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1. Some certain inequalities with Fibonacci and Lucas numbers

By D.M. Bitinetu-Giurgiu, Bucharest and Neculai Stanciu, Buzau

n(n+1) . VYneN", then:

LT, =

Rl 3FIFE
= nT..

n+1

(D.M. Bitinetu-Giurgiu, N. Stanciu, and Gabriel Tica 2013)

Proof. We have:

by H. Bergstrom we get

And by Z - n n+1’$1 ZT =5 n+l’
QED.

2. 1f x, =L, k=1m,x,=%siy, =F.k=1m,y,., =Y, then

m 3
2 +>° X, ZLmL’“”,VneN* (1)
I:n+2 k=1 I:nJrlxk + I:n X1 I:n+2
m 3
Z yk > I:m I:m+l \v/n EN (2)
k=1 L y + Lm+lyk+1 Lm+2

(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)

Proof.

m X3 m X2 2
R e Y S
F 1 F I:n+2 k=1 n+1Xk +F Xk Xk+1
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2% (%)’ 2 5% ()’

2 2
2 ksl | le _,_an(xlf + le+1) Fn+2 k=1 (2Fn+1 + Fn)Xk + Fn Xis1

U, > +2- = X, =
F+Fn+1kz_1: :

ZL

I:n+2 n+2 k=1
And using:
z Li = I—m Lm+l 2 !
k=1
We get (1).
Also we have:

v, -3 Vi s )’ 3 o)’ _

k=1 Lm Y I—m+1yk+1 k=1 L yk + Lm+1yk Yin k=1 Lm yf + L;Jrl (yk + yk+l)

Y Z o)’
- 2 2 !
k=1 (2Lm + Lm+l)yk + Lm+lyk+l
And by H. Bergstrom we deduce:

m 2
(Z yf} o
k=1 ) ,
Vn 2 2 * m m = L + L Z yk - Z F y
(2L, + Lm+1)z yf + Lm+1z y|3+1 m m+l k=L Loz i
k=1 k=1

And using:

i F I:m I:m+1 !
k=1

We obtain (2), done.

3. For any natural number n>1 and for any real number p >0, we have

n P (e
Z F n—k Fm+1 > m+2 (1)
=Lk (n+1)°

C n-ky k " I-n(p’2+1)
> |_ L, | >—m2— (2)
o\ \K (n+1)°

(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)
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Proof. If x,,y, €R",k=0,n,peR,, then by J. Radon inequality

n p+1
o (2]
5 \i
é Y 4 P
zyk
k=0

n PR
Where we take x, = (kJF;‘k Frelsiy, =Lk=0n.

m+1°

Therefore:

n

www.mateinfo.ro

m+1

k

k=0
i.e. (1) is true.

n -
Putting x, =( jL’,‘n"‘ L* .., and y, =Lk =0,n by the inequality of J. Radon we get:

k m+1?

p+1
n
+ Fr’rl117k|:r1l1(+
(e J(Z@ S

p+1
nn
+ er]n_k L|r<n+
n ((njl—nk Lk Jp l > (kz_;(kj 1] (Lm + Lm+l)n(p+1) _ er]n(f;l)
0

QED.

4. Let p >0, and natural numbers nrespectively m, we have:

- 2n+1)_,. 2n+1\_ . . i
Foo+ i FoiFo
1 n

F

+

m

on+ly_ 2n+1 )
A e F...Fo pil

+ 2
I:m +1 2 P I:m I:m +1

(n+1)° (h+1)®  (n+D*’

(n+1)° (h+)*  (n+D*?’

(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)
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Proof.
1 n 2n+1 n— 2n+1 n NN D

U, :W(((Fmﬂ(':mzu J{ 1 jF,illFm +-..+( ] JFerlFm )P+

m’ m+l

2n+1 2n+1
+ (Fm( F,:ﬂFr: +..+ FmﬂFrﬁ"*l + ann))pﬂ) _

n+1 n

2n+1 2n+1
R e R T A e ST
(F.F...)" 1 n

2n+1 2n+1
+( FroFEM™ .+ FF2 4 F2rypy
n+1 2n

So by J. Radon inequality we deduce that:

+1
1 1 (2 2n+1)_, . P
Un 2 e oo | & Fon “Fo| =
(FmFm+1) 2 k=0 k

4 p+1
=;(Fm LF, e _ 1 R |
2° (Fm Fm+1)erl 2°\ F, F. ..
QED.
5.
N CURS AP n+n) )
Lot L2, 4+ L L
L +
2n+1) o, n+1) Lo
L. Ly +..+ L.l o
N n+1 2n § 1 [ L2 J
Lerl - 2P I‘m Lm+l
(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)
1 2n+1 2n+1
PrOOf. V e L L2” + L2n—1L + o+ Ln Ln p+l +
n (I—m Lm+l)p+1 ((( m+1( m+1 ( 1 j m+l —m ( n J Ml m))

2n+1

2n+1
+(Lm(( n+1j|-:n+1|_:n +...+( on )Lm+1|—ﬁ1n_l+|—$nn))p+1):
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2n+1 2n+1
L g CRT L TR

2n+1 .
+((n 1j|—rr1n+1|—?n+1 +_..+( on ij+lL$nn+L$nn+l)p+l)
+
Therefore
+1
1 1 £ 2n+1 2n+1-k | k p
vnzfillﬁa;—;(hi:k jgﬁ v -
+1
_;(L +L )(p+1)(2n+1) _i ﬁ p
2 p+l A Tm m+1 = |
2 (LmLm+l) 2 LmLm+l
QED.
6.

= +
on+ly 2n+1 )
I:m+l I:m +..t I:m+1 I:m p+1
n+1 2n 1( F2?
+ > w2 (1)
I:m+l 2 I:m I:m+1
o 2n+1) ,., 2n+1) . ., i
I—m+1 + Lm+l Lm +..t I-m+1 I—m
1 n
L +
2n+l) o+l )
I-m+1 I-m +.o.t I-m+1 I—m p+l
n+1 2n 1 ( L2
Lm+1 2 I—m Lm+l

(D.M. Bitinetu-Giurgiu and N. Stanciu, 2013)
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1 2n 2n+1 2n-1 2n+1 n ny\ p+1
Proof. U, :W(((FWI(FmH—i_( 1 ijﬂ F,+..+ 0 Fo Fa))P +

m+1

+(F, (( 2nn: 11J

2n+1 2n+1
=ﬁ((ﬁfﬂf+[ . jﬁfffw---{ ] JFnTIfFrQ)p“Jr
m° m+l

2n+1 2n+1
+( FroFM™ 4+ F o F2" + 2Py,
n+1 2n

+1
1 1 2n+1/2n4+1 ke P
U2 5| 2 For “Fa | =
(FmFm+1) 2 k=0 k

+1
_ 1 (p+1)(2n+1) 1 Fnir_Hl P .
_W(Fm + Fm+1) p _27(# , 1.€. (l) .

m’ m+l m° m+l

m+1l" m m+1" m

2n+1
Fr F“+...+( on JF FI 2+ F2M)PH) =

So:

1 . (2n+1) 2n+1)
Vnzm(((l-m+l(l-ﬁ1+1+( 1 jLﬁH-lle—i_'”—i_( n ijHLm))pl—i_

m+1

2n+1 2n+1
+(L LM L" 4.+ L L2+ 12") P =
( m(( n+1J m+1—m ( 2n j m+1—m m )) )

2n+1 2n+1
1 ((L2n+l+( + JLZH L ++( n+ er‘H—l Ln)P+1+

= m-+1 m+1"—m m+1—m
(LyLia)®™ 1

2n+1 2n+1
+( L L+ L, 20+ L2y
n+1 2n

+1
1 1 241 2n+1 v P
Va2 a2 Lod Ly | =
(Lm I-m+1) 2 k=0 k

L2 n+1

_;(L +L )(P+l)(2n+1) _i e p+l oED
_ZP(L L )p+1 m Ml _2p L | |

m —m+1 m —m+1

REFERENCES:

[1] The Fibonacci Quarterly Journal, 1963-2019.
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2. Other solutions for certain problems from
School Science and Mathematics Journal

by Nela Ciceu, Bacau and
Roxana Mihaela Stanciu, Buzau

e 5446: Proposed by Arsalan Wares, Valdosta State University, Valdosta, GA

Polygons ABCD,CFEFG, and DGH.J are squares. Moreover, point F is on side

DC, X =DGNEF,and Y = BCnJH. If GX splits square CEFG in regions whose
areas are in the ratio 5:19. What part of square DG H.J is shaded? (Shaded region in
DGH J is composed of the areas of triangle Y HG and trapezoid EXGC'.)

Solution:
We denote by [XY...Z] area of polygon XY..Z. Let a=EC,b=AB. By ADEX ~ ADCG we

obtain

2
EX _DE _ EX b-a_ . _ab-a) . & _ [XCF] _5 _ [XGFI _5
CG DC~ a b a b  [XECG] 19 [EFGC] 24
3 2
@a_ZSL:b:%: DG :%.
b 24 5 5
2

Since /YGH = /CDG and HG = DB = AYGH = AGDC = [YHG] = 6: .

