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1. PROBLEMA LUNII APRILIE 2018

WWW.MATEINFO.RO

If in a convex pentagon with congruent angles one of the sides is equal to the sum of
adjacent sides then at least two sides have an irrational length.

Daca intr-un pentagon convex cu unghiurile congruente una din laturi este egala cu
suma laturilor alaturate, atunci cel pugin doud laturi au lungimea un numar iragional.

Prof. Cantemir lliescu, Pitesti

We are looking for the most interesting solutions of the problem at e-mail revista@mateinfo.ro .

Asteptam rezolvari cat mai interesante pe adresa de e-mail revista@mateinfo.ro.

Deadline: 1 mai 2018
Termen: 1 mai 2018.
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2. REZOLVARE - PROBLEMA LUNII FEBRUARIE
2018

Se da o piramida patrulatera regulata SABCD cu toate muchiile de lungime x si un corp sferic

. - . XV3 . . . -
cu centrul in mijlocul O al muchiei [SC] , de raza T\/_ . Notam cu Q intersectia celor doud

e .V '
corpuri. Sa se arate ca —2MPL <2 5,

Q

Autor: Constantin Telteu
I. Rezolvare Constantin Telteu

In figura de mai jos am desenat intersectia sferei cu fata SBC. Deoarece OF este jumitate din

x\/3

indltimea triunghiului SBC, avem OF =OK =——=R .

B

In figura urmatoare sunt desenate cele doua corpuri.

Din figura se observa ca intersectia celor doua corpuri este formata dintr-o ,,felie” (marginita de
un biunghi, sau fus sferic) de corp sferic din care lipseste portiunea marginita de o calota a sferei
si baza piramidei (aceasta este un sector sferic din care s-a scazut un con circular drept).

Din desenul precedent si cel urmator, deducem ca sfera este tangenta la muchiile

[SD] , [SB] , [BC] , [ DC] si intersecteaza baza piramidei dupa un cerc tangent muchiilor
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[BC],[DC]. Sfera are doar cte un punct comun cu fetele [SBC] si [SDC] , deoarece unghiul

. o . -y . T o . .
diedru a doua fete laterale ale piramidei este mai mare de > Demonstram ultima afirmatie:

2
2
BO? + DO’ =2{X—*2/§] =6%<2x2 _ BD? :>m(BOD)>% .

Volumul corpului marginit de fusul sferic si semidiscurile ce-1 mérginesc are formula (care se
3

. C 2R A g . o
obtine imediat cu regula de trei simpla) V,, = = a ,cand a este masura in radiani a

unghiului diedru determinat de planele celor doua semidiscuri ce marginesc ,,felia”.

Determinam acum pe o = m((SDC),(SBC)) = m(BOD).

Pentru aceasta scriem in doua feluri aria triunghiului BOD, tinand cont ca Indltimea sa din O este

X , fiind linie mijlocie in triunghiul SAC, obtinem:

BD-Z-

2
2
—OD-OB-sin BOD%:> X f =($J sin BOD%:>sin BOD=¥:>

N | X<
N| -
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3 3
m(BOD) = ﬁ—arcsin& =V = 2 X—\/g —arcsmi =X \/§. ﬂ—arcsin& :
3 3\ 4 32 3
Deci unghiul dintre doua fete laterale ale piramidei este de

22

7T —arcsin T ~109,5 = (7r -1, 23) rad ~1,9116rad

Pentru calculul volumului ,,calotei pline”, calculam mai intai indltimea ei. Din figura precedenta
(ON este jumatate din indltimea piramidei, ASAC este dreptunghic isoscel) avem:

Ny = R— ON—X—3—i= 7 (V3-12)

calota 4
7h*(3R-h) 7x? 3x\/§ X X
Vo =G 28 () | 28X - 2 (0 742),

Intersectia celor doua corpuri are volumul:

3
Va =Vidie = Veatow =X3—f ( —arcsmi}—— (6\/_ 72 ) x®-0,095352474.

N
Verramion = E\S/_ x3-0,2357 = \% ~ 2,47 .

Q
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1. Rezolvare Biro Istvan

Intersectia dintre (SBC), (SDC) si sferd determind un fus sferic (biunghi) iar intersectia
sferei cu baza piramidei determina o calota sferica. Prin urmare volumul corpului sferic Q va fi
V, =V V_..i; - In continuare folosim notatiile:

fus sferic ~ ¥ calotd

R= X%F , raza sferei

r , raza calotei sferice (O 'P)

h , indltimea calotei sferice (O’M)

h, , indltimea piramidei (SS°)

o, masura unghiului diedru dintre (SBC) si
(SDC).
Fetele latelare fiind triunghiuri echilaterale rezultd ca
BO =DO, BO L SC, DO L SC si din teorema
cosinusurilor obtinem:

o = arccos (—%} = 7 —arccos (%j ~109,47

_2aR® ax*\3

V L=
fus sferic 3 32

Evident avem h, =¥ si in triunghiul SS'C, OO’ este

linie mijlocie, deci OO' :% = % . Pe de alta parte

patrulaterul O’S’BP este inscriptibil si
p= m(S'BP): m(CO'P), de unde

cos f = SB L =>r= X . Observam ca in sfera
BC O'C 4
OM=R si

>

x(4B-42)
4

OP LOM=r*=h(2R-h)=h

In consecinta avem :

_xh,

iramida —
piramica 3 6

_7h(h®+3r%) _ (633 -72)x°

V., . =
calota 6 192
1
(767 +180 —187)/3%° (7</6z —18arccos §)\/§X3
VQ :Vfus sferic _Vcalotd = —
576 576
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Vpiramidd — ‘?’2\/6 — 32
Vo 7./6x-18arccos é 77— 36 arccos ;

Tn continuare putem folosi urmitoarele relatii:

(1) arcsin x+arccos x :%, | x|<£1

2 X <arcsinx < X 0<x<1 (Shafer —Fink)

2+ 1-x2 2441-x%
5)
(3) 2400 < 2401 < 6207 < 49% > \f6 < 22 = 245 _
20 100

T _425_ 4 5
100

2,45

(4) 288<289 <> 32.2.4% <17* =32 <

(5) 3,14<7<3,15
1_77-9+3J2 7-315-9+4,25 17,3

Din (1), (2) si (5) deducem ca arccos— <
(1), (2) si (5) ca 3 Iy "

(3),(4) si (5) obtinem inegalitatea ceruta:

Vpiramidd 32 32 448
= <

www.mateinfo.ro

, iar folosind
4

448 448

Vo 77:—3«/5arccos; 7-3,14—3-2,45-I

= = < =
17,3 307,72-127,155 180,565 179,2
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3. THE NUMBERS of FIBONACCI and LUCAS -
IDENTITIES
- PROOFS WITH FEW WORDS -
(VD)

By Dumitru M. Batinetu-Giurgiu, Bucharest, Romania
and Neculai Stanciu, Buziu, Romania

Fibonacci

(1175 -1240)

ﬁ“ l.‘

Francois-Edouard-Anatole Lucas

(1842 — 1891)



http://www.mateinfo.ro/
http://upload.wikimedia.org/wikipedia/commons/a/ad/Elucas_1.png
http://upload.wikimedia.org/wikipedia/commons/a/ad/Elucas_1.png

F,=0,F, =1,

F.,=F. +F,vneN

L, =2,L =1,

L,=L,+L,vneN
r’—r—-1=0,

(X,) 0, Fibonacci-Lucas’ s sequence
x, =Aa" +BfA", VneN,
If Xy =0= F01X1 =1= Fl! then A:i B :_i sO:

NN
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(F)

(L)

F=% P _ L (4" p"), vneN (Binet, 1843),

"a-p 5
If x,=2=1L,,x,=1=L,, then A=B =1, s0
L,=a"+ ", VneN.
Note that:
a+pf=1land aff =—

1.147. I:2n = (Fn+2 - Fn—Z)Fn’ vneN’ _{1}
Proof.

(F.. —F.,)F, =ﬁ(a“ _AT o™ 4 fRY " — B7) =

— 1 (a2n+2 _anﬂm—Z _a2n—2 +anﬂn—2 _an+2ﬂn +ﬂ2n+2 +an—Zﬁn

(- p)°
1

T (a-p)’
_# 2 2 2n _ p2n ﬁ
~a_p) (@" =g )a™ - p7) - (@ p)

(a+ﬂ)(a ﬁ) 2n 2n 2n —F. .
(Ol ﬂ) ( ﬁ ) \/—(a ﬂ ) 2n

— (B -a’+a’ - p) =

1.148. (L., -L, )L, =5F, , VneN".

Proof. (L., —L )L, =(@"?+B8" —a"? - " )" + ") =
=a™ +(@f)" 7 —(af)' B —a™ +(ap) o + P~ (af)
=0{2n+2 _aZn—Z +ﬂ2n+2 _ﬁZn—Z +(aﬁ)n(ﬁ2 _ﬂ—z +6Z2 _a—Z) —
=a’(a® —a )+ BB~ B ) = ("~ fP) e ~ ) =

(a2n(a2_a72)+ﬂ2n(ﬁ2_’B72)_anﬁn(ﬁ2_’872+a2 _

_ ﬂZn—Z) —

)=

-2 _’an—z _
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(@™ - ") =(a-p) P s,
Py

1.149. Zn:CZk (x) =B, (X)C, (x), YneN" (Swamy, 1966).
k=0

Proof. By 1.141 we have C,, (x) = B, (X)C, (X) — B, ,(X)C,_,(X),vk e N". So:

3Cau (9= 3B, (0C, ()~ 3 B, ,(C, 1 (0 =

= Z B, (X)C, (x) - i B, (X)C, () = B,(X)C, (x) —B_ (x)C_;(x) , but

B ,(x)=0 and C_,(x) =1 and we are done.

