele MP,NQ si EF se numesc bimediane ale patrulaterului .

Notam cu u si v masurile unghiurilor formate de laturile opuse AB, CD respectiv AD, BC
ale patrulaterului convex ABCD.
m[ABTE'_D) =u ,m[ﬂﬁﬁ') = 1.

1. Relatia lui Euler
AB? + BC* + CD? + AD? = AC? + BD* + 4EF?,(1).

Conform teoremei medianei,
it - - ., 2(FA*+ FCc*) — Ac*
In triunghiul Fﬁlﬁ'}:} EF2 = ( - )

,(2).

EF mediani

in tri ; ., 2(AD*+ AB*)— BD*

In triunghiul HDB} — AF2? = ( ) (3).
AF mediana i 4 i

it i ' . 2|BC*+CD°)—BD~

In triunghiul BCD} — CF2 = ( ) (4).
CF mediana 4

Din relatiile (2),(3) si (4) obtinem
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2(AD® + AB*) —BD® 2(BC®*+ cD®)— BD? .
+ —AC

AEF* =2
4 4

AEF* = AD®* + AB* + BC* L+ CD* —BD* — AC*
Obtinem relatia lui Euler AB? + BC? + CD? + AD? = AC® + BD® + 4EF?,(1).

2. Relatii intre laturi, diagonale si bimediane
AC? + BD*+ BC® + AD? = AB* + CD* + 4MP2,(5).

AC? + BD* + AB*> + €D* = BC* + AD* + 4NQ?,(6).
Conform teoremei medianei,

, _2(PA* +PB*)— AB”

In triunghiul PAB| — MP? (7).
MP mediana 4 i

i ; - ., 2(AD"+ AC~)—-CD~

In triunghiul ADC| — Ap2 — ( ) .(8).
AP mediana o4 i

i ; - ., 2(BD"+ EBC")—CD~

In triunghiul BCD| — Bp2 — ( ) (9).
BP mediana 4

Din relatiile (7),(8) si (9) obtinem
5 (E(ﬂD:+AC:)—CD: 2(353+3cfj—cnf) 5
4MP? =2 + — AB
4 4
4MP?= AD®*+ AC*+ BD* + BC*—CD*— AB* =
AC* + BD?* + BC* + AD* = AB* + cD? + 4MP?,(5).
Analog pentru demonstratia relatiei (6).

3. Relatie intre diagonale si bimediane
AC?® + BD? = 2(MP? + NQ?),(10).

Adunand relatiile (5) si (6) obtinem relatia (10).

4. Relatie intre laturi si bimediane
(BC2 + AD?)— (AB2+CD?) = 2(MP% — N@?),(11).

Scazand din relatia (5) relatia (6) se obtine relatia (11).

5. Lungimile bimedianelor MP,NQ si EF verifica relatiile

4EF® = AB*—2-AB-CD-cosu+ CD*=BC*—2-BC-AD-cosv + AD?(12).(13).

4NQ* = AB*+2-AB-CD -cosu + CD?,(14).
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4MP? =BC?*+2-BC-AD-cosv + AD%,(15).

Daca AE ¥ CD

In triunghiul ABC,NE linie mijlocie = NE || AB
In triunghiul BDC, NF linie mijlocie = NF || DC } = m(AB,CD) = m(NE,NF) = u
:rn(.ffl_B, C_D} =u

Tn triunghiul ENF, conform teoremei cosinusului obtinem
EF? = NE*+ NF*—2-NE - NF - cosu

AB)f . (DC)f AB DC
2

E‘F:=(
2

4EF? = AB*+ DC? —2 - AB- DC - cosu, (12).

Daci AB ||ICD = cosu=1=4EF* = AB> —2-AB-CD + CD*

- AB
In triunghiul ABD, QE linie mijlocie = QF = — ,QF || AB
CZD = EF = |QE — QF| =
In triunghiul ACD, QF linie mijlocie = QE = ?,QE.' | CD
2EF = |AB — CD| = 4EF*= AB* —2-AB - CD + CD*
Daca in plus si AD || BC, atunci E=F si AB=CD.

Analog pentru demonstratia relatiei (13).

Pentru a demonstra relatia (14), folosim relatia (1) si relatia (12), obtinand

AB*+ BC®*+CD*+ AD*— AC?> —BD?>=AB*+ CD*—2-AB-CD-cosu

AB*+ CD*+2-AB-CD-cosu = AC*+BD*+ AB*—BC* + DC* — AD*?

Dar conform relatiei (6), AC* + BD* + AB* — BC* 4+ CD* — AD® = 4N@7,
obtinem  4NQ® = AB*+ 2-AB-CD-cosu+ CD?,(14).
Analog pentru demonstratia relatiei (15).
6. Cosinusul unghiurilor formate de laturile opuse ale unui patrulater
convex
Ac*+BD*-BC'-AD? Act+BD*-AB'-CcD*

cosu = T 16). cosv = m—— (170

Din relatia lui Euler, AB* + BC*+ CD*+ AD?* = AC*+ BD? + 4EF?,(1) si relatia

4EF? = AB*+ CD* —2-AB-CD"cosu, (12). obtinem
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AB*+ BC*+CD*+ AD*= AC?*+ BD*+ AB*+ CD*—2-AB-CD - cosu

AC?+BD?-BC2—AD®
,(16).

| COSU =
Obtinem S ABD

Analog, pentru demonstratia relatiei (17), folosim relatiile (1) si (13).
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