2 2
But [EXGC] = 22 = [YHG] +[EXGC] = 222,

4 120
Hence

239 169 1195

120" 25 4056
is part of square DGHJ is shaded, and we are done!

e 5459: Proposed by Arsalan Wares, Valdosta State University, Valdosta, GA

Triangle ABC' is an arbitrary acute triangle. Points X, VY, and Z are midpoints of three
sides of AABC. Line segments X DD and X E are perpendiculars drawn from point X to
two of the sides of AABC. Line segments Y F' and Y G are perpendiculars drawn from
point Y to two of the sides of AABC. Line segments Z.J and Z H are perpendiculars
drawn from point Z to two of the sides of AABC. Moreover,

P=ZJNFY Q=ZHN DX, and R =Y G N XE. Three of the triangles, and three of
the quadrilaterals in the figure are shaded. If the sum of the areas of the three shaded
triangles is 5, find the sum of the areas of the three shaded quadrilaterals.
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Solution:
We have the following
sinAcosBcosC + cosAsinBcosC + cosAcosBsinC =
= sinAcosBcosC + cosA(sinBcosC + cosBsinC) = sinAcosBcosC + cosAsin(B + C) =
= sinAcosBcosC - cos(B + C)sinA = sinAsinBsinC, (2).
sin2A + sin2B + sin2C =2sin(A + B)cos(A - B) + 2sinCcosC =
= 2sinC(cos(A - B) - cos(A + B)) = 4sinAsinBsinC

sin2Bcos2A+sin2Ccos2A+sin2 Acos2B+sin2Ccos2B+sin2Acos2C+sin2Bcos2C =
= sin2Bcos2A+sin2Acos2B+sin2Ccos2B+sin2Bcos2C+sin2 Acos2C+sin2Ccos2A =
=sin(2A+2B) + sin(2B+2C) + sin(2C+2A) = -(sin2A+sin2B+sin2C) = -4sinAsinBsinC,
c0s?Asin2B + c0s?Asin2C + cos?Bsin2A + co0s?Bsin2C + cos?Csin2A + cos?Csin2B = sin2A +
sin2B + sin 2C + (sin2Bcos2A + sin2Ccos2A + sin2Acos2B + sin2Ccos2B + sin2Acos2C +
sin2Bcos2C)/2 = 2sinAsinBsinC, (2).

AP ZY =P’. The circumradius of the triangle AZY is R/2 and the lengths of the sides

of this triangle are a/2,b/2,c/2.

AF = (bcosA)/2, AJ = (ccosA)/2, FP = RcosAcosB, PJ = RcosAcosC,
PP' = RcosBcosC,
[ZPY] = (a/2)(RcosBcosC)/2 = (R?/2)sinAcosBcosC, (3).
[AFPJ] = [AFP] + [AJP] = ((bcosA)/2)(RcosAcosB)/2 + ((ccosA)/2)(RcosAcosC)/2 =
= (R?%4)(cos?Asin2B + cos?Asin2C), (4).
From (1) and (3) we have that

2
the sum of the areas of the three shaded triangles = %sin AsinBsinC, *).
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From (2) and (4) we have that

2
the sum of the areas of the three shaded quadrilaterals R 2sin AsinBsinC, (**).

Hence by (*) and (**) we obtain that

The sum of the areas of the three shaded quadrilaterals = The sum of the areas of the three
shaded triangles!

e 5460: Proposed by Angf.e Plaza, Universidad de Las Palmas de Gran Canaria, Spain

If a,b > 0 and z,y > 0 then prove that

a® b3 a? + b?
+ > .
ar +by  br+ay r+y

Solution:
a3 b3 a4 b4 Bergstrom (a2 +b2)2 AM-GM
+ = + >
ax+by bx+ay a’x+aby b’x+ay (@® +b?)x + 2aby

-G (a2 +b?)? _ (a%+b?)?  a?+b?
(@>+b?)x+(@%*+b%y (@*+b?)(x+y) Xx+y
P.S. In the statement of the problem 5460 the author *’Angel’” becomes *’Angle’” !

e 5463: Proposed by Kenneth Korbin, New York, NY

Let N be a positive integer. Find triangular numbers = and y such that
22 + lay +y? = (72N2 — 12N — 1)°.

Solution:
From the identity

2 2

((GN —2)(6N —1)) L 14. (6N —2)(6N —1) . 6N (6N +1) +(6N(6N +1)j _ (72N% —12N ~1)?
2 2 2

we obtain the solution

«— (6N —2)2(6N Do 6N(62N +1)
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3. inlegituri cu problema 234
The Olympic Mathematical Marathon 2018, Vol 1

by
George Apostolopoulos and Daniel Sitaru

Marin Chirciut

Articolul porneste de la o inegalitate n triunghi din cartea The Olympic Mathematical Marathon
, Volume 1,avand ca autori pe George Apostolopoulos din Grecia si Daniel Sitaru din Romania,
aparuta la Editura Cartea Romaneascd Educational in 2018 si dezvolta inegalitati din aceeasi
clasa de probleme.

(31a) <25 L
sinA’
Daniel Sitaru, The Olympic Mathematical Marathon, Vol1, 2018
Solutie.
Demonstram rezultatul ajutator.
Lema.

2) Tn 4ABC: (31A) <> be.

Demonstratie.
Din IA=— obtinem Y IA* ="y —— =1’ e P IORC e gy
sin2 sin22 r
2
A 3

] ) 1 2 SII‘]E E
i) 1B IC=r') —=——=r <r’—L—=6Rr.

sin—sin— Hs —

2 2 4ARr

Din > 1A = p2+r2—8Rr§iZIB~IC£6Rr
rezultd (3 IA) =3 1A +23IB-1C < p? + 17 ~8Rr +12Rr = p* + 17 +4Rr = > bc.

Sa trecem la rezolvarea problemei din enunt.

p®+r’+4Rr
AvemZSZSInA_ZS 20 =p’+r’+4Rr=> hc.
. . 1 . 1
Dln(ZIA) stC§1ZSZSin—A=ZbC deducem concluma(ZlA) <2S s

Egalitatea are loc daca si numai daca triunghiul este echilateral.
Remarca.

~ - - . . LRI 2
In continuare folosind Lema de mai sus se pot demonstra inegalitati cu (Z IA) .

1) T anBC: (3 1A) S%thgg.

! Profesor, Colegiul National ,, Zinca Golescu”, Pitesti
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Marin Chirciu, Pitesti

Solutie.
Folosim thgézﬁ.
2 r
A _4rp p_4p’°
Avem— ct —:_ Ladp .
z g 3 r 3

Folosind Lema(ZI ) , este suficient sa aratam ca

2

>Zbc<:> 45 > p?+r’+4Rr < p®>12Rr+3r®, care rezulti din inegalitatea lui

Gerretsen p® >16Rr —5r” si inegalitatea lui Euler R > 2r .
Egalitatea are loc daca si numai daca triunghiul este echilateral.

- 2§ , A
2) Tn 4ABC: (D 1A) SEZCSC >

Marin Chirciu, Pitesti

Solutie.
. A 1 p®+r’—8Rr
Folosim » csc’—= = .
2 2 Zs.inZé r*
Avem —— chc2 A_rp pi+r’-B8Rr ( p*+r®—8Rr)>3(p*+r’~8Rr) care  rezulta

2 J_ r? rJ_
din inegalltatea lui Mitrinovic p>3r+/3.
Folosind Lema(z IA)2 < Zbc , este suficient sa aratam ca

3(p?+r°—8Rr)> Y bc <> 3(p®+r°—8Rr)> p’+r’+4Rr < p’>14Rr—r?, care rezultd din

inegalitatea lui Gerretsen p> >16Rr —5r? si inegalitatea lui Euler R > 2r .
Egalitatea are loc daca si numai daca triunghiul este echilateral.

Rp«/_

3) In AABC ascutitunghic: (Z IA)2 Zsec BsecC .

Marin Chirciu, Pitesti

Solutie.
Folosim ) secBsecC =) 1 4R(R+r) .
cosBcosC p° (2R+r)
RpV3 4R(R+r) _ R-9r AR(R+T)

Avem Zsec BsecC =

Rpy3 .
6 p?—(2R+r)° 6 4R?+4Rr+3r’—(2R+r)’
_3Rr_ 4R(R+r) 3R*(R+T)
2 2r? r
inegalitatea lui Gerretsen p? <4R*+4Rr +3r?.

,care rezultd din inegalitatea lui Mitrinovic p >3r/3 sl
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. 2 . o e <
Folosind Lema(z IA) < Zbc , este suficient sa aratam ca

3R R+r

3R?(R+r
SRY(R+1) >p®+r®+4Rr, care rezultdi din inegalitatea lui
.

>>be <
Gerretsen p® <4R?*+4Rr +3r” si inegalitatea lui Euler R > 2r .
Ramane sa aratam ca:

3R*(R+T)
—
& 3R?—4Rr—4r’>0 < (R—2r)(3R+2r)>0.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

> 4R? +4Rr +3r2 + 1% +4Rr < 3R*(R+1)24(R+r1)’ < 3R*24(R+1) &

4) Tn AABC ascutitunghic: (Z:IA)2 < Rp3«/§
Marin Chirciu, Pitesti
Solutie.
p®+r?—4R?

Folosim ) sec A= zcosA T (2RAT)

P2 . 2 2 p2
Avem p\/_ZsecA Rp\/_ p+r 4R R9r.p+r 4R

6 p’—(2R+r)> 3 p*—(2R+r)

p® +r*—4R?

p?—(2R+r)’

si inegalitatea lui Gerretsen p° <4R*+4Rr +3r°.

Folosind Lema(z IA)2 < Zbc , este suficient sa aratam ca
p*+r’-4R’ p?+r2—4R?

p’ (2R+r) pz—(2R+r)

& r(4R*+20R°r +11Rr* +1°) 2 p*(p* —4R* -3Rr)

=3Rr- ,care rezulta din inegalitatea lui Mitrinovic p > 3r3.

3Rr- >Y"bc < 3Rr- > p’+r’+4Rr &

care rezultd din inegalitatea lui Gerretsen p° <4R” +4Rr +3r” si inegalitatea lui Euler R > 2r .
Rémane sd aratam ca:

r(4R°+20R°r +11Rr* +1°) > (4R* +4Rr +3r” ) (4R* + 4Rr +3r* —4R* —3Rr ) <
3R?*(R+1)>4(R+r)" < 3R*>4(R+r) < R*-Rr-2r2>0 < (R-2r)(R+r)>0.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

5) In AABC ascutitunghic: () |A)2 < %ZtgA.

Marin Chirciu, Pitesti

Solutie.
. 2rp
Folosim » tgA=—————.
2 p*—(2R+ r)2
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2 -2
Avem%ZtgA:A'rp- 21p ___8rp

3 p?—(2R+r)" p?’—(2R+r)"

Folosind Lema(z IA)2 < Zbc , este suficient sa aratam ca

2.2 2.2
8r—p222bc & 8r—p22 p>+r’+4Rr &
p*—(2R+r) p*—(2R+r)
< 3r(4R+r)(2R+r)" > p*(3p?—12R*-8r?) ,
care rezulti din inegalitatea lui Gerretsen p° <4R” +4Rr +3r” si inegalitatea lui Euler R > 2r .
Rémane sd aratam ca:
3r(4R+1)(2R+1) > (4R” +4Rr +3r7)[ 3(4R” +4Rr +3r’)~12R* -8r° | <
3(4R+r)(2R+ r)2 > (4R2 +4Rr +3r2)(12R +r)< R>2r.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

6) Tn 4ABC: (JIA) <453 ctgA.