1.150. (x+2)B,, ,(x) =B?(x)—B?,(x), vneN".

Proof. Br? (X)— Bf_l(X) _ (r"(x)—s" (x))2 —(r n—l()z() _ Sn—l(x))Z _
(r(x) —s(x))

T (7 (4 57 (0 - 2r(0)5(9)" ~ P (%)~ 52 (%) + 20 ()s(9)") =

(r() —s(0)?

- m(ﬂ“(x)(r(x) (r0) ) + ST (X)((X) — (5(0)) 1)) =

_ r2n—1(x) _SZn—l(X) _B (X)
r(x) —s(x) A

1.151. xB,(x) = (x+1)C (x)-C,_,(X), VneN".

Proof. xB,(x)=C,,,(X)—C,(x), VneN, but
Cn+l(x) = (X + Z)Cn (X) - Cn—l(x)! vneN )
B, (x) = (x+2)C,(x) -C,,(x) -C,(x) = (x +1)C,, (x) - C,_,(X) .

1.152. C,,.,(x) =B, (X)C,.,(X) - B, (X)C,(X), YneN".

n+l

Proof. In 1.140 we demonstrate that:
C...(X)=B_(X)C, (x)-B,_,(X)C,,(X), ym,neN", and taking m=n+1 yields
that C2n+1(X) = Bn (X)Cn+l(x) - Bn—l(X)Cn (X) .

1.153. 3B, (x) = B?(x), n eN" (Swamy, 1966)

k=0
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Proof. B, .. (X) =B, (X)B,(X)—B, ,(X)B, ;(X), Ym,neN", so:
By (X) = B¢ (X) =B, (X), vk e N” & By, (X) = B, (X) — B{(X), Yk €N, then

Zn: Ba (X) = Zn: B¢ () - Zn: Bi1(X) = BZ(x)—BZ(X),

and from B_,(x) =0, yields > B, (x) =BZ(x), vneN ",

k=0

1.154. 3B, ,(x) = B, (x)B, ,(x), YneN" (Swamy, 1966).

k=1
Proof. B, _,(X)=B,(X)B,_,(X)—B,_,(X)B,_,(x), Yk eN" so:

> Buur (9= 2B, (9B 1 (0~ Y By (0B, () -
=3 B (0B, (0 - 3B, (9B,1 () = B, (0B, (9~ By (B (¥).

and since B_, (x) =0, yields that >"B,, , (x) = B, (X)B, ,(x).

k=1

1.155. icm(x) =B, ,(XC, (x), YneN" (Swamy, 1966).
k=1

Proof. By 1.152 we obtain: C,,,(x) =B, ,(X)C,(x) - B, ,(X)C,_,(X), vk eN", so

> Caus (= 3By (9C, (9~ X Bua (9C, (9 =

-> B, (X)C, (X) —nZ_inl(X)Ck () = B, (X)C, (x) =B (X)C, (X) ,

k=1

and by B, (x) =0 we get > C,_;(x) =B, ,(X)C,(x).
k=1

1.156. C,,(x)—C,, ,(X) =CZ(x)—CZ,(X), YneN".

Proof. By 1.141 we have
C,,(X)=B,(X)C,(x)-B,,(X)C,,(x), VneN ",
and by 1.152 we have
C,,(X)=B,,(X)C,(x)-B, ,(X)C, ,(x), YneN", so:
Con (X) =Cpr s (X) = (B, (X) = B,; (X))C,, (X) = (B, 1 (X) = B, (X))C,, 1 (X) .
By 1.136 C,(x)=B,(x)-B, (x), VneN", yields:
C2n (x)— CZn—l(X) = Cf (X)— Cr12—1 (%)
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1.157. i(—nkck (x) =C2(x), YneN" (Swamy, 1966).
k=0

2n
Proof. > (-1)C,(x)=C,—C,+C, —C;+..—C,,, +C,, =
k=0

=3 Cal0 -3 Caus (9.

By 1.149 'C, (x) =B, (X)C,(x), VneN", and by 1.155:
k=0
ZCZk—l(X) =B, ,(X)C,(x), YneN", so:
k=1

S (1C (0 = 3 Cop (0~ 3 Caps (%) = B, (C, (X) — B, 5 (1C, (X) =
— (B, Exo) _B,_,(X)C, (kx)0 heN"and C.(X) =B, (X) =B, ,(x), VneN",
yields 2zn(—1)kck (X) = C2(x).
Other p;r:gof:
2zn(—l)k C.(x)=C,,(x)-C,, ,(x)+C,, ,(X)=C,, 5(X) +..+C, —C,,
but by 1.156 kc_:o2k ~C,,=C7—C?,,VkeN", so:
:z"(;(—N CX) = C2(0 —CZ, () +C2, ()= C2 () +..+ C2 () ~C2 () + CZ(x) -

—Cy(¥)+Cy(x)—Co (%) =C, (x) —Cq (X) =C(x).

1.158. i(—nk B.(x)=B,(X)C,(x), VneN".

Proof. 3 (-1 B, ()= 3 By ()~ 3 Bys(¥) = B2(x) — B, (x)B, 1 () =

=B, (¥ (B, (X) - B, (X)),
and taking account by

B,(X)-B,,(xX)=C,(x), v7neN",
we get the result.

1.159. If (x,),s, IS the positive real sequence with x, =L =2,
x, =L, =1and \/Fnz +F} +\/1+ X2 =\/(xn +F,,) +(1+F,)°, VneN",
then (x,),., IS the sequence of Lucas.
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(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)

Proof. (x,+F,,)? +(@+F,)? =1+X2 + F2 +FZ +2|1+x2 [FF +F2 &

S1+F +x2+F. +2F, +2x F, =1+x’ +F?+F2 +2\/(1+ X )FZ+F2)

< Fo+x Fy, :\/(1+ X )(FZ+F.) ©F?+2F F, X, +Xx?F2 =F2 +F2 +X’F2 + x>F2

2n"*n

F .
< x2F?P+F. -2F F,x, =0 (x,F, -F,,))’ =0 (1) x, = F2 , VneN™.

n

1 *
F.=——("-p"andL, =a"+ ", VneN",
NG s
S0
2n _ p2n
x, =% TP gy gL, WneN”,
a'—p

and because x, = L,yieldsthat x, =L, VneN".

1.160. If (x,),s, is the positive real sequence with x, =0,

X, =1 si \/Lf] +F) +\/1+ x2 =\/(xn +F,,) +@+L,)°, VneN™,
then the sequence (X,),.,iS Fibonacci’ s sequence.

(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)

Proof. (x, +Fp )2 +(1+ L) =1+x2 + L2 + F2 + 214+ x? /L2 +F2 <

S X +2x F, +F2 +1+ L2 +2L, =1+ x>+ L2+ F/ +2\/(1+ X)L +F2)

S Ly %, Foy =X)L +FL) L2 421 Fyox, +XEF =12 + B2 4L +X2FS

2n*n

F
< X2 +F -2L,F,x, =0 (x,L, -F,,)° =0 X, =%@

1 a2n _ﬂZn 1

Sx =——F - = (¢g"-B")Y=F ,VneN" and becausex, =F ields that
n 5 0£n +ﬁn \/g( ﬁ ) n 0 0 y
X =F ,vneN”
2n+l 2n 1 p 2m-+ 2m 1 p .
1.161. 5" L2m+l-2( " jZ(p}Fk =5 Lzm.z‘[ " jZ(ijk vmneN”.
o\ P ik ol P ik

(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)

L 2n+1\& 2 2m+1\& .
Proof. L2m+l-5in- ( ) jZ(EJFk:LZM-Sim‘Z‘( jZ(E)Fk’va”EN .

p=0 P Jico



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — APRILIE 2018 www.mateinfo.ro

We will prove that:

204(2n +1) & )
Sin. ( ]Z(EJFK:LZM,VneN.

o\ P Jko
Indeed,

F. :i(ak _ng) jar L, =a* +ﬂk, vn eN, and then:

J5
1 &2n+1\&(p 242, (2n+1 Ky
5307 Bl e 22 ke -0

1 £ p_ p 2n+1 — 1 2n+1 2n+1
_sz_;((ml) (,B+1){ ) j —(£)2n+1((a+) ~(B+2)"),vneN"

Since:
+2:1+2\/§+2:5+\/§ :\/g(1+2\/§J:a\/§’

2

ﬂ+2:1_2£+2= 5_2\/52—\@(#]:—,3\/5’50:

(o + 2)2n+1 —(B+ 2)2n+1 _ (£)2n+1(a2n+1 _ (_ﬁ)2n+l) _ (\/§)2n+1(a2n+1 +ﬁ2n+l) _
= (/5)**L,,.,,¥n eN " and we are done.