Marin Chirciu, Pitesti

Solutie.
2 2
Folosim ) _ctg p- P o 4R
2rp
p?—r*—4Rr _

Avem4S> ctg A= 4rp- 2(p®—r*—4Rr).

2rp
Folosind Lema(z IA)2 < Zbc , este suficient sa aratam ca

2(p*—r’—4Rr)> Y bc < 2(p?~r’—4Rr)z p’+r’ +4Rr < p’ 212Rr +3r%,

care rezulti din inegalitatea lui Gerretsen p> >16Rr —5r? si inegalitatea lui Euler R > 2r .
Réamane s aratdm ca:

16Rr —5r* >12Rr +3r> < R>2r.

Egalitatea are loc dacd si numai daca triunghiul este echilateral.

7) In 48BC: (3 1A) SZRpﬁZtgzg_

Marin Chirciu, Pitesti
Solutie.
(4R+r1)° —2p?

2

P
2 2 2 502
Avem 2Rp\/§ztgzg:2@@.%:2%@_(“”; 2p”

Folosim Ztgzg =

. 2 . e o
Folosind Lema(z IA) < Zbc , este suficient sd aratam ca
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2

2_ 2 2_
2R\/§-wZZbc o 2RJ§~W2 p?+r2+4Rr <

= pJg(p2+r2+4Rr)26R[(4R+4)2_2p2},

care rezultd din inegalitatea lui Doucet4R +r > p\/§ si inegalitatea lui Euler R > 2r .
Rémane sd aratam ca:
(4R+1)(p®+r*+4Rr)> 6R[(4R+ r)’ —2p2] & p?(16R+r)<(4R+r)*(16R-T),
R(4r+r)’
adevirati din inegalitatea Blundon-Gerretsen p® < R(ar+r) :
2(2R-r)

Este suficient sa demonstram ca:
R(4r+ r)2
2(2R-r)

Egalitatea are loc daca si numai daca triunghiul este echilateral.

(16R+1)<(4R+r)’ (16R—r) < 8R?~17Rr+2r>>0 <« (R-2r)(8R-r)>0.

23iunie 2018

48\/§th92§ .

8) Tn 4ABC: (D I1A) < 5

Marin Chirciu, Pitesti

Solutie.
2 _ 2 _
Folosim thgzgzw_
2 92 2 o2
AVGm%ZCt&?: 4[’[;\/5. P 2r2 8Rr _ 4p9\/§. p°—2r°—8Rr |
r r

. 2 . e o
Folosind Lema(z IA) < Zbc , este suficient sd aratam ca

2 o2 2_9r2_
4py3 p*-2r 8erzbc®4p«/§.p 2r 8erp2+r2+4Rr<:>

9 r 9 r
= 9r( p?+ri+ 4Rr) <4 p\/§( p? —2r? —8Rr) , care rezultd din inegalitatea lui Mitrinovic
p= 3r\/§ .

Este suficient sa aratam ca:
9r( p°+r? +4Rr)£4-9r( p’—2r? —8Rr) & p?=12Rr +3r?,

Adevirati din inegalitatea lui Gerretsen p° >16Rr —5r” si inegalitatea lui Euler R > 2r .
Réamane sa demonstram ca:
16Rr —5r* >12Rr +3r° < R >2r Egalitatea are loc daci si numai dacid triunghiul este
echilateral.
T . 2 SJ§ B _,C
9) Tn 4ABC: (D IA) < T > csc 5 0S¢
Marin Chirciu, Pitesti
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Solutie.
i B 2C 1 8R(2R-T)
Folosim ) csc” —csc® == _ _
2 2 sinzgsinZE re
Avem—chc:2B :C rp\/§'8R(2I§—r)=p\/§.2R(2R—r).
12 r 3 r

Folosind Lema(z IA) <> hbc, este suficient s aratam ca

pv/3 2R(2R- >Zb p\/_ 2R(2R-T)
3 r

= 3r( p’+r°+ 4Rr) <2 p\/_ R(2R - r) , care rezulta din inegalitatea lui Mitrinovic

p23r\/§ .

Este suficient sd aratdm ca:
3r(p”+r*+4Rr)<2-9r-R(2R-r) < p* <12R*—10Rr —r?, adevirata din

>p’+r’+4Rr &

inegalitatea lui Gerretsen p® <4R*+4Rr +3r” si inegalitatea lui Euler R > 2r .

Ramane sa demonstram ca:
4R*+4Rr +3r? <12R*—10Rr —r* < 4R*-7Rr-2r’>0 < (R-2r)(4R+r)>0.

Egalitatea are loc dacd si numai daca triunghiul este echilateral.

10)Tn AABC : (ZIA)2 4R szm

Marin Chirciu, Pitesti
Solutie.

) ., A
Folosim S sin? 2 =1- "
z 2 2R

R%p 2A 4R’p 2R-r _2Rpy3
2R-T).
Z r3 2R (2R-T)

Folosind Lema(z IA) < Zbc , este suficient sa aratam ca

Avem

ZR;)\/_ 2R-r)=> he < ZR:;L\E(ZR—r)Z P’ +r’+4Rr &

r r

= 3r( p’+r?+ 4Rr) <2 p\/éR(ZR — r) , care rezultd din inegalitatea lui Mitrinovic
p= 3r\/§ .

Este suficient sa aratam ca:

3r(p*+r*+4Rr)<2-9r-R(2R-r) < p* <12R*—~10Rr —r?, adevirata din
inegalitatea lui Gerretsen p® <4R*+4Rr +3r” si inegalitatea lui Euler R > 2r .
Ramane sa demonstram ca:

AR? +4Rr +3r? <12R?*-10Rr-r’ < 4R*-7Rr-2r’>0 < (R—2r)(4R+r)>0.

Egalitatea are loc daca si numai daca triunghiul este echilateral.



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — IUNIE 2019 www.mateinfo.ro

4sf

2B 2C

11)Tn 4ABC: (Y I1A) <

Marin Chirciu, Pitesti
Solutie.

2c: (4R+r)"—2p?
> > _
2C 4er_ (4R+r) —2p? 4p\/§-(4R+r)2—2p2
27 r 27 r '
Folosind Lema(z IA) < Zbc , este suficient sa aratam ca
2 2 2 2
_ -2
Zbc£4p\/§-(4R+r) 2P ., p2+r2+4Rr£4p\/§-(4R+r) P o
27 r 27 r
& 27r( P +r’+ 4Rr) <4 p\/§[(4R + r)2 -2 pz} , care rezultd din inegalitatea lui Mitrinovic
p23r\/§ :
Este suficient sa aratam ca:
27r(p? +1? +4Rr) < 4-9r[(4R rr) -2 pz} & 11p? <64R? + 20Rr + r2, adevirati din

Folosim thg —ctg

Avem 23V3 Z ctg

inegalitatea lui Gerretsen p® <4R*+4Rr +3r” si inegalitatea lui Euler R > 2r .
Ramane s demonstram ca:
11(4R* +4Rr +3r*) <64R* + 20Rr +1° < 5R* —6Rr —8r* >0 <« (R—2r)(5R+4r)>0.

Egalitatea are loc dacd si numai daca triunghiul este echilateral.
12)n 4ABC: (1A' < Lap ‘/_Z '

Marin Chirciu, Pitesti
Solutie.
(4R+r1)° —2p?

2

Folosim Ztgzg =

p
3 3 2 _9pn2 2 52
Avemn 2P ﬁztgzézw J§_(4R+r)2 2p° _4p\3 (4R+r)’-2p°
27r 2 27r p 27 r

Folosind Lema(z IA)2 < Zbc , este suficient sa aratam ca
2 2 2 2
_ -2
Zbc£4p\/§-(4R+r) 2p N p2+r2+4Rr§4p\/§-(4R+r) P o
27 r 27 r
& 27r( P +r?+ 4R|‘) <4 p\/§[(4R + r)2 -2 pz} , care rezultd din inegalitatea lui Mitrinovic

p23r\/§ .

Este suficient sa aratam ca:
27r( p*+r? +4Rr) < 4-9r[(4R + r)2 -2 pz} <> 11p? <64R? + 20Rr +r?, adevirati din

inegalitatea lui Gerretsen p® <4R*+4Rr +3r” si inegalitatea lui Euler R > 2r .
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Réamane sa demonstram ca:
11(4R* +4Rr +3r®) <64R* + 20Rr +1” <> 5R* —6Rr —8r° >0 <> (R—2r)(5R+4r)>0.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

13) In AABC ascutitunghic: (Z:IA)2 48\/_
Marin Chirciu, Pitesti
Solutie.
2 w2
Folosim > tgBtgC :LA'RZ.
p*—(2R+r)
Folosind Lema(z IA)2 < Zbc , este suficient sa aratam ca
Z:bc_4S«/_ p’—r’-4Rr _ p2+r2+4Rrs4S\/§- P 4Rr
p° (2R+r) 9  p®—(2R+r)

=N 9(p2+r2+4Rr)[p2—(2R+r)2]£4rp\/§(p2—r2—4Rr), care rezultd din inegalitatea lui

Mitrinovic p >3r+/3 .
Este suficient sa aratam ca:

9( p2 +r2 +4Rr)[p2 ~(2R+ r)z} <4r-9r(p’—r’—4Rr) <
& (p?+r7+4Rr)| p?~(2R+1)" | <4r*(p?~r?~4Rr), adevaraté din

inegalitatea lui Gerretsen p? < 4R*+4Rr +3r?.
Ramane sa demonstram ca:

& (P?+17+4Rr)[ 4R* +4Rr +3r" —(2R+1)" | <4r*(p?~r*~4Rr) &
& (p*+r”+4Rr)-2r* <4r’(p® —r’ —4Rr) < p’ 212Rr+3r° adeviratd din inegalitatea lui

Gerretsen p> >16Rr —5r? si inegalitatea lui Euler R > 2r .
Egalitatea are loc dacd si numai daca triunghiul este echilateral.

14)Tn 4ABC: (3IA) < 88‘/_( j 3 cos® A.

Marin Chirciu, Pitesti
Solutie.

(2R+r)’ —4R*-3pr
4R® '
Folosind Lema(z IA)2 < Zbc , este suficient sd aratam ca
2 3 3_an?
Zbcg%ﬁ(Ej (2R+T1) 43R 3pr
3 r 4R

2p3 (2R+1) —4R*-3p?r
3 Rr

Folosim » cos® A=

& pP+ri+4Rr< &
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At 3Rr( p*+r? +4Rr) <2 px/§[(2R + r)3 —4R® —Ser} , care rezultd din inegalitatea lui
Mitrinovic p > 3rV3 .

Este suficient sa aratam ca:
3Rr( p°+r? +4Rr) < 2-9r[(2R+ r)3 —4R? —Ser} =
< p*(R+18r)<24R°+68R’r +35Rr* +6r° , adevarata din inegalitatea lui Gerretsen

p’ <4R*+4Rr+3r’.
Ramane sa demonstram ca:
< p?(R+18r)<24R®+68R’r +35Rr’ +6r° <

&> (4R® +4Rr +3r”)(R+18r) < 24R® + 68R’r +35Rr” + 6r° <
& 5R°—2R*r—10Rr*—12r* > 0 & (R—2r)(5R* +8Rr +6r”) >0, evidenta din inegalitatea lui

EulerR>2r.
Egalitatea are loc daca si numai daca triunghiul este echilateral.

15)In 4ABC: (3 IA) 168*/_[rj Zsin“g.

Marin Chirciu, Pitesti

Solutie.
A 8R*+r’—p’
Folosim® sin*—==——— =
Z 2 8R2

. 2 . ¢ eie 9
Folosind Lema(z IA) < Zbc , este suficient sa aratam ca

2 2,02 2 2,02 2
Zbcgmzﬁ(ﬁj BRI+ -p & p2+r2+4Rr§2p\/§~8R Ll SN
r

8R? 3 r

& 3r(p*+r”+4Rr)<2py/3(8R*+r” - p*), care rezultd din Mitrinovic p >3r+/3 .
Este suficient sa aratam ca:
3r( p®+r? +4Rr)£ 2-9r(8R2 +r°— p2) =
&> 7p? <48R*—4Rr +5r? | adevirati din inegalitatea lui Gerretsen p® < 4R*+4Rr +3r?.
Ramane sa demonstram ca:
& 7(4R?+4Rr +3r*) <48R” —4Rr +5r° <
< 5R*—8Rr—4r?>0 < (R—-2r)(5R+2r) >0, evidentd din inegalitatea lui Euler R > 2r .
Egalitatea are loc daca si numai daca triunghiul este echilateral.
cosB+cosC

cOsA

16) In AABC ascutitunghic: (Z IA)2 < Rp3\/§ Z

Marin Chirciu, Pitesti
Solutie.

cosB+cosC _ P(r—2R)+(2R+r)(4R*+2Rr +r?)

Folosim =
2 oA R[ 2_ 2R+r}
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Folosind Lema(z IA)2 < Zbc , este suficient sa aratam ca
_Rp\3 p*(r—2R)+(2R+r)(4R*+2Rr +r?)

> be 3

R| p*~(2R+1)’|
p3 P’(r—2R)+(2R+r)(4R*+2Rr +1?)
[pz —(2R+r)2J

< 3(pP+r? +4Rr)[ p’—(2R+ r)z} < p\/§[ p?(r—2R)+(2R+r)(4R*+2Rr + rZ)J, care

< pP+ri+4Rr<

rezultd din Mitrinovic p >3r+/3 .
Este suficient sa aratam ca:

3(p*+r? +4Rr)[ p’—(2R+ r)z} < Qr[ p*(r—2R)+(2R+r)(4R*+2Rr + rz)] ,

adevirata din inegalitatea lui Gerretsen p® <4R* +4Rr +3r?.

Ramane sa demonstram ca:

3(p*+r? +4Rr)[4R2 +4Rr +3r? = (2R + r)z] < Qr[pz(r ~2R)+(2R+T1)(4R*+2Rr + rz)] N
3( p®+r? +4Rr)-2r2 S9r[p%r—2R)+(2R+r)(4R2 +2Rr+r2)] =

< p*(6R—T1)<24R°+24Rr* +4Rr? +r°

adevirati tot din inegalitatea lui Gerretsen p® <4R” +4Rr +3r°,

Este suficient sa aratam ca:
(4R?+4Rr +3r*)(6R—r) < 24R°+ 24Rr* + 4Rr’ +1° ,

< 2R?*—5Rr+2r>0 < (R-2r)(2R-r) >0, evidenta din inegalitatea lui Euler R > 2r .

Egalitatea are loc daca si numai daca triunghiul este echilateral.

B, C
. 2 PPy
17)Tn AABC: (Y 1A) <4S) —£-5.
tg—
2
Marin Chirciu, Pitesti
Solutie.
tg Btg ¢
- - 2 2
Folosim ) 2 2 _p-2r-8Rr
A rp
th

. 2 . N <
Folosind Lema(z IA) < Zbc , este suficient sa aratam ca

2 _np2 2 o2
ZbCS4S-u = p2+r2+4Rrg4rp.w
np rp

care rezultd din inegalitatea lui Gerretsen p® >16Rr —5r” si inegalitatea lui Euler R > 2r .

& p?>12Rr +3r?,

Ramane sa demonstram ca:
16Rr —5r? >12Rr +3r?> < R>2r.
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Egalitatea are loc daca si numai daca triunghiul este echilateral.

) : ctg 2
18)Tn AABC: (3 1A) s4szm.
g 2 J 2
Marin Chirciu, Pitesti

Solutie.

ctg A

- 2 2
Folosim > 2 == p”—2r’ —8Rr
rp
ctg—ctg—
g > g >

. 2 . ¢ eie -
Folosind Lema(z IA) < Zbc , este suficient sa aratam ca

2 _np2 2 o2
ZbCS4S-u = p2+r2+4Rrg4rp.w
9] rp

care rezultd din inegalitatea lui Gerretsen p° >16Rr —5r” si inegalitatea lui Euler R > 2r .

< p?>12Rr +3r?,

Rémane sa demonstram ca:
16Rr —5r* >12Rr +3r> < R>2r.
Egalitatea are loc dacd si numai daca triunghiul este echilateral.

cthcth
19)Tn AABC: (Z|A)2 s% 2 "2

A
ctg—
g 2
Marin Chirciu, Pitesti
Solutie.
ctg B ctg ¢ 2
Folosim Z# _PI[ARAT) |
ct é r p
J 2

. 2 . . <
Folosind Lema(z IA) < Zbc , este suficient sa aratam ca

2
Zbcs45 EK“R”J 2]<:> p2+r2+4Rrs%-[(4R+r)z—2p2} =

3 r p
< 11p? <64R* + 20Rr +r?
care rezultd din inegalitatea lui Gerretsen p° < 4R” + 4Rr +3r?si inegalitatea lui Euler R > 2r .
Réamane sa demonstram ca:
11(4R® +4Rr +3r*) <64R* + 20Rr +1° < 5R* —6Rr—8r*>0 <« (R—2r)(5R+4r)>0.

Egalitatea are loc daca si numai dacd triunghiul este echilateral.

20)Tn 4ABC: (Y 1A) S%ZE—AZ-
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Marin Chirciu, Pitesti

Solutie.
tg_tg AR+rY
Folosim 2 _P -2].
D r{( p j

tg —
g2

. 2 . o e <
Folosind Lema(z IA) < Zbc , este suficient sa aratam ca

2
S it T

P

< 11p? <64R? + 20Rr +r?

care rezultid din inegalitatea lui Gerretsen p° < 4R’ + 4Rr +3r?si inegalitatea lui Euler R > 2r .
Réamane s demonstram ca:
11(4R +4Rr +3r*) <64R* + 20Rr +1° < 5R* —6Rr —8r* >0 <« (R—2r)(5R+4r)>0.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

21)Tn 4n8C: (Y 1A) <2 Z

sin —sm —
2 2
Marin Chirciu, Pitesti
Solutie.
. A
SIS 2(2R-)

Folosim ) -

. . C
SIN—SIN—
2 2

. 2 . . <
Folosind Lema(z IA) < Zbc , este suficient sa aratam ca

Zbcs@-—z(ZR_r) & pP+r?+4Rr< Rp\/§_2(2R—r) =S
J3 r 3 r
= 3r( p2 +r? +4Rr) < 2Rp\/§(2R — r) , care rezultd din inegalitatea Mitrinovic p > 3r\/§ .
Este suficient sa aratdm ca:
3r(p*+r’+4Rr)<2R-9r(2R-r) < p? <12R*-10Rr—r*

adevirati din inegalitatea lui Gerretsen p? <4R®+4Rr +3r” si inegalitatea lui Euler R > 2r .
Ramane sa demonstram ca:
< AR?* +4Rr +3r? <12R?*-10Rr-r? < 4R*-7Rr-2r*’>0 < (R-2r)(4R+r)>0.

Egalitatea are loc daca si numai daca triunghiul este echilateral.

23iunie 2018
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4. Three solutions of a beautiful problem

by Alex — Andrei Cioc, Alexandru Tupan and Daniel Vacaru

The PROBLEM is:
OC161. The altitude BH dropped onto the hypothenuse AC of a right triangle ABC intersects the
angle bisectors AD and CE at Q respectively P. Prove that the line passing through the midpoints
of segments [QD] and [PE] is parallel to the line AC.