1.162. 5"F, - Z”f(znﬂji[ j .mj‘(zm”ﬁ(i}k vmneN”.

p=0 k=0 o\ P Jioo

(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)

Proof. F, :i(ozk - B¥)iarL, =a* + g%, VneN, so:

5
(2n+1\&(p), 20+ & (P, ook
S B S e -

2n+1((a+1)p +(ﬂ+1)p{2np+1j _ anﬂ[zn;l}(“”)p .\ anﬂ(znpﬂj(ﬂﬂ)p _

=(@+2)"™™ +(B+2)""",VneN".
Since, @ +2=+/5, B+2=—p+/5, we deduce:

2n+1 2 1 p
Z( n+ Jz(Eij :(a2n+1 _ﬁ2n+l)(\/g)2n+l —

o\ P Jio
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1 n+ n+ n+ n+
= —(a®™ - " )(W5)X™ =5"F, .

J5
Hence,
249020 +1)& ) _
Foma - Z 0 jZ(EJLk =5"'F, .F,..,Vm,neN", respectively
p=0 k=0
2 2m+1\&2 .
Fana - jZ( JLK =5"F, ,F..,YmneN",
p=0 k=0

and we are done.

1.163. If (a,). is a positive real sequence and there exists reR’ such
that: Zak al,,-r(L,.,—7)—3a, VYneN", then (a,) , isaarithmetic progression with

the ratlo r.

(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)

Proof. We prove by mathematical induction:
n=1=al, =al,-r(L,-7)-3a,
soby:L =1L,=4,L, =7, we obtain:
a =4a, —r(7-7)—-3a, <a =a, true.
We suppose, a, =a, +(k—1)r,vk =1,n and we will prove that: a,,, = a, +nr. Indeed,

n+1

zakl— _an+an+3 ( n+4 7) 33.1 <

= Zak L + a‘n+1Ln+1 n+1Ln+3 ( n+4 7) 3a1 Nt

= a‘n Ln+2 ( n+3 7) 3a1 + an+1 n+l — an+1 Ln+3 ( n+4 7) 3a =
<a,, (L -Ly)=al,,+ r(I-n+4 L)< a,l.,=aLl.,+rL, <
<a, ., L

n —n+
n+l=n+2 — (a + r)L
and the proof is complete.

a,=a,+r=a +nr,vneN”~

n+2

1.164. If (u,)..,is a arithmetic progression with the ratior >0 with u, eR’ and (x,),., is a

sequence with x, =0,x, =X, =1, and

nx=1 n>0

n
zukxk = Uy Xgyp +T(Xy = Xo,5) = XUy, VNENT,

then (x, ) _, is the sequence of Fibonacci.

n>0

(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)
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Proof. We note thatx,=x +X, and we will prove by mathematical induction
that: x,., =X, +X,, ¥neN.
For n=0, x, =X, +X,, true.
Forn=1:
U X, =U X + (X, —X,) — XU, < U (X3 — X, —%X,) =0< X3 =X, + X, true.

We suppose that x,,,, = X, , + X, , is true for any k =0, n, i.e we will prove that X, = X,., + X,

n n-1
zukxk =U X t I’(X4 - Xn+3) = X,Uy, andzukxk =Up X + r()(4 - Xn+2) — XyUy,
k=1 k=1
SO:
U X, =U X —Up 4 Xy + r(xn+2 - Xn+3) =

S (X3 = Xniz) = Uy (X =X ) = (U, = 1)Xoyy <
S M(Xos = Xna = Xoug) = U (X — X — X)) ©
S M (Xniz = Xnsz = Xnp1) = Up (Xoyo = X = X,),
and by X.,, =X,,; +X,, hence:
r(X,.s —Xp.o — X,,1) =0, VN eN, because r >0, yields:

Xniz = Xni2 + Xpua» @nd we are done.

n+3 n+l?

1.165. 1 ,(x)=f, ,(xX)+ f (x),VneN, VxeR.

Proof. ()4 f (=2 =AM a" ()= _
me a)-p)  a()-BX)
1

= m(am(x)(a(x) +a‘1(x))_’8n+l(x)(ﬂ(x) +ﬁ_l(X))):
= m(anﬂ(x)(a(X) — ﬂ(x)) _ ﬁnﬂ(x)(ﬂ(X) B a(X))):

=™ () + B (X) =1,,,(X).
Observation. For x =1 we obtain 1.15.
1.166. 2f, , (x)=f. (x) -1, () + f . (X) -1, (X),Vk,neN, Vx eR.

Proof. f (x)-1,(x)+ f, (x)-1, (x)=
:m((an(x)—ﬂ"(x))(ak(X)+ﬁk(X))+(ak(x)—ﬂk(x))(a“(x)+ﬂ”(X)))=
2

:m(a“ () =B (0)= 2., (%).
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1.167. xf (x)+1_ (x)=2f ,(X),VneN, VxeR.

Proof. If we take k =1, then:
2f,..00 = 1,00 - 1,00 + £.(x) - 1, (),
and because |,(x) = x, f,(x) =1 we obtain xf (x)+1 (x)=2f_,(X).

1.168. (x* +4)- f, () +x-1.(x)=2l_,(x),VneN, VxeR.

Proof. 21 ,(X)—xl_(xX) =2(a"(X)+ 8" (X)) — x(a" (X) + B" (X)) = a" (X)(2a(X) — X) +
+28"(X)(2L(X) = X) =a"(X)(X+ VX" +4 = X)+ 28" (X)(X—VX* +4 —X) =

4@ (0~ 57 () = = (@ () - " () =

Nram
=;é%3%5w%m—ﬁ%wr4%+®nuy
1.1609.
M ) e
Proof.

x 1) (f,00) [ X, ()+1,(x)
[xz +4 len(x)J B ((x2 +4)f, (X) + xln(x)] !
So by above we get the conclusion.
1.170. 2-1_, () =(x* +4) . (x) f, () +1_ (Xl (X), Vk,neN, VX eR.
Proof. (x*+4)f (x)f (X)+1 (Xl (X)=
=@ﬂgi;g»ﬂawm—ﬂ%@mfW%#¢W»+WN@+ﬂW@mW@+ﬂW@%=

=@ (0 + A7 () - @ (B (0 - @ (0" (0 + ™ () + B () +
+a" () (0 +a* ()" () = 2™ () + B () =2, ().

1.171.

fn+k (X) . Ik(X) fk (X) fn(X)
2.[In+k(X)j_((X2 +4)fk(x) |k(X)j.(|n(X)j’VK'n eN, VxeR.

Proof.
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(x> +4) f () 1,(x)
so by above yields the conclusion.

L, (x) ) (O +4) £, () T () + 1, (1, (%)

( l (%) fk(X)j(fn(X)J_( fo OO0 + £ (1, (%) ]

1.172. f2(x) = 21 (12(x)-4(-1)"),VneN, VxeR.
X“+4
Proof.
2 _ 1 n AN 2 — 1 2n 2n _ ny _
fo(x)= @)~ B (" (x) = B"(x)) Fia 4(a (X)+ 87 (X) = 2(a(x) B(X))")
= X21+ 1 (@ (x) + B2 (X) + 2(a () B(x))" — 4(a(x) B(X))") =
= 21 ((@" () +B"(x))* —4(-)") = 21 (1700 -4(-1)").
X“+4 X“+4
1.173. £2(0) = —~ (1, (0~ 2(-1)"), ¥neN, Vx eR.
X“+4
Proof. f*(x)= 21 (" (X) + B2 (x) = 2(a(X) B(X)") =
X“+4
1 n
= +4(|2n(><)—2(—1) )
1.174. i I:n+k = I:n I:m+1 + I:nJrlI:erZ - I:n+1'
- (Cezar Popovici, 1911)
Proof.
(1) i I:n+k = rf I:i - rf I:i = (Fn+m+2 _1) - (Fn+1 _1) = Fn+m+2 - I:n+1 :
Also we havke::0 I:O -

1 n n m-+ m+ 1 n+ n+ m+ m+
(2 FnFm+1+Fn+1Fm+2:g(a -B" )™ - p l)+g(a =)@ - g =

— %(am+n+l _anﬂmﬂ _am+lﬂn +ﬂm+n+1 +am+n+3 _an+1ﬂm+2 _am+2ﬁn+l +ﬂm+n+3) —

= %(am+n+2(a—1 +(Z) +ﬂm+n+2 (ﬂ_l +IB) —a"ﬂm+1(1+aﬂ) _am+lﬂn(1+a,3)) _
= %(a _ﬂ)(am+n+2 _IBm+n—2) — %(ammﬁ _ﬂm+n+2) _

1
- M+N+2 _ pm+n+2y _ = .

\/g(a ﬂ ) m+n+2

From (1) and (2) we deduce that:
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m

Z l:n+k = l:n I:m+1 + I:n+l Fm+2 - l:n+1’
k=0

and we are done.

& _1\K 2n Fm k_ I:m+1 “ *
1.175. kZ:(;( 1) (k]{F j _(F ,vmneN”.

m+2 m+2

(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)

Proof. We have that:

2n 2n on 2 k
(*)( X j :(1— y J :Z(—l)k( nj(LJ VneN",vx,yeR".
X+Yy X+Yy oy k Ax+y

If we take:
X=F..,Yy=F,,
yields:
x+y=F,+F,.=F,,,
so by (*) :

= 2n on N = k )
mLl =) (D m_| . vmneN",
I:m+2 k=0 k I:m+2

and the proof is complete.

on 2n F k F 2n )
1.176. —1)* mil | =] —m N”.
6. S (P ) <[ ) omae

m+2 m+

(N. Stanciu, and G. Tica 2013)

Proof.
X 2n y 2n on ) 2n y k . X
*) (—j :( ——j :Z(—l) ( j(—j ,VneN",vx,yeR’.
X+Yy X+Yy = kK A\ x+y
Setting:
X= Fm,y: Fm+1’
hence:
X+y= I:m +Fm+l = I:m+2!
then by (*):

I:m : _ & k 2n I:m+1 k *
) g0l maer

m+2 m+2

and we are done.
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1.177. kZ::;( 1) (kJ(L Zj _(L ,vmneN”.

(D.M. Bitinetu-Giurgiu and G. Tica, 2013)

Proof.
X 2n 2n on 2n k
(*) ( J =(1_ y j =Z(—1)k( j{ y J ,VneN",vx,yeR’.
X+Yy X+Yy = K \x+y
Putting:
X=Lm+l1y=Lm’
we get:

X+y=L,+L,., =L

m+2 1

then by (*) yields that:

(] Beaff e

m+2 m+2

g.e.d.

< _1\k 2n Lm+l ‘ _ I-m : *
1.178. kzz(;( 1) (k]{L J _(L j ,vmneN’".

(D.M. Bitinetu-Giurgiu, 2013)

Proof.

2n 2n on 2 k
(*) ( X J :(1— y ] :Z(—l)k( nJ{ y J ,VneN",vx,yeR’.
X+Yy X+y oy k Ax+y

Putting:

X:Lmiy:LmH’

hence:
X+y=L,+L,,=L

m+2 1

L 2n on 2n L k .
( m j =Z(_1)k( j( m“j ,VYm,neN ",
I-m+2 k=0 K I-m+2

then (*) yields that:

And we are done.
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* *
*
*
* *
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4. Generalizarea problemei CO. 5204 GM 5/2011

Gheorghe Alexe si George-Florin Serban, profesor, Liceul
Pedagogic”’D.P.Perpessicius”, Braila

Fie poligonul regulat cun laturi AA,..A, n>3,ne N si punctele M;,M,,..M, astfel ca
M, e[AALA M, 2 M A M, e[AA]A,M, >MA;,.. .M, e[AALA M, >M A.Sa se

. 2 T
arate ca: Spy . w = (COS F)S

[ALA Al

Solutie:

h=a=AA=AA=.=AA S, =720l T (INeN0L2

1(h-2)2z _(n-2)x _
2 n n

H(AAA) = .= u(AAA).Notam AM, =x,M,A, =a-X,

x12a—x1,:%SX13a, AM, :xz,MzAB:a—xz,:%s X, <a, AM,=x,M A =a-x,

a 1 . (n=-2)yr 1
:ESXn a. S[MlAQMZ]:E(a—xl)xzsm =3

IN

(a—xl)xzsinz—”,
n
1 . 27 1 . 2
SimAM,] :E(a—xz)xssmT,....,S[MnAlMl] :E(a_xn)xlsn’]?_

Stvzmo1 = Sty 4,800~ S, + Spanaa) o Spuamg )

n 7z 1 . 27
S, = 300~ ~[@= 1)K + @)%+ (@, i sin =T,
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Dar xle[g,a],@(El)tle[O,l], xlz(l—tl)%+t1a:(l+t1)%,, a—xlz(l—tl)%.

Dar x, e[%,a],<:>(3)t2 e[0,1], x, :(1+t2)%, a—x, :(1—t2)%.

2 2

Deci (a—x)X, = (1+t2)(1—g)%, (@=X)% = (1+t3)(1—t2)a?

2

(a—xn)xl:(1+g)(1—tn)%,unde t,t,,..4 e[0,1].

2 2 2

S =(@a—x)% +(a—X,)% .t (@—X )% = (1+t2)(1—t1)a—+(1+t3)(1—t2)a—+...+(1+t1)(1—tn)%.

2 2 2 2

Vom arata ca S<nT Deci (1+t,)(1- t)—+(1+t)(1 t)—+ A@+t)A- t)—<%,
@+t,)A-t)+A+t)A-t,)+...+ (1+tl)(1—tn) <n,

A-t+t, -t t)+A-t,+t, -t t)+..+(Q-t, +t, -t t)<n, n—-(tt, +t,t,+...+tt)<n,

2

tt, +tL +..+ 4t >0,(A).Deci (a—X)X, +(@—X,)X +...+(@—=X,)X s%.
——[(a X )%, + (8= X)X, +...t (2= x)xl]sm2—<—ﬂsin2—” 27 0, 7)n>3,5in2E 0.
n 8 n n n
cos?
na® . 2r na’®_  &m, 1 gz, na® o«
Stmm, . M]_4 ctg——?sm—:Tcos—(—ﬂ—sm—)=Tcos— p-
n N sin ™ n N sin”™
n
S >naz coszcoszz—naz ctgZcos?Z, S DNargZ (V)ne N\{0,1,2}
[MiM2--Mal 7= g N gin” ~ 3 99 N A =78 e
n

2
na T 2 T 2 T
Rezulta  Spyyv, v 2Tctgﬁcos F—(COS F)S[AlAz...An]' SiMM, .M. ] > (cos® n)S[AlAz...An]'

Cazuri particulare: 1)Pentru n=3, AA,A, triunghi echilateral,

1
Stmm,) = (COS? 3)S[A1A2A31 = Siwm M, ] ZZS[AlAzAsl’ SaU S a0 <45

CO 5204 din GM 5\ 2011, autor Vasile Pop, profesor Cluj-Napoca.
2)Pentru n=4, AA,AA, este patrat,

im0 €StE problema

1
Stwmmgny) = (COS° 4)S[A1A2A3A41 = StmmoMam,] = ES[AlAzAaAu’

Este problema 3 de la Concursul de Matematica Argument, Editia a 11-a,2010, autor Vasile
Pop, profesor Cluj-Napoca.
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5. APLICATII ALE UNEI INEGALITATI ALGEBRICE IN
TRIUNGHI

Marin Chirciu*

Articolul 1si propune ca pornind de la o inegalitate algebrica sd obtinem o clasa de inegalitéti
geometrice intr-un triunghi oarecare.

Lema.

Daci X, Y,z €(0,o0) atunci este adevarata inegalitatea

X Y, Z X+y+1z

y z. X Xz
Solutie.
X Xy X2
Cu inegalitatea mediilor avem —+—+=> 33 — = . Scriind si celelalte doua inegalitati
y y z 3xyz
analoage si adunand se obtine concluzia. Egahtatea are loc daca si numai dacax=y=12.
Remarca.

y

. .. ) . . . X Z
Sa observam ca inegalitatea demonstrata este mai tare decat —+-—+—>3, deoarece
Yy X

z
X+Y+12
3IXyz
ale unui triunghi inegalitati mai tari decat cele obtinute din inegalitatea mediilor.

>3 (AM-GM), ceea ce va genera prin particularizarea variabilelor x,y,z cu elemente

In continuare vom prezenta aplicatii la inegalitatea de mai sus.
Aplicatia 1.

In AABC
2
E+E+E 4/2—p23.
b ¢ a Rr
Solutie.

In Lemi punem(x,y,z)=(a,b,c).

Obtmema+b+c a+b+c  2p 8p 2p? 53
b Yabc  3abe \/4Rrp 4Rr \/Rr

a+b+c

NEL
inegalitate in triunghi si anume 2p? > 27Rr (C.Cosniti si F. Turtoiu, 1965).
Egalitatea are loc daca si numai dacia=>b=c , adica pentru triunghiul echilateral.

Aplicatia 2.
In 4AABC

Ultima inegalitate este adevarata din AM-GM,

>3, care la randul ei genereaza o noua

! Profesor, Colegiul National ,, Zinca Golescu”, Pitesti
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2 2 2 2
a~ b c_op-r —4Rr>3

b2 ¢ a’ 3'—2p2r2R2 >

Solutie.
in Lema punem(Xx,y,z)

Aplicatia 3.

(a%b?,.c?). Folosim Y a® =2(p*~r*~4Rr) si abc = 4prR.

In AABC
3 3 3
a—3+b—3+c—325—£23.
b* ¢ R
Solutie.

Tn Lema punem(x,y,z) :(a3,b3,cg). Folosim > a’ = 2p( p? —3r2 —6Rr), abc=4prR si
inegalitatea lui Gerretsen p? >16Rr —5r?.

Aplicatia 4.

In AABC
h, h h _ p°+r®+4Rr
Ay by o>t >3,
hb hc ha 2'\3'2p2r2R2
Solutie.

2 2
In Lema punem(x,y,z)=(h,,h,,h;). Folosim > h, :%F:A'm si [Th.= 2p

Aplicatia 5.

In AABC
b Ly —3(4R+ r)=3.
rb rc ra p

Solutie.

In Lemi punem(x,y,z)=(r,,1,,r,). Folosim>_r, =4R+r , [ [r, = rp’si inegalitatea lui
Mitrinovi¢ p > 3r\/§ . Ultima inegalitate este inegalitatea lui Doucet4R +r > p\/§ .
Aplicatia 6.