[CRUX Mathematicorum]

Solution I (proposed by Alexandru — Andrei Cioc, Pitesti, Romania)

A

|

z

{

£

3
O

Let note m(BAC) = 2aand m(BCA) = 2b. It follows that 2a+ 2b =90° = a + b = 45° In
ABEC, one has m(BEC) = 90° — b.Consider APHC. We obtain m(HPC) = 90° — b. But the
angles HPC = BPE(angles opposite at top) and share the same measure, 90° — b. Therefore
triangle ABEP is isosceles. But [BM] is median in ABEP. One obtain EM L PE.In triangle BAD,
m(BDA) = 90° — a.In triangle QAH, one obtain m(AQH) = 90° — a = m(BEQ@D)(again,
BQDand AQHare opposite to the top. It follows that ABQD is isosceles, and BN L DQ.But
m(EBM) = 90° — m(BEC) = band m(NBD) = 90° — m(ABD) = aand this is followed by
m(MBN) =90° —a — b = 45", Let {I} = AD n CE.Then (Bl is the bissector of ABT, and
m(ABI) = m(CBI) = 45°. One obtain m(BMT) + m(ENI) = 1807, it follows that BMIN is
inscriptible, and BMN = BIM. In triangle BEI, one has

m(BIE) = 180° — m(EBI)— m(BEC) = 135° —90° + b = 45° + b; one find

m(MNQ) =90° — 45 — b = a; but m(AQH) = a = MNQ = QAH; that means MNQ and §AH
are internal alternate angles for lines MN and AC with secant AN. One obtain MN || AC,as
desired.
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I1) (Alexandru Tupan)

Drop a perpendicular DW L AC . Use the formula
H|+|DW
dBKM,AC):Ez—LJ——J.
The idea is to evaluate the two segments in the numerator and compare with the other side. Let

k = |A%B|' Since AD is a bisector, we have

@:L:>|Dw|zi.|3|_||.
CB| k+1 k+1
- - QH| 1 1
Similarly, AQ is a bisector and —|BH| ——k+1:>|QH| =il BH].

Adding the two formulas above we see that [DW|+|QH| =|BH|,so dist(M,AC)= % The

conclusion follows easily.

111 (Daniel Viacaru).
The third solution is based on the following picture:

nnt
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not
-

Let M the midpoint of [QD]. One note m(BCA) = = x. It is clear that

AH _ AH-AC _ AB*
CH CHAC  BC?
BH = BA+ AH = cos®x- BH = cos®x- BA + cos®x - AH(l)and

BH = BC + CH = sin’x - BH = sin’x - BA + sin’x - 4H (2). Addlng (1) and (2), one obtain

BH = cos?x - B‘A+sm x-BC

) B 4B AR* __ AH-AC _AC 1 B 1 .
It is clear that Q—i =— === =1 =5 __1 Opeobtain

= CH?-sin’x. But

ta 2 Ein“x
costx

A.H AH-AE AHAE' AE' Einx EH sinx+1

%I%JH

BEQ= {Bmxﬂ) - (cos?xBA + sin?x - BC). Again, by bissector theorem, one has

EBD AE EBD Einx Einx
— =—=3sinx = —=—— =}‘BD (—
frin AL B inx+1 sinx+1

Y N | 1 L o .
BM = (E) -(BQ+ED) = (E) - (m) [(cos“xBA+ sin“xBC) + sinxBC] =

) . BC. Eventually, one find

1 — —

(E) [(1— sinx)BA + sinxBC]

With a similar argument, if one note N the midpoint of [PE], then one obtain
BN = ( )[cnsxﬁ‘ﬂ +(1— ccrsij‘C]
Then one has
MN = MB + BN = G} [(1— sim]A_B: + sinxﬁ] + G) [ccrsx .BA+ (1— cosx)- E]
G) [(1 — sinx — cnsx]ﬁ—l— (1—cosx — sin_xjﬁ] = G) (1 — sinx — cosx) - (A_B. +E] =,
G) (1 — sinx — cosx) - [E]

Then MNis collinear with AC, and the desired parralelism followed this.
I comment the third solution. It is ugly, | recognize, but this solution emphasize vectors and
trigonometry. This is the benefit of it. It is a solution of an teacher, and this explains all.
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5. Solutions of two problems from Sclipirea Mintii 22

by Nicusor Zlota,” Traian Vuia” Technical College, Focsani, Romania

Q45. Proposed by D.M. Batinetu-Giurgiu, Bucharest, Romania.

XZ n

Let a,be[0,x),a<Db, Pn(x)=1+1+—+....x—|,n IS positive integer.
n!

1 2!
Find
iex +n!(sin x —cos X)

e’ +sinx+ P (x)

Solution:
Consider the function  f :[a,b] > R, f (X) =e* +sinx+ P, (X)

n

But f'(x)=e"+cosx+P _,(x)= f(x)— f'(x)=sin x—cosx+%

So, nl(f(x)— f'(x)) =n!(sinx—cosx) + x"

We have

X

e* +nl(sinx—cos X)dx

e’ +sinx+ P (x)

-]
FRALIGCORR e IR P GO \ f (b)
|:£ 169 dx:n!_!:(l—m)dx:n!(x—lnf(x))|a:n!(b—a—lnﬁ)

Q48.
Proposed by Marian Cucoanes, Marasesti, Romania
Prove that in any triangle ABC holds the following inequality

1+1+1§4B—2

sin— sin— sin— r
2 2 2

Solution:
Using the known formula

siné _ /(s—b)(s—c)
2 bc

Write the inequality as
1 1 1 1 bc
sin? sin sinS (s=b)(s—c) (s—b)(s—c)
2 2 bec
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The Cauchy-Schwarz inequality gives us

bc 1 — .
Z\/mﬁ\/(zab)(Zmz\/(s +r +4Rr)r—2

Therefore,

4R-2r
r

\/(sz+r2+4Rr)i2§ &P +r°+4Rr<(4R-2r7° <
r

s’ <16R*—20Rr +3r°
According to Gerretsen’s inequality s* <4R?+4Rr +3r?, we get

12R? —24Rr > 0=>12R(R-2r) >0, which is obvious

www.mateinfo.ro
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6. Ecuatii exponentiale si logaritmice mai putin ”obisnuite”

prof. Aurora Olivia Mironescu
Colegiul de Industrie Alimentara ”Elena Doamna”, Galati

Sunt ecuatii pentru care nu existd metode generale de rezolvare; nu se pot reduce la
ecuatii de gradul I sau II. Tehnicile utilizate apeleaza la studiul monotoniei , convexitatii unor
functii, inegalitati clasice etc.

Propozitie. Daca functia f:I — I este strict convexa pe intervalul I C R, jar g : I = R
este o functie liniard, atunci ecuatia f(x) = g(x) are cel mult doud solutii in intervalul L..

Demonstratie: Presupunem ca exista cel putin trei solutii diferite x1, X2, X3 in intervalul I.
Fie
%y € (xy,x,). Atunci existi A€(0,1), astfel incdt =x;=Ax;+(1—A4)x,. Dar
Flxg) = glxg) = Ag(x))+ (1 ——A)g(x) = Af (%) + (1 — 4)f(x,), contradictie cu faptul ca
f este functie strict convexa.

Observatie:1.Concluzia propozitiei se pastreaza daca functia este strict concava.

2. Se poate demonstra cad daca functia f:I — R este strict convexa pe intervalul [ c R,
iar g : I = R este o functie concava, atunci ecuatia f(x) = g(x) are cel mult doua solutii in
intervalul 1..

Exemplul 1. Rezolvati ecuatia 5% = 4x + 1.

Solutie: Se verifica faptul ca x,= 0 si x,= 1 sunt solutii ale ecuatiei. Functia f: R — R,
f(x) = 5% este strict convexd, iar functia g : R — R, g(x) = 4x + leste o functie liniara.
Rezultd ca singurele solutii ale ecuatiei sunt x,= 0 s1 x,= 1.

Exemplul 2. Rezolvati ecuatia 2!98:% + 31982 = 4

Solutie: 3leex2 = gleex3 Notam loggx =t, x> 0,x +#1. Ecuatia devine
2F + Eir = 4.Pentru t = 0 ecuatia nu are solutii. Pentru t = 0, aplicdnd inegalitatea mediilor,

1 |'_-_
rezultd 4 = 2° + 2t = 2| 2°%% = 4, cu egalitate daca t = 1, deci x = 3.

Exemplul 3. Rezolvati ecuatia: log;(2¥ + 1) =log,(3* — 1)

Etapa locala, Galati, 2010
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Solutie: Din conditia 3* — 1 = 0 rezultd x = 0. Functia f: R — (0,00), f(x) =
log,(2* + 1) este bijectiva si are inversa f ~*(x) = log,(3* — 1), f~*: (0,00) — R. Ecuatia
devine f(x) = f~*(x), x = 0. Cum f, £ ~* sunt functii diferite si au reprezentirile grafice

simetrice fata de prima bisectoare, valorile lor comune vor coincide pe dreapta ¥ = x, cand f(x)
-1 . o . AT 1 b .
= f7*(x)= x. Ecuatia data se reduce la ecuatia log; (2 + 1) = x < (;} + (E) = 1. Functia
2y 1 L. . .
g:R—(0,0),g(x) = (;) + (E) , fiind strict descrescatoare, ecuatia g(x) = 1 are cel multo

solutie. Gasim x=1, unica solutie a ecuatiei date.

_gxt43__ ¥
x%2’

Exemplul 4. Rezolvati in multimea numerelor reale ecuatia 3*
Marian Ursarescu, G.M.8/2005

Solutie: Deoarece 3% ~5 3= 0 rezulti x> 0. Logaritmind, se obtine
x*—5x*43 =log,x—logy(x* + 2) =logy(x* +2) + (x*+ 2)* =log,(3x) + (3x)*.
Functia

f:(0,0) = R, f(x) =log,x + x> este strict crescitoare, deci injectivd. Rezultd
x*+ 2 =3x,deunde x = 1si x = 2.

Exemplul 5. a) Rezolvati, in multimea numerelor reale, ecuatia: 2* = x + 1;

b) Se considera functia f: R — R, astfel incat f(f(x))= 2* — 1, pentru orice numdr real x.
Demonstrati ca f(0) + f(1) = 1.

Solutie: a) Observam ca x = 0 si x = 1 sunt solutii. Ecuatia 2* = x4+ 1 are cel mult
doua solutii, deoarece o dreapta intersecteaza graficul unei functii strict convexe in cel mult doua
puncte.

b) Din f(x) = f () deducem £(f(x)) = f(f(v)), deci 2* = 27, de unde x = y. Prin urmare, f
este  functie injectivdi. Din f [f (xj} =2¥—1, opentru orice x€R, rezultd

FUFUFE) =27 — i
FF(F(x))) = F(2¥ —1), deci f(2*—1)=2"")—1 pentru orice x € R.Pentru x =0
rezulta
F(0) =270 — 1 jar pentru x = 1, rezultd f(1) =27 —1, adica £(0),f(1) sunt solutiile
ecuatiei t = 2" —1. Rezultd ca f(0),f(1) € {0.1}. Din injectivitatea functieif, avem ca
{f(0). £(1)} = {0, 1}, deci f(0) + f(1) = 1.