In 4AABC
sinZé sinZE sinZE or
B + 2 i >4-—>3.
sin?= sin’=  sin’= R
2 2 2
Solutie.
- .,A .,B ..,C . ., A 2r
In Lemi punem(x,y,z)= smz—,smz—,smz—).FoI03|m sin—=1-—
P ( y ) ( 2 2 2 z 2 R
LAt . .
Hsm —= > si inegalitatea lui EulerR > 2r .
2 16R
Aplicatia 7.
In AABC



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — APRILIE 2018 www.mateinfo.ro

Solutie.
In Lema punem(x,y,z) :(tgg,tg%,tg 2) Folosim Ztg A_4R+r Ht 5=
inegalitatea lui Mitrinovi¢ p > 3r/3. Ultima inegalitate este megalltatea lui Doucet
AR+1 2= pi3.
Aplicatia 8.
In AABC
ctgé cth ctgE 2
2 2, 2 >3 P >3.
cg 2 cth gl VI
2 2 2
Solutie.
Tn Lema punem (X, y,z):(ctgg,ctgg,ctg%j. FoIosichtggz% Hctg§=$ .

Ultima inegalitate este inegalitatea lui Mitrinovi¢ p > 3r3.
Aplicatia 9.

In AABC
, A , B ,C
WS WS WS (4R+r
+ + >6 -3>3
ZB ZC 2A p
9g°— tW9°— 09—
2 2 2
Solutie.

In Lema punem(x,y,z)= (tg —tg*= tgzgj

Folosim Ztgzg :(4Rp+ I’j -2, Htg? = % si inegalitatea lui Mitrinovi¢ p > 3r+/3. Ultima

inegalitate este inegalitatea lui Doucet 4R +r > p\/§ :
Aplicatia 10.

In AABC
ctgzé ctng ctg— J_
2, 2, >N2(8R-7r)>3.
ctng ctgzg ctgZé P
2 2
Solutie.
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In Lema punem(x,y,z) = (ctgzg,ctg2 % ctg? %j . Folosim ) ctg? g =

A_P
[1eto 2 r’

inegalitatea lui Mitrinovi¢ p > 3r3 si inegalitatea lui Doucet4R +r > p\/é .

Aplicatia 11.

In AABC
- - - 2 2
a-s!nA+b-s!nB+c~S|_nC S pe—r —4Rr>3
b-sinB c¢-sinC a-sinA g/szrZRZ
Solutie.
In Lemi punem(x,y,z)=(a-sinAb-sinB,c-sinC).

A

2
r—m, Hsingzﬁ,abc:wrl?.

2
Folosim > a-sin A= P =

Este echivalenta cu inegalitatea 2).
Aplicatia 12.

In AABC
a-sinf posinzB ol
2 Zp(l 1)
+ + L2 S >
b-sin>— c-sin°= a stE 3\r R
Solutie.
n Lema punem (x, y,z):(a-sinzé,b-sinZE,c-sinZE). FoIosimZa-sinzé: p[l—Lj,
2 2 2 2 R
2
l_ISin2 A r—z, abc =4prR si inegalitatea lui Mitrinovi¢ p < R—\/é .
2 16R 2

Ultima inegalitate rezulta din inegalitatea lui Doucet 4R +r > p+/3, inegalitatea lui Gerretsen
p? >16Rr —5r” si inegalitatea lui Euler R > 2r .
Problema se reduce la inegalitatea2 p?(R—r) = 3Rr (4R +r) , adevirata din
2(16Rr—5r°)(R—r)23Rr(4R+r) < 4R’ -9Rr+2r’>0 < (R-2r)(4R-r)>0.
Aplicatia 13.

In AABC
a-cosZé b-coszE c-coszg A\ AR
é+ (2:+ i2(1+—]‘3f—23.
b-cos?’—= c-cos’= a-cos’— R r
Solutie.

In Lem: punem(x, Y, z) =(a-Coszg,b-coszg,c-cosz%].
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Folosim ) a-cos g_ p(1+ j [ Jcos —=

Aplicatia 14.

~siabc=4prR.
R

In AABC
a.tgé bth C.tgg or
2 4 2 4 2 >4-2 >3,
b-th c-tgg a-tg— R
2 2 2
Solutie.

In Lema punem(x,y,z) =(a-tg§,b~tg%c-tg%j,

www.mateinfo.ro

Folosim Za-tgg =2(2R-r), Htggzé, abc =4 prR si inegalitatea lui Euler R > 2r .

Aplicatia 15.

In AABC
A B C
a-ctg— b-ctg— c-ctg— 2(4R+r)
2 . 2 4 > >3
B C B
b~ctg§ c-cth a- ctg— Yap™R
Solutie.

In Lemi punem(X,y,Z)=(a-Ctg§,b-ctg%,c-ctg%).
. A A p.
FOI05|m2a-cth=2(4R+r), HCth=?§labC=4pl’R .

Aplicatia 16.

In AABC
1 . ,A 1 _.,B 1 _.,C
=.sin > B-sm > E-sm > 3
a >N2 >
1 _LB'1 _,C'1 LA, AR¥r)=3
—.sin’= Z.sin?= Z.sin’—
b 2 ¢ 2 a 2

Solutie.

in Lema punem(x,y,z) :(i-sin

A 4AR+r LA r?
Folosim —sm2 1sin?==——,

2 st 4pR [sin* 5 =16re
p>3r+/3. Ultima inegalitate este inegalitatea lui Doucet 4R +r > p+/3.

Aplicatia 17.
In AABC

abc =4prR si inegalitatea lui Mitrinovi¢
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Solutie.
In Lema punem (X, y z):( coszé,l-coszg,l-coszg)
2'Db 2 C 2
A p A p° .
Folosim ) —~-cos* —=—— cos’ —=-——siabc=4prR.
Z 2~ are 119055 =g P
Ultima inegalitate este inegalitatea lui Mitrinovi¢ p > 3ry3.
Aplicatia 18
In AABC
ra-ctgzé rb-ctgzE rc-ctgzg 2
2 + 2 > 3p—23.
r -ctng r -ctgzg r.-ctg®— r’
° 2 ¢ 2 ¢ 2
Solutie.
Tn Lemﬁpunem(x,y,z)z(ra-ctgzg,rb-ctgzg,rc-ctgz%).
. A p’ A p
Folosim» r.-ctg’=—="—, [ [ctg—=—.
2l 2 r I1 g2 r
Aplicatia 19.
In AABC
ltgzg 1t 2% ltgzg \/§
ra b rc
i 2B+1 2C+1 A p(4R+r) 3.
—tg°= —tg°—~ —19°~
L 2 r.- 2 r, 2
Solutie.
- 5 1. ,A1 ,B1 ,C
In L unem(Xx,y,z)=| —tg°—,—tg°"—,—tg"— |.
emap (y)(raQZerZrcgz
FOIOSImZ:—thé:4R+r Ht —:% si inegalitatea lui Mitrinovi¢ p>3rJ_

Ultima megalltate este inegalitatea lui Doucet4R +r > pJ§.

Aplicatia 20.
In AABC
LA . .
f,osin® > nsin = resin® = gp
+ + >—2>3.
r-sin*— r -sin®= ra~sin25 2r
Solutie.
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Tn Lema punem(x, Y, z) =(ra ~sin2§, r, -sinzg, I -sinz%j .

2 _ 2
2A 8R* +2Rr p ,Hsinzé: r

r.=rp® , inegalitatea lui

Folosim » r_-sin — I
Z 2 2 16R2 a'b'c

2R
Mitcinovic 3RV3 . . ) o : :
itrinovi¢ p < 5 , inegalitatea lui Gerretsen p® <4R° +4Rr +3r° si inegalitatea lui
EulerR>2r.
Aplicatia 21.
In AABC
2 A 2 B 2
r,-COS"— 1,-COS"~ [-COS"—  [5 3
Bt (2: + >3 P >3
I -cos’— r -cos’— T, -COS*— Rr
2 2
Solutie.

in Lema punem(Xx,y,z) :(ra -coszg, I -coszg, I -cosz%).
A p’ 5
Folosim ) r, -cos®— rLrr.=rp°.
z 2 2R H 2 16R2 a'b'c p
Ultima inegalitate este 2p® > 27Rr (C.Cosnita si F. Turtoiu, 1965).
Aplicatia 22.

In AABC
1 A1 ,B 1 . C
—-cos Z —— _.cos*— ——.cos*= T
o a2
——.c08’— ——.c0s’= ———.cos*— Rr
p-b 2 p-c 2 -a 2
Solutie.
In Lema punem(x,y,z)= i-coszé,L coszE,L coszg
p—a 2 p-b 2 p-c 2
A_p A_ p
Folosim) ——.cos? —=—— J[cos’*=—=—, —a)=r?p .
Z 2 2Rr H 2 16R? H(p )=r'p
Apllcatla 23.
In AABC
1 . ,A 1 .,B 1 .,C
—.sin > ?-sm > r—.sm > 20
I b
a + +-£ >3 >3
i.sian i.sinzg i.sinzé Rr
I, 2 T, 2 T, 2
Solutie.
n Lema punem(x,y,z) = Lsinz A Lgin2B 1 gin2C |,
r, 2, 2r 2
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2
FoIost— .sin?=— A_L sin? A_T

—=—— L =1p°.
2 2R’ 2 167 abl TP
Apllcatla 24.
In AABC
1 LA 1 ,B 1 ,C
e0sT mc0sT 08T >
ik ik f NEIR20
~.cos’— —.cos’= —.cos’— T R
r I, 2 T, 2
Solutie.
. . 1 L,A1 _ ,B1 ,C
In Lema punem(X,y,z)=| —-cos’—,=-cos*—,—-cos’ = |.
r, 2'r, 2T, 2
. 1 A 2R-r A p?
Folosim ) —.cos’ — = [ [cos* == rrr =rp?
D T b
Aplicatia 25.
In AABC
ha-sinzé hb~sinZE hc~sin2% 3
>N2 >
.ZB+ -2C+ -zA_p(4R+r)_3
h,-sin®— h.-sin"— h_-sin“—
2 2
Solutie.
Tn Lemi punem(x,y,z):(ha-sinzg,hb-sin I:h smzcj
A r(4R+r) A r? 2r’p? . :
Folosim» h_ -sin? - 7 TT]sin? h.hh = inegalitatea lui
2hsin®s == e Hsin 5 = gz P = =5 =i ineg
Mitrinovi¢ p > 3r+/3. Ultima inegalitate este inegalitatea lui Doucet 4R +r > p~/3
Aplicatia 26.
In AABC
ha-coszé hb-cosZE h, cos? S 02
é+ + i> — =3.
hb-coszz h.-cos’= h, -cos2= ‘T

Solutie.

In Lema punem(x,y,z) =(ha ~coszg, h, -COSZE, h, -cos’ E)

: A p? A p? 2r°p?

Folosim » h, -cos’ —=——,] [cos®* == ——, = :
2h 2 ZRH 2 16R*"*"° R

Ultima inegalitate este inegalitatea lui Mitrinovi¢ p > 3r3.

Aplicatia 27.
In AABC
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Solutie.

In Lemai punem(x,y,z) = [hi-sin
a b

A R-2r LA T 2repe .. . .
Folosim) —.sin?— T Isin?==—— h.hh ==——"gi inegalitatea lui
23 2= e LIS 5 = 1oz Nt === si ineg

3Rv3
>
Pentru a doua inegalitate vezi 12).
Aplicatia 28.

Mitrinovi¢ p <

In AABC
1 LA 1 ,B 1 ,C
—.cos’*— —-c0S°— cos’ —
h 2 h 2. h  2_2(R+r)
1 LB 1 _LC 1 LA> shpr oo
—.cos’— —.cos’= —.cos’ 2Ry
h 2 h 2 h, 2
Solutie.
in Lemi punem(x,y,z)= i-COSZA,i-COSZE,i-COSZE .
h o 2'h  2'h 2
2 2.2
FoIost— o A RET coszé:p—z,ha th:Zr P
2 2Rr’ 2 16R
Apllcatla 29.
In AABC
1 L,A 1 _ ,B 1 ,C
IS S set S ser’ S o
a b c > >
i 2B+1 2C+1 2A_p(4R+r)_3
—.sec’— —-.sec’— —-sec’—
h 2 h 2 h 2
Solutie.
n Lema punem(x,y,z) = i-seczé,i seczE,i-seCZE
h o 2h o 2'h 2
. 2R(R+r 2 ’p® . . .
Folosim Zi-seczéz(—;r),l_[seczé:m—lj,hahbhC _2rp ——si inegalitatea lui
h, 2 rp 2 p R

Mitrinovi¢ p > 3r\/§ .

Aplicatia 30.
In AABC
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Solutie.
In Lemai punem(x,y,z) = 1esee 2 L2 Lo
h  2'h  2'h 2
2 2.2
Folosimzi-csczézg, csczé:le—lj,hahbhC _2rp
h, 2 r 2 r
Aplicatia 31.
In AABC
az-tgé bz-th cz-tgg 2
2 2 4 2 > E—1 34—p>3
. B, C 2.1 A (r R
b*-tg— c°-tg— a“"-tg—
g 2 g 2 J 2
Solutie.

Tn Lemi punem(x, Y, z) =(a2 .tgg,tﬁ ~tg%c2 .tg%j_

FolosimZaz-tg§:4p(R—r), Htg§=% si abc=4prR.

Aplicatia 32.

In AABC
A B C
a’-ctg— b’*.ctg— c*-ctg—
92,0 %85 F % 2R+,
B C 2 A_ ’Q/ZRZ -
b®.ctg— c’-ctg— a’-ctg— r
2 2 2
Solutie.

In Lemi punem(x, Y, z) :(a2 .ctgg,b2 -Ctg%,cz ,Ctg%j .

Folosim ) _a’ -ctg§=4p(R+r), Hctg?:%giabc =4prR .

Aplicatia 33.
In AABC

o|lrlo |

Solutie.

In Lema punem(x,y,z)= (l-tg
a

www.mateinfo.ro
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2
. A 1 AR +r A r
Folosim —=—|1+ , tg—=— si abc=4prR.
Z 2 4R[ ( p ” [Tz =7+ P

Aplicatia 34.

www.mateinfo.ro

In AABC
1 A 1 B 1 C
—.ctg— —-ctg— =-ctg— 2
a 2. b "2 .¢c "2, ,.2r
+ + >4 >3.
b "2 ¢ °2 a 2
Solutie.
in Lema punem(x,y,z)= (1 ctg— A 1 cth 1 -ctg— j
a 2'b
Folosim Z— ctgéz%rmr, Hctgzzg, abc =4prR, inegalitatea lui Gerretsen
p? >16Rr —5r” si inegalitatea lui Euler R > 2r .
In AABC
2 2
cscA+cscB+cscC S p°+r°+4Rr S
cscB  cscC  cscA 23/2 p’r’R?
Solutie.
In Lemi punem(x,y,z)=(cscA,cscB,cscC).
2 2 2
FolosichscA=L+4Rr, HcscA: 2R si abc =4prR.
2rp rp
Aplicatia 36.
In AABC
2 - 2 - 2 -
a2 s!nAer2 s.lnBJrc2 S|.nC 25_ﬂ23.
b“-sinB c“-sinC a“-sinA R
Solutie.

Vezi teorema sinusurilor si Aplicatia 3.
Aplicatia 37.

In AABC
2 A 2 B 2 C
a-tg E b-tg E c-tg E>9R IR? -
—>3.
btg2|3 ctng athA aryp
Solutie.

In Lema punem(x,y,z)= (a tg>’—,b- tg —,c- tgzgj.
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,A_4R(4R+r1)-2

FoIosta tg Htg—:B abc =4prR, inegalitatea lui

P

Gerretsen p> < 4R* +4Rr +3r?, inegalitatea lui Mitrinovié p < SR si inegalitatea lui

EulerR > 2r.
Aplicatia 38
In AABC
a-ctgzé b-ctng c-ctgzg 2(2R-r)
é+ (2:+ > >3.
b-ctg?— c-ctg’— actg Y/4Rr?
2 2
Solutie.

In Lema punem(x,y,z) =(a-ctgzé,b~ctg2E,c.ctgzgj ,

Folosim > a- ctg H tg?=$giabc=4er.

Aplicatia 39

In AABC
L Ctgz_ L.Ctgz_ L Ctgzg >
p—a 2+p—b 2+p—c 223p_23
1 2 1 2 2 A r?
——-Clg —-Ctg ctg”—
p-— 2 p-c p—a 2
Solutie.

in Lema punem(x,y,z) :(_.
p-a

Folost— -ctg? Azr_g’ Hctggzggiabc=4er_

Apllcatla 40

In AABC
a-csczé b-csc?— B c-csczE 2
é + 2 + 2 >3 p_2 >3.
b-csc?— c-csc’—= a-csci— r
2 2 2
Solutie.

In Lem: punem(x, Y, z) =(a-CSCZA,b-csczg,c-csczgj )

Folosim ) a-csc?— 2 A_ p , [ [ esc —:—s1abc 4prR.

Aplicatia 41
In AABC



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — APRILIE 2018

Solutie.

in Lema punem(x,y,z) :(a-seczg,b-seczg,c-se&%}.

A

, A W, Hsecgz%, abc=4prR ,

Folosim Za sec? —

p
Mitrinovi¢ p > 3r3 si inegalitatea lui Doucet4R +r > p\/§ .
Aplicatia 42.
In AABC
a raer-rb C-r, 24_£23
b-r, cr, a-r, R
Solutie.
in Lemi punem(x,y,z)=(a-r,,b-r,,c-r,).

Folosim > a-r,=2p(2R-r), abc=4prR, r,r,
Aplicatia 43.

In AABC
1 . 1 . 1 .
Zo, = = >
? +k1) +§ £{1+(4R+rj] p2 >3
_.rb _.rc _.ra 2 p 2R
b c a
Solutie.
In Lema punem(x,y,z)= L i
a b c
1 2
Folosim Za 4R , abc=4prR, rrr =rp’.
Aplicatia 44.
In AABC
az.l bzi Cz.i
A S 22(R+r)23_
bz.l Cz.l a2 l 3’/2R2r
r-b rc ra
Solutie.
B . a’ b’ ¢
In Lema punem(x,y,z)=| —,—,— |.
ra r-b rc
F0I03|mz 4(R+r), abc=4prR, rnr =rp’.

a

www.mateinfo.ro

inegalitatea lui
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http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — APRILIE 2018

Aplicatia 45.
In AABC
1 1 1
a-— b= c¢c—= IR >
b (2R 4)[2r 4
1 1 1 r R
b-— ¢ a5
rb rc ra
Solutie.
Tn Lem:i punem(x,y,z):(%,%,%]-
ra I’b rc
) a 2(2R-r) )
Folosim) —==""——2, abc=4prR, r,ir, =rp’.
r rp

Aplicatia 46.