Exemplul 6. Rezolvati ecuatia 2 ** + log, x = 2**!

Etapa nationala, 2007, Lucian Dragomir, Otelul Rosu.

Solutie: Conditia de existentd x € (0,c0). Se aduna in ambii membri log, (x + 1).
Functia f: (0,00) — R, f(x) = 2% 4+ log, x este strict crescatoare ca suma de doua functii strict
crescitoare. FEgalitatea din ecuatie devine f(x*+ 1) =f(x+ 1), de wunde rezulti
x*+ 1= x+ 1. Singura solutie care verifica, x= 1.
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7. Solution for the problem Q48 from Sclipirea Mintii no. 22/2018
By Daniel Vacaru, Pitesti, Romania.

Q48. Proposed by Marian Cucoanes, Mirisesti, Romania
Prove that in any triangle 4BC holds the following inequality

1 1 1 R
=A==
sin—+sin£+sin£_4 r :
2 2 2

Selution (proposed by Daniel Vicaru, Pitesti, Rom%
s=b)s=c) 1 [ be |
Vb T A VGmb)me) DYAM=-GM.one

One knows that sing

b c
has 1A£S—b2s—c . Summing, one obtain
sin—
2
1 n 1 + 1 < a_ . b 4+ €
siné sinE sin£ s—a s=b s—c
2 2 2
One obtain
a_ . b L€ _20(52—(5"‘0]8+bf)_253—25(ab+bc+ca)+3abc But
s—a s—b s—c (s—a)(s—b)(s—c) (s—a)(s—b)(s—c) '
ab+bc+ca=s"+r’+4Rr | and one obtain
ne 2 2 _
1 n 1 + 1 {3&1)(:—28}' 8RS 4RS’ B 257 (”

A Bl a)ls=B)(s—c) (s—a)s—2)(s—<] (s—a)ls—B)(s—c)
2 2 2
.On the other hand, one has
s s _ss_s
(s—a)(s—b)(s—e) s(s—a)(s—b)(s—c) §* S r

(g_a](:_r;(s_c):(s_a)(s'_bj(s_c):”” . Using (2) and (3) in (1), we obtain the

desired mequality.
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8. Other solution for the problem Q45 from the math journal Sclipirea
Mintii

By Daniel Vacaru, Pitesti, Romania.

Q45. Proposed by DML Bﬁﬁnetu—(}iurgiu Bucharest. Romania.
x? x"
Let a.be[0,=),a <b,P,(x) = 1+ . +?+ A, n 1s positive mteger.
! n!

B x" +n!(sin x —

Find | X +n.(.sm;\, cos X)
© e +smx+P(x)

Solution (proposed by Daniel Vacaru, Pitesti, Romania)

Let f:la,b]—R, f(x)=e"+sinx+ P, (x). Then

dx

n

f(x)—f'(x]:[ex+sinx+Pn[x)]—[ex+cosx+P{n_1)(x]]:x—}+sinx—cosx:

Lj-[x"—H'rf(sinx—cosx)]:x"+n!-{Sinx—cosszr':.’(f(x_]—f'(x]_]
n!
Then 1s clear that
b a b
J‘ x"+n !(sin x—cosx) J‘ n!
2| € +sinx+P (x) p

=n!

J‘ ldr—f(f'(xj(x])dx )

We have J‘lcfx:x|i:b—a and !(ff(( }})d’c In f(x ]|b % . We obtain
I

dx=n!- [(b a)+In

e’+sina+P,(a)
¢’ +sinb+P, (b)

(sin x—cosx)
e +sinx+P, (x)
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9. Other solutions for the problems from Math Journal Sclipirea
Mintii, No. 22

by Gheorghiti Robert-Octavian, ’Mihai Eminescu’’ National College, Buziu, Romania

0Q45.
It is easy to notice that (P, (x))'=P,_,(x}, VxER.
b n I e _ i
Denote: J-x+n.[smx cosx) .

- —dx=I.
a e +sinx+P (x|

X" ;

b —+ sinx—cosx| b o v x box. - )

ot g"+sinx+P (x|—e"—cosx—P _,(x e +sinx+P_|x

I=_|-nln;_—dx¢rf=_|'rxl P— _ = deaj':n! ,‘—J

a e +smx+Pn[x] ,, e +sinx+P _[x) s € +sinx+P_(x]
boox 1 b x T b 7 \
e'+cosx+P__ (x (e*+sinx+P (x)) . e +sinb+P_(b],
—n!_[ - decrf=n![b—ﬂ:|—n! ' LX) dx=I=n!{b—a)—n!ln| ——

y e'+sink+P_(x) . e"+sinx+P_(x) e’+sina+P,(a)"

46.
We group convenient terms and we have:
y a(2a+3b+3c) _~ a(2a+b+c+2b+2¢) _ al2a+b+c)
(b+c)(2a+b+c) = |[b+c)(2a+b+c) = (b+c)(2a+b+c)

-y a +T20+b+r_‘_z b+c =y a _~ _ b+c

2a(b+c) al2a+3b+3c) _
2 (b+c)(2a+b+c) =2 (b+c)(2a+b+c)

b+c = 2Za+b+c 2a+b+c = b+c “2:1+.b+c:3 and inequality becomes:
a b+c a b+c
= 3=3 = .
ZE‘.Ht: “2a+b+c+ = ﬁz b+c}z 2a+b+c
. . , b b [ e e\ . :
Consider the following pairs of numbers: I'-IE'E;'I and ".E'E,'I with analogs. Applying
the inequality of the averages ( AM=HM , with equality for a=b=c) for each pair of form (x,y) and
summing up the inequalities we hawve:
,L b e ¢ a a ¢ ¢ a _a b b 3425 @
a+b a+c a+b a+c b+a b+c b+a b+c c+a c+b c+a c+b b+c — b+c
=) = =
4 2a+b+c 4
b+e
= s
_zhﬂbﬂ: (L)
a 3+22 bf-c a a _3
But Ebﬂ:l 3 ﬁZZb+c33azm-‘:i[Irue_J,Hesbm—Ionescumequainy. (2)

So(l)and(2) = Z bfcaz 2ab+lc+c . (ged).We have equality iff a=b=c, and we are done.
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47.
(i}HDWXJ}f,zT-’DEHd x"'.}""'z:l:*xg}',IE[ﬂ,ljl.
1 1 1
L1l L1 . L Liny L ing
(xyz)'=x* y¥ 22 = 31In(xyz )= Inx*+Iny? +Inz* =1n(xyz )= fﬁ—lﬂﬁxﬁjﬂ— _ -
1 1, 1.1 1,1 1.1 1.1 1. 1
lrlllﬁ ln{xj+}’1ny+zlnz 1,13]111 xlnx+}-1n *z";
XYz B 3 Ixyz 9
3111 11 1 1
In'l;;;{I“r_+}+_HAM}GM}w[rhequuhryforx y=z=7.
111 1,1 1,1 1,1
—+—+= —In—+—=In—+—In—
We have to prove next inequality: In[x ; z]i-"‘ X Fg zz
Denote: ﬂ=l}1,b=l}1?c=l}1_
X ¥ F

Let us consider the next function: A:| l,uﬂ]e_l?,ﬁ[:]:ﬂnr.
A ﬂ+b+cj£Mﬂhj‘[b“l[c]{kﬂsen'sinequa!i[yjl.

A"[I]:%}D:ﬁiscomexzaﬁ[ 3
b ﬂ+§+cmr‘ﬂ+g+c’ll 1,11
Then we have only to prove: 1n[ﬂ+ +C]£ (1lj=a+b+cz=9=—+ =
3 3 X y z
1 1.1
Xy z. 3 1.1.1
_ y z —
But x+y+z=l= 3 Ex+y+z_3 ;+§+;b9rqedj

We have equality if and only if x= y=z=% .The proof is complete.

(ii) How x,y,z>0 and x+}-+z 1=x y z€(0,1)
1
].n[x+1j+%ln[_y+1]+%].n[z+1jla

(x+1F(y+17(z+1) f{x+1] fy+1]"rz+1j| =3In(x+1)(y+1)(z+1)=
—]nfx+1:|4?]nf_y+1j+—lnl'z+ 1)

ol ({1 (yel)(z=1)= 5 |
whm[%,ﬁmﬁdim,\wimequa!fiyforx=y=z=31.

In({Tx+1](y+1](z+1)) <In

) f%]n[x+1]+%].n[y+]j+%]n[z+1jl

We have to prove: ln[Ejl_- 5
. . . In(c+1) . .

Let us consider the next function: y.[D,l]—:ﬂ,y[rII:T,mch:smnVex.

o (x)+y (y)ry(z) |1‘I[£3E+ljl lIr1{x+1:I+l1r|[;n,-+1]+111'|[.>:+ljl
y[x Y z]i}‘_ Yiyryl [ Jensen' sinequality |= <X Y z =

3 3 g X+y+2z 9
3

4 lIrlflx+1jl+l1r|[},-+1_]+11n[z+1j|

=:-1n§i'x Y 3 z lged). , we have equality if and only if x=y=z=5



http://www.mateinfo.ro/

REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — IUNIE 2019

48(1).
Using well known identity: 4R—ﬁ , we have:
sin - sin-;sin -

www.mateinfo.ro

Z slnﬁsinE 1-2sin isingsinE

1 1 1 1 r 2 2 2 2 2 A B
+ + = -2 < =3 sin—sin—=
sinﬁ sinE sinE r sinisin EslnE slnﬁsin EsinE slnﬂsinﬁsinE C :
2 2 2 2 2 2 2 2 2 2 2 2
—rcin A cin BeinC o ainAein B A+B, = (A-B c inA. B in2E_
=1-2sin ) sin 5 sin 5 = 2 sin 2 sin 2£1+[u::m{ > 1—cos| 5 1]sin 2 az sin ) sin 5 =1+sin 5
—cus{A;BJsmgaZ sm%smgfhsng cosA;B ms’T;Ca sjngsmgflﬂng cm%
A+B A . B :C A :B A . B 2 A : B :C
(= A2 — Aepn2 =2
5 TSIIIZSlI]251+S]Il 5 oS 2+5m2a75m251n2£smz+51n 2+sm et
=% sm%smEﬂT sin*Z , denote sin ’;—x smg—y sin— g—z::-"? xy=y & true).
Remark:
ms‘q‘;ﬂc&s AEB={ms%cm%—sm% sin%][ms%cos%ﬂin%singjamsA;Bmﬂs A —cuszgcng
sin® 2 sin? B o cos A2 B cos A—B _ 5?2 (1— B]—sin B —(1—cos” AJ::rcns A*B 0 A _cos? A —sin?B
2 2 2 2 2" 2 2" 2 2 2 2

We have equality if and only if the ABC triangle is equilateral The proof is complete.
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10.Studiu asupra unor inegalitati

Prof. Cozma Ciprian loan
Liceul Tehnologic “Dr. F. Ulmeanu”, Ulmeni, Maramures

Problema 1

Sa se demonstreze ca :

n 1 1 1
—<l+-+-+..+——<n,(V)nEN*
2 2 3 2n—1

Solutie
1
Daca n=1= E <1 <1, evident adevarata
Pentrun > 2 avem :
1 1 1 1 1 1

—+—<—+—=—+—-<1
2 3 2 2 2 3

1 1 1 1 1 1 1 1 1
—+—+—+—<— +—+—+— ottt 3 <1
4 5 &6 7 4 4 2 —
1 1 1 RPN 1
2ﬂ-1+'“+2n_l<2n—1+2n—1/ 211 1+'+ n 1<1

Adunam membru cu membru relatiile de mai sus si obginem :

1 1 1 1 1 .
—+—+ .+ <N-191+-+ -+ +3-=n, (V)NEN (1)
2 3 25-1

2 3 24

Pentrun = 2 avem :

11 1 1 111
e e

3 4 4 4 3 4 2

1 11 1_1 11 1, 1 1 1 1_1

—+ 4+ +— —+ 4+ +— —+—+—+— -

5 67 8 8 88 8 5 6 7 8 2

..... - 1}2“}{1{:}11:}1
w7 t..+t g IR =S T —+.. + 5=
20149 21 20 2f—l4g 20 2

Adunam membru cu membru cele n-2 inegalitati de mai sus si obtinem :

1 1 1 n—=2 1
—+—+,_,+—n:==—/+(1+— ) =
4 2 n 2

3
1 1 1 _ n+2 1
Sl+-+-+  +=>—-—
2 3 21 2 20
1 1 1 n 1 1
S I S > ==
2 3 20— 2z 2 20
1 1 1 1 1
Cumpentrun = 2avem: —— —7 0= 1+ - +- +. +—
2 2 2 3 20—1

(2)
Din (1) si (2) obtinem :

www.mateinfo.ro
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n 1 1 1
— <14+ - +-+. .+ <n, (V)nEN"
2 2 3 23
Problema 2
Sa se demonstreze ca pentru orice numdr natural I = 2 are loc inegalitatea :
41 (zn)!
n+1 (n!)?
Solutie :
VVom demonstra inegalitatea prin inductie matematica
4! 16 _ 24 .
Pentrun=2avem: — < ——5 < — <= —, relatic adevarata
3 (2D 3 4

Presupunem relatia adevarata pentru k € N* | k = 2 si o demonstram pentru k + 1

a®*F1 (2(k+1))!

k42 < (k+1)1)2

af 1 oK k1) QR a(k+1)

k+2  k+1 k+2  (k1? k+2

(2k)! _ a(k+1) (2(k+1))! (2k)! a(k+1) (k)
< <

(kD)2 k+2  ((k+1)D2 (kD27 k+2 (kD)2

Avem deci de demonstrat :

Ramane de demonstrat ca:

(zk+1)(2k+2)
(k+1)2

(2k)!

(k1)?

a(k+1) . (2k+1)(2k+2)
k+2 (k+1)2

= 4(k® + 3k? + 3k + 1) < (k+2)(4k? + 6k + 2)
= 4k3 + 12K? + 12k+ 4 < 4k3 + 14K? + 14k+ 4
= 0 <2k?+2k/: 2k < k+1 > 0 relatie adevaratd , (V) k>2, k € N* = conform

principiului inductiei matematice ca inegalitatea data este adevarata , deci :

Simplificand prin obtinem:

S 4(k+1)? < (k+2)(2k+1)(2k+2) &

4l 2n)!
nt1 En!}}2 (V=2 nEN
Problema 3
Si se arate ca oricare ar fi x , y € R* avem :
x4yt 2 42
3(x2}r2)—8( )+10>0
Solutie
_ _ o v 2 y2
Inegalitatea devine : 3 (x2y2 + KEYE) - S(E + E) +10>0 <
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1:}3(1( ) 8(y —)+10>0

X
Notam ;: t € R* si obtinem :

4
3(t2+ )8(t+ )+1o>01:}3( = ) 8(

)+10>0 (V)tER*

inmulum egalltatea demaisuscu 2= 0 si ob;inem :
3t -8t3+10-8t+3>0 < (t-1)> (3t?-2t+3)>0, (V) t ER*
Cum3t?—2t+3>0,(V)t ER*decarece A = —8 =< 0, (V) t € R* = inegalitatea

este adevarata
Se obtine egalitate pentru : t=1 <= x=y

Problema 4
oL 1 1 1
Aratati canumarul A=——=+——=+... + ————> 4
Y1+42 A3+ 4 4794+ 80
Solutie :
1 1 1 1 1 1
Calculam 2A =— t——t ==t ==t ==t ==
x-l+*-.-2 Y1+42 3+y4d 3+ 4 Y79+480 «79++480
1 1 1
— — + —— — + —— — +
Y14+42 W2+ 3 43+H4
1 1 1
+

——+ Yt
44445 4 79+4/80 +/B80+4/21
Rationalizam fiecare dintre frac‘;llle de mai sus cu Conjugatul numitorului si obtinem :
1,-1—1,-2 1,-2—1,-3 x-'?? 1..-"30 "EIJ— a1

2A = + +...+ + =
(V2-(2)2 (2)2-(/3) (V79)?-(v/80)? ~ (v80)>—(v81)?
x-’I—x-‘E+x-"§—x-"§+--- +w’ﬁ—y"ﬁ+w"ﬁ—w"ﬁ B l—x-"ﬁ g
-1 -1
Am obtinut cd 2A = 8de unde A = 4
Problema 5
Si A : . W kER, k=0
, < <—
d se arate cd : a) D2 kD) 12 (V) :
] 1 1 1 1 01
+ + +..+ <
)112 122 132 7 2008°
Solutie :
1 1 1 1 1 "
= < =
2 (k+1)2 k?+2k+1 k?+k k{k+1) <z evident

Deoarece k(k+1) > k¥ >0, (V) KER , k= 0
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1 1

1
— ,dam lui k pe rand valorile 10, 11,12, ...,

b) In egalitatea K Rrl

<
(k+1)2  k(k+1)
2007 si obtinem :

1 1 1 1
2= <10 11
11 (10+41)% 10 11
1 1 1 1
1227 (1141)2 11 12
1 1 1 1

1327 (12+1)2 12 13

1 1 1 1
2~ < -
2008° (2007+1)% 2007 2008
Adunand membru cu membru inegalitatile de mai sus obtinem :

1 1 1 1 1 1 1 1 1 1 1 1
2 2t ozt T < T -t -t -t ; =
11 12 13 2008 1 11 11 12 12 13 2007 2008
1 1 1
—.——<—=01
10 2008 10
Problema 6
Fie progresia aritmetici ~ X, X%, x5, ... ,x"cux = 0,x # 1

Sa se arate ca in aceste conditii are loc inegalitatea :
Xn‘l + Xn-2+ . + 1 Zn1fxn_l

Solutie
Se stie ca media aritmetica a N nuMere pozitive este mai mare sau egala cu media lor
geometrica , deci :

x+x%+ . +x"

>Vx xx2 . xx" (1)

n
T2t tyam o nf1 1 1
= R ey (2
n X X x1

Inmultind membru cu membru relatiile (1) si (2) obtinem :

x+x4+-4+xT 1 1 1

T(;+x—z+...+x—n)21{:}

244
<t

E (x+ X2+ .. +x") ( y>n? 3)

« v n < . .o -
Se observa ca numerele X, K2 ,..., X formeaza o progresie geometrica cu ratia X + 1
Suma termenilor unei progresii geometrice cu ratia  # 1 se poate calcula astfel :

b1(g"-1 x(xM—1
B e S . )
g—1 x—1

Sn
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De asemenea numerele X® 1, x™ 2 | .1 formeazi o progresie geometrica cu ratia X 7
1
n-1
— — X -1
Obtinem : X™ 1 +x" 72+ +1= "
—
Relatia (3) devine :
x(x1—1) . xM—1 2 (x-1)? > (x"—1)? > n—1
>1 P — 5 >N *X
x—1 xM(x—1) x1~1(x—1)2 (x—1)2

Dar X" — 1 =(x-1) (X" 14 x* 2+ +1)
B B

e X +xX" 2+ e+ 1) e x" e
eyt g2, 4 spVxtTL

Obtinem :
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11.Studiu asupra unor probleme

Prof. COZMA CIPRIAN IOAN
Liceul Tehnologic “Dr. F. Ulmeanu”, Ulmeni , Maramures

Problema 1). Si se rezolve in R ecuatia:

1 1 1 1 a(x"1-1
- - S e e Y Gl - ) undex # 0,x = £1

1,1 I 1
x xZ xZ'x3

Solutie. Fie S,=
1 1 1

<(1+5)
1 B X
N (1+%) Cx+1

n—1

Se observa ca X, x2 ’ KE, e, X este 0 progresie geometrica cu ratia X

_ x(x01-1
Avem: X + XZ4x3 4 e x1 = (—l}
x—

x x{xn_l—l} . xz{xn_l—l}

x+1 x—1 x2—1

Snh devine : Sp =

Revenind la ecuatia data avem:

Simplificam ecuatia obtinuta cu deoarece X # T 1, si obtinem :