+
(o
N

=

In AABC
a2.
b?.
Solutie.

n Lema punem(x,y,z) =

1 c 1
.y ey 2 2
b 4 fe > AR+T -1(3 P >3.
2 1.1 p 2R?
2 l.2

c

a’ b? c?
r.a2 ! rbZ 1 rCZ '

U“,\,l - m“,\,| =
(@}

-

2 2
Folosimza—2=2[(4R+rj 1], abc=4prR, rrr. =rp’.
ra

p

Aplicatia 47.
In AABC

Solutie.

in Lema punem(x,y,z)=

Folosim > r2 =(4R+r)" —2p?

Aplicatia 48.
In AABC

Solutie.

In Lema punem(x,y,z)=

r2 r? r? AR+rY

2 +L+2>3 -2(>3

rb rc ra p

2 2 2
(r2n2r?).

rrr.=rp°

'fa'b'c T p
3 3 3
r’ r r’_ 3R
2424 >—>3
roror 2r

3 .3 ,3
(r6.r2).

www.mateinfo.ro
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. N _ R(4R+r)*
Folosim > r? =(4R+r)’ ~12Rp?, r,r,r. =rp?, inegalitatea lui Blundon p? S—Z((ZR—r)) si
inegalitatea lui EulerR > 2r .

Aplicatia 49.
In AABC
2 2 2 2
at-r, b'n cr, 2(5_ ]3 4p° o
b*>.r, c¢*-r, a*r, \r R?
Solutie.

n Lema punem (x, y,z):(a2 : ra1b2'rb1C2'rc)-
Folosim > a’-r, =4p?*(R—r), abc=4prR, r,rr. =rp’.
Aplicatia 50.

In AABC
i-(r +1,) 1(r +1,) 1(r +1,) 2
a 4 b 4 C >3P_ 3
1 1 1 v~
= (r+r) =(r,+r) =(r+r)
b C a

Solutie.

R . L+1, [+r, [T,
InLemapunem(x,y,z):(b C,Cba,a bj.
a c

Folosim Zr L ? [](r,+r.)=4Rp’ si abc=4prR.
Apllcatla 51.

In AABC
l'(rb_i_rc) i'(r‘c-‘_ra) i'(ra-i_rb)
r, r I, 2R 2r
1 7 7 _(——1j§/%>3
r—b-(rc+ra) r—c-(ra+rb) r—a-(rb+rc) r
Solutie.

- . LAT L+ T
In Lemi punem (x,y,z)=| 2 ¢ c"a 2™ |
r, I, r,

L+, 2(2R—r)
r

Folosim » - T I(n+1)=4Rp? sir,rr, =rp*.

a

Aplicatia 52.

In AABC
az.i bzi Cz.i
qﬁ + qb + hlc 25—4—;23.
b2.— ¢2.— ag%.—
hb hc ha
Solutie.
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- a’ b? c?
In Lema punem(Xx,vy,z)=| —,—,— |.
emai p (x,y,2) (ha i th
2 2 a2 2,2
Folosimz%:w, abc =4prR, hahbhc=2r P inegalitatea lui Gerretsen
r

a

p® >16Rr —5r”si inegalitatea lui Euler R > 2r .
Aplicatia 53.

In AABC
a.i bi C-i
2 2 2
?"+ r}’+ h1° 25—£23.
b-— ¢ = a—= R
h; h; h;
Solutie.
. a b c¢
In Lema punem(X,V,z2)=| —,—,— |.
g (Y)[hihfhfj
2 np2 2.2
FOIOSimZ%:w’ abc:4erahahbhc:2r P , inegalitatea lui Gerretsen
) rp

p? >16Rr —5r” si inegalitatea lui Euler R > 2r .
Aplicatia 54.

In AABC
i-(rb+rc) i-(rc+ra) i-(ra+rb) >
h, h h R ... [4r
1 + 1 + 1 > —+1 ?23.
—(r+r,) —(r,+r) —(rn+r) r
hb hc ha
Solutie.
In Lemﬁpunem(x,y,z):[r”én,Qara,rarzrbj.
L+r, 2(R+r) 2r°p?

Folosim , I +r.)=4Rp® sih,h h =
Z H( b C) 5 a b''c

h, r R
Aplicatia 55.
In AABC
2 2
h, ra+hb rbthC rczl 1+ AR+r ) |, p2 53
h-r, h-r. h-.r, 2 p 2R
Solutie.
In Lema punem(x,y,z)=(h,-r,,h -, ,h -1.).
: T 2 _2r’p? o
Folosim > h,-r, = ZR[p +(4R+T) } h,h,h, == L =Tp".
Aplicatia 56.
In AABC
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a.i bl C-l
r, r, I, 2(4R+r)
Tt t—712 . = >3.
bl ¢l 2l g4re
l‘b r-c ra

Solutie.

| o

n Lema punem(x,y,z) :[ri’rg'
a 'b

|

o

. 2(4R
Folosim ZE :w, abc=4prR,rrr. = rpz_
Iy p
Aplicatia 57.
In AABC
1 1 1
a-— b-— c¢c-— .
h, h, hc>p —-r —4Rr>3
1711 e
b-— ¢-— a-— \/Zp rr
h, h, h,
Solutie.
< a b c
In Lema punem(X,Vy,z)=| —,—,— |.
ema e (13.2)=( 2.7
2_ 2_ 2 2
Folosim ZE:M, abc=4prR,hhh = 2r'p
h, rp R
Aplicatia 58.
In AABC
1 1 1
-a)— —b) — —c) —
(p )hr (p )hbrb (p )hr 2R 2r
P R
r
(p=b)— (p-¢)— (p-a)-—
b h.r, h,r,
Solutie.
n Lema punem(x,y,z) = p—a,p—b’p—c ,
hara hbrb hcrc
_ _ 2 .2
F0|OSimZ$:2R r’ H(p—a)zrzp,hahbhc=2r—p§i rLer =rp2.
ara rp
Aplicatia 59.
In AABC
1 1 1
a- b- c-
h, +2r h, +2t, h.+2r, _ 2(R+r)
a4+ —Lt—c > >3,
. 1 c- 1 a- 1 3’/2R2r
h, +2r, h. +2r, h, +2r,
Solutie.
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o . a b c
In Lema punem(X,y,z) = o o T aar |
a a 'b b c c

www.mateinfo.ro

: a 2(R+r) 2p* .
Folosim = , h,+2r,)= siabc=4prR.
Zha+2ra p H( ) R P
Aplicatia 60.
In AABC
ra2 hi rb2 hi r02 hi
a 4 b 4 - 23—R23
PRI R T
b c a
hb hC ha
Solutie.
- S
In Lema punem(x,y,z)=| 2,2, |.
p ( y ) [ha hb hcj
, 2 4R(4R+r)-p? ptoL :
Folost:]i: (4R+1)-p ,rarbrczrpz,hahbhczi,|negalltateaIU| Gerretsen
r

a

p? <4R?+4Rr +3r’, inegalitatea lui Mitrinovi¢ p < 3R

Aplicatia 61.

In AABC
1 1 1
" o_a " pp ° 4R+rY
—a, p-b, P-Csy, -21>3
1 1 1 D
r-—— .- r,-
p-b p-c p-a
Solutie.

In Lemﬁpunem(x,y,z):( fa " fo j

r

2
Folosim2ﬁ=£{(4R”j 2}, [I(p-a)=r’p, rnr, =rp* inegalitatea lui

P

Mitrinovi¢ p > 3r3 si inegalitatea lui Doucet4R+r > p\/§ .
Aplicatia 62.

In AABC
1 1 1
p-a p-b p-c_(4R j r
+ > —+1|3— =3.
T 1 1 (r \ 2
p-b p-c p-a
Solutie.
TnLemﬁpunem(x,y,z):( ! , ! , ! j
p-a p-b p-c

si inegalitatea lui Euler R > 2r .
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FolosimZﬁ: 4Fi;rr JI(p-a)=r’p.

Aplicatia 63.
In AABC

{(p—b)
(p-c)

-(lO—a)+

(p-b)

O |ro|F
+

ok |-
| Rlo |-

Solutie.

n Lema punem(x,y,z):(p_a, b—b p—cj.
a

b c

2 2
Folosim " p;a: P +£R;8Rr [ [(p—a)=r?p,abc=4prR.

Aplicatia 64.
In AABC

. c-
p-a, p-b, p-c >(£—1]3£23.

Solutie.

TnLemipunem(x,y,z):( a , b , ¢ ]

p-a p-b p-c

2(2R-r)
r

Folosimzpaa= ,[J(p—a)=r?p,abc=4prR.

Aplicatia 65.
In 4ABC

Solutie.
2 2 2

TnLemﬁpunem(x,y,z)=( a_ b ¢ j
p-a p-b p-c

2 —

Folosimz a :4p(R r)

p-a r

Aplicatia 66.
In AABC

, [](p-a)=r’p,abc=4prR.
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Solutie.

In Lema punem(x,y,z):(p_a p-b p—c).

a> ' b* ' ¢?
p?(p®+r?—12Rr)+r(4R+r)
16R’r*p®

Folosim ) pa—za = ., [[(p—a)=r?p,abc=4prR, inegalitatea

. . . e 3R . . :
lui Gerretsen p? >16Rr —5r?, inegalitatea lui Mitrinovi¢ p < si inegalitatea lui

EulerR > 2r.
Aplicatia 67.
In AABC
1 1 1
2
(p-a)  b(p-b] , c(p-0] , 1 (aRer)' [T
1 1 1 2 p 2R?
b(p-b) c(p-c) a(p-a)
Solutie.
S 1 11
InLemapunem(x,y,2)=£a(p_a)’b(p_b)’c(p_c)]'

2
Folosim > ( 1 1 [1+(4R+r] ] H(p—a):rngiabc=4er.

a(p-a) " 4Rr P
Aplicatia 68.

In AABC
a(p—a)+b(p—b)+c(p—c)>2(4R+r)>
b(p-b) c(p-c) a(p-a)  arp*
Solutie.

Tn Lemi punem (x,y,z)=(a(p-a),b(p—b).c(p—c)).
Folosim > a(p-a)=2r(4R+r) [ [(p-a)=r?psiabc=4prR.
Aplicatia 69.

In AABC
az(p—a)erz(p—b)Jrcz(p—c)>2(R+r)>3
b*(p—b) c*(p—c) a’(p-a) 2rr
Solutie.

Tn Lema punem (x,y,z) =(a’(p-a),b’(p-b).c*(p-c)).
Folosim > a*(p—a)=4rp(R+r) ,[ [(p—a)=r’psiabc=4prR.
Aplicatia 70.
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In AABC
I S 1
(p-a)’ _(p=b)" _(p-0) 3R _,
1 1 1 Tor
b . .
(p=b)" (p-c)" ~ (p-a)
Solutie.
- a b c
In Lema punem(X,y,z) = , , .
((p—a)z (p-b) (p—C)ZJ
Y
Folosimz( a )2 =4R(4R;;) 2P ) H(p—a):rzp,abc:4er, inegalitatea lui
p-a
Gerretsen p* < 4R* +4Rr +3r?, inegalitatea lui Mitrinovié p < SR si inegalitatea lui
EulerR>2r.
Aplicatia 71.
In AABC
1 1 2 1 2
;(p—a) B'(p_b) E-(p—c) 2p(1 1
1 +7 7 - 2—3 TR >3
o (P=b) —(p-c) —(p-a)
Solutie.
2 2 2
TnLemﬁpunem(x,y,z):{(p_a) ’(p—b) ’(p—c) J
a b c
—a) 2412 —12Rr
Folosimz(p aa) = p(p +4Rr ),H(p—a):rzp , abc =4prR , inegalitatea lui

Gerretsen p> >16Rr —5r?, inegalitatea lui Mitrinovié¢ p < 3R

R>2r.
Pentru a doua inegalitate vezi 12).

Aplicatia 72.
In AABC

si inegalitatea lui Euler

Solutie.
in Lemi punem(x,y,z)=(p-a, p—b,p-c).

Folosim» (p—-a)=p,[[(p—a)=r’p.

Aplicatia 73.
In AABC
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(p—ajz{ p—bj:(ﬁjz z£(8R—7r)23.

p-b p-c p-a p

Solutie.

in Lema punem(x,y,z):((p—a)z,(p—b)z,(p—c)z).

Folosim > (p —a)2 =p?-2r*-8Rr,[ [(p—a)=r’p, inegalitatea lui Gerretsen
p? >16Rr —5r?, inegalitatea lui Mitrinovi¢ p > 3r3 si inegalitatea lui Euler R > 2r .

Aplicatia 74.
’ bY’ ° 4R
(p—aj +(p_ J +(p—0j > _5>3,
p—b p-c p-a r
Solutie.

In AABC
Tn Lema punem (X, y,z)=((p—a)3,(p—b)s,(p—c)3).
Folosim > (p —a)3 = p( p’ —12Rr) J[(p—a)=r?p, inegalitatea lui Gerretsen

p? >16Rr —5r” si inegalitatea lui Euler R > 2r .
Aplicatia 75.

In AABC
20 a)2 2 h)2 2~ ~)?
a( a)2+b(p b)2+c(p C)22£(4R+r)23.
b*(p-b)” c*(p-c) a*(p-a p

Solutie.

Tn Lem: punem(x,y,z)=(a2(p—a)2,b2(p—b)z,cz(p—c)z).
Folosim Y a?(p-a)’ = 2r? [(4R +r) - pz} J](p-a)=r’p, inegalitatea lui Gerretsen

p® <4R*+4Rr +3r?, inegalitatea lui Mitrinovié¢ p < 3sz/§ , inegalitatea lui Doucet
4R +r > p/3si inegalitatea lui Euler R > 2r .
Aplicatia 76.
In AABC
) ) P2
a s_|n2A+b s_ln2 B+c S|_n2C 25_£23_
b-sinB c¢-sin“C a-sin“A R
Solutie.
Vezi teorema sinusurilor si Aplicatia 3.
Aplicatia 76.
In AABC
as- 1 b3. 1b ct- ! 3
pIa+ pl_ + pIC >~——(4R+r)>3.
b® c? al P
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Solutie.

3 3 3
TnLemﬁpunem(x,y,z)z( a b ¢ j
p-a p-b p-c

Folosimz

a’® 2p*(2R-3r)+2r*(4R+r)

aC - . [[(p—a)=r?p,abc=4prR, inegalitatea lui

Gerretsen p? >16Rr —5r?, inegalitatea lui Mitrinovié p > 3r+/3 , inegalitatea lui Doucet
4R +r > p/3si inegalitatea lui Euler R > 2r .

La toate inegalitatile de mai sus egalitatea are loc daca si numai daca triunghiul este echilateral.
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6. POLINOMUL DE INTERPOLARE AL LUI LAGRANGE

Prof. Tanase Gabriel
Colegiul Agricol Dr. C. Angelescu Buzau

Se numeste polinom de interpolare Lagrange un polinom f cu grad f <n-1 care ia
valorile date f, f,,..., f, in punctele diferite x;,X,,...,x, adica

f(x)="f , f(x)="f .. f(x)=f 1)
Se observa ca acest polinom este:

(X=x)(x =) (XX) oy

deoarece inlocuind pe x cu X,X,,...,X, vedem cd sunt indeplinite conditiile (1) si in plus
grad f (x)<n-1.
Polinoamele

se numesc polinoamele lui Lagrange.
Cu ajutorul polinoamelor lui Lagrange formula (2) se scrie:

f(x)=D_1(x)- f(x,) (formulade interpolare a lui Lagrange)
k=1
Alt mod de a introduce polinoamele lui Lagrange
Sa considerdm polinomul @ (X)=(X—X,)(X=X,)-...-(X—X, ) care are radacinile X, X,, ..., X, .
Avem

@' (X) = (X=X, ) (X= X5 )eee (X=X, )+ (X =% ) (X = Xg ) e (X = X ) e+ (X=X ) (X = %5 ) e (X = X, ;)
Mai departe obginem:
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Polinoamele lui Lagrange se pot scrie astfel:

x=% ¢'(x)

) = 1 @(x)
() X=% ¢'(X,)
)= 1 @(x)
(%) x—%, @'(x,)

iar formula de interpolare se poate scrie sub forma:
- 20D 100 000 T08) () 1(x)
X=X ¢(X1) X=X, (/’(Xz) X=X, (D(Xn)
Aplicatia 1:1dentitatile lui Euler
In formula de interpolare a lui Lagrange sa consideram f (X) =x" unde p=12,..,n-1
xP = (p(x) . ,le + (p(x) . ’X; +.ot (D(X) . ,an
X=X ¢(X1) X=X, §D(X2) X=X, (/’(Xn)
Pentru x =0 si dupd o impartire cu ¢(0) obtinem identitétile lui Euler:

©)

p-1 p-1 p-1
Xl X2 Xn

+ +ot——

o'(x) ¢o'(x) (%)

Aplicatia 2:Descompunerea in functii rationale simple.
Daca in formula (3) luam p = 0 obtinem

1220 1 e(x) 1 o(x) 1
X=X @'(X%) X=% ¢'(x,) X=X, @'(x,)

=0 pentru p=12,..,n-1

de unde rezulta
1 1 1 1 1 1 1 1

o(0) () (xx) (%) @(x) X% 9(6) x—x, @) x—x,

. C 1
care reprezinta descompunerea functiei rationale ﬁ
QX

Aplicatia 3:Restul impartirii unui polinom f prin (X — X1) (X — Xz) o (X — X, )

in functii rationale simple.

Din teorema impdrtirii cu rest obtinem cd existd in mod unic polinoamele q(x) si r(x) astfel
incat:
f=(x=%)(X=%) ...(X=%,)q(X)+r(x) si gradr(x)<n-1
Avem:
rx)=1(x) . r(x)=1(x) ... r()=1(x). @
Rezulta ca restul impartirii lui f la (Xx—x%,)(X—X,)-...-(X=X, ) este polinomul de interpolare al
lui Lagrange care indeplineste conditiile (4) deci:
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ot F(X) (X=X )(X=%) o (X=X,

(X = %) (X =X, ) ee e (X = X1
Ex.Restul impartirii polinomului f (X)=x"—-2x+7 la x(x-1)(x+1) este:

r(x)=f (o)%+ (1)

=r(x)=x*-2x+7

:—7(x2 —1)+3(x2 +x)+5(x2 —x)
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