2

x2=4<=>x=42 S ={£2}
L Z“ k*-k-1 5
Problema 2). Aratati ca: Sh = - (k+1)! 5

Solutie. Avem:k® —k—1=k(k?—-1)—-1=k(k—-1)(k+1)—-1

Suma devine:

Zﬂ k(k—l}(k+l}—l_zﬂ (k(k—l}(kﬂ}_ 1 )_ _
k=2 (k+1)! B k=2 (k+1)! k+1)t/

Z“ ( k(k—D(k+1) 1 )_Z“ (1 1 )_
peo Mk-2)k—Dkk+1)  (k+0/  Lu,_, k-2 (k+0V/

1 1 1 1 1 1 1 1 1 1 1 1
BT TR TR TR TRt TR TR T Tin TRt Thar TR
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1 1 1 1 1 1
+ — + — + ——+
m-=5) -2 (n—-4) (-1 (-3 n
b —— =14 14— ——— =
(mn-2)1 (n+1) 2 (n-1) n! (n+1)

= (=) <Za — =+ ——>0
2 (n—-1)!  n! @ (n+1)! o G T T e 1)

Problema 3). Sa se demonstreze identitatea :
n i !

log —log b a

—a b —]og” —log, unde abn=0 ab a-b=1l
log ab a b

i Jog " =log " - log P
Solutie. Avem: Dga— Dgab Dga

= ln::ug;EJ (1 + lngi) (1)

= ng;, - (lngz +lng2) =

Analog:

n n b n a b n a
log , =log - lngab =log (logb + logb) =log (lngb — 1) (2)
Pe baza relatiilor (1) si (2) obtinem:

n b n a
lngz — l{:-g?; l{:ngﬂfJ (1 - lnga) — lngqb (l-::ugJEJ = 1)

log - log -
08 ab 98 ab
n
log b (1 + log logb — 1) B 1ng g
— = — . )
lngab

1 2 n_
C +C + +C =
1 1 2 1 n
—m|l——— + C + -+ C )
(m—l m—-—1 m-2 m-2 m-—n Mm—n
Solutie. Pornim de la identitatea: T m—p M —7D
Pentrup=1avem:(f1 =——( 1
m m—-1 m—1
m o 2

2
Pentrup=2avem C~ =
m m-2 m-—2
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g n

Pentrup=navem:( = ——
m m-n M —N

Adunam membru cu membru relagiile de mai sus si obtinem:

1 m 2 m

c +c R T e R L e G

1 1 1 2 1
=m|—— C + C + e )

(m—l m—1 m—-—2 m-2 m—n m—n

Problema 5).

1
Daci X + - = —1 sa se gaseasca valoarea expresiei x*%10 + W

X i
cu x € C\R
Solutie .

1

Din X + x = —1 obtinem X 2 4x+1=0 ecuatia care nu are radacini reale

Inmultim ambii membri cu x-1 si obtinem relatia:

(x—l)(x2+x+1) —x3—-1= Udeundex3 =1

2010 — 3y670 — —
Avem: X + — 2010 = (x°) + ——= G 3)2:,0 =1+1=2
Problema 6). Sa se demonstreze inegalitatea:
¢ 1 5 11 n“+n-—1 , N
= —+—+—4+ "+ < Z, n eN*
2! 31 4! (n+ 1)!

Solutie Termenul general al sumei este:

k2 +k—1 k(k+1)—1_k(k+1) 1

k+1)!  (k+1)  (k+1) (Z+1!
k(k+1) 1 1 1

T k—Dk-(k+1) (k+1)! (k—1) (k+1)!

k2+k—1 n 1 1
Obtinem: 5 = Z _; (k1) _Zk . ((k—ljl_(kﬂ}!)_
4 1
(k 1}| (k+1}' 1 +2+ +(n—1}'
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_(E+E+"+(n+1)!) _1+F_E_(n+1)!_
L, (X1
=Z- (n! (n+1)!)

1 1
<= 2 deoarece — —
1! (n+1)!

www.mateinfo.ro
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12.A geometric proof of sin3x=3sinx—4sin’ x

By Daniel Vacaru, Pitesti, Romania.

D

A B

s

Let's consider m (;1):.’( . om( B)=2x .Itfollows m(C)=180°—3x and consider
R:%. Itresults that BC=sinx . AC=sin2x and AB=sin3X . Consider D so that

DC BC sinx

DA BAsinix (1) . Consider E so that

ADB is an isosceles triangle. It results that

sin 3x
DE | AB . Then it results that COS x:L:) pp="1 3% =AD(2) .From (1) and (2)
DB 2¢cosx
one obtains DC= S X )
2cosx
AD+DC=AC= sin3x 4 SIXY  in 2% =sin3x =2 cos xsin 2X —sin x =

2cosx 2cosx
sin 3x=4sin xcos  x —sin x=4sin x (1—sin’ x)—sin x=3sin x —4sin’ x.
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13.Studiu asupra unei metode numerice de determinare simultana
a radacinilor unui polinom

Prof. COZMA CIPRIAN IOAN
Liceul Tehnologic “Dr. F. Ulmeanu” , Ulmeni

In acest material imi propun sa fac o analizd a unei metode numerice si
anume metoda lui Newton pentru aproximarea radacinilor ecuatiilor scalare si
aplicatii ale acesteia la aproximarea simultana a rddacinilor polinoamelor.

Problema rezolvarii ecuatiilor polinomiale a starnit un mare interes din cele
mai vechi timpuri. Studiul a numeroase fenomene din tehnica, economie,
stiintele naturii se reduce, in majoritatea cazurilor, la rezolvarea unor ecuatii
polinomiale.

Tn general ecuatiile polinomiale nu dispun de metode exacte de rezolvare,
de unde importanta deosebitd pe care o are metoda de aproximare prezentata in
cadrul acestui material .

Metoda lui Newton

1.Constructia metodei
Fie f:[a,b]>R si fie xoe[a,b]. Metoda lui Newton se obtine in modul cel
mai natural printr-un proces de liniarizare. Dezvoltam functia f in serie Taylor
si retinem primii doi termeni, deci:

f(x)=f(x0)+(x- x0)fV( xo).
in locul ecuatiei f(x)=0 se considera ecuatia liniara:
(1)
f(Xo0)+(x- xo0)fV( x0)=0,

a carei solutie este

Interpretarea geometrica a lui X1 este bine cunoscutd: x1 reprezintd abscisa
punctului de intersectie a tangentei duse la graficul functiei f in punctul
(xo0,f(x0)), cu axa OXx.

Pundnd acum Xo = Xk $i X1= Xk+1, se obtine urmatorul proces iterativ clasic,
denumit metoda lui Newton (uneori Newton- Raphson):

(2)

X1 =Xy —
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Ca si in cazul metodelor de interpolare, din faptul cd (2) aproximeaza
functia f(x)=0, in vecinatatea punctului xo, nu rezultd ca xi aproximeaza solutia
acestei ecuatii. De asemenea, este necesard analiza existentei sirului { xo} daca
nu se face ipoteza f)(x)=0 pe [a,b].

Daci in (2) se inlocuieste fV( x«) cu

f( xo),
obtine metoda lui Newton simplificata:

(3)
fx,)

X1 = Xy —W

in care derivata se calculeaza numai in punctul xo. Se poate de asemenea
considera un proces de tip Newton in care calculul derivatei se face dupa un
anumit numar de pasi:

(4)

X1 =Xy —

unde p(k) este un numar intreg mai mic sau egal cu k.

In particular, daca p(k)=k, se obtine metoda lui Newton iar daca p(k)=0, se
obtine metoda lui Newton simplificata.

Un proces iterativ, care generalizeaza metoda lui Newton simplificata, este
metoda liniilor paralele:

(5) Xk+1= Xk-AF(Xk),
unde A este o constantad care aproximeaza 1/fM)( xo).

Reprezentarea grafica a metodei lui Newton simplificatd si a metodei
liniilor paralele sunt date in figura 1 a si b respectiv.
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Figura 1

Mentiondm si metoda lui Newton discretizatd in care derivata se
Tnlocuieste cu diferenta divizata de ordinul intai:

(6)
f(x, )—f(xk_l)]l xf(x,)

Xy =Xy —
- { Xk_Xk—l

Aceastd metoda coincide cu metoda secantei.
Sa aplicam aceastda metoda polinomului
f(x)=x°+2x*-5x3+8x2-7x-3.

Stim cd acest polinom admite o radacina simpld o1, cuprinsa intre
marginile 1<a1<2. Se poate spune dinainte ca aceste margini sunt prea largi ca
metoda lui Newton combinatd cu metoda interpolarii liniare aplicate sa dea un
rezultat prea bun. Sa le aplicdm insa pentru a avea un exemplu care nu necesita
calcule complicate.

Aplicam pentru inceput metoda lui Newton

f(1)=-4 f(2)=39.

Alegem Xxo=2.
Tinand seama de faptul ca f*)(2)=109, obtinem:

39 179
109 109
Metoda lui Newton in multe cazuri se aplicd in combinatie cu metoda
interpolarii liniare.
Metoda interpolarii liniare constd in a lua ca valoare aproximativd a
rddacinii o numarul ¢, care imparte intervalul (a,b) in parti proportionale
valorilor absolute ale numerelor f(a) si f(b), adica:

(7)

X, =2 1,64...

—~—

c-a_f(a

b-c f(b

—~—

semnul minus din membrul al doilea fiind datorat faptului ca f(a) si f(b) au
semne diferite. De aici rezulta:

(8)
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Utilizand formula (8) obtinem:

2x(-4)-1x39 _47
~4-39 43

C= =1,09...

si, prin urmare raddcina o este cuprinsd intre marginile
1,09<a1<1,65.

Am obtinut o ingustare prea neinsemnatd a marginilor pentru a putea
considera acest rezultat ca satisfacator. Desigur, s-ar putea aplica inca o data
metodele noastre pentru noile limite. Este indicat insd sa gasim de la inceput
pentru a1 limite destul de apropiate, spre exemplu, cu o precizie de 0,1 sau chiar
0,01 si sa aplicim aceste metode numai dupd aceasta. Aceasta ar duce dintr-o0
datd desigur la faptul ca toate calculele devin foarte complicate, dar trebuie sa
ajungem la aceasta in rezolvarea problemelor concrete, necesitdnd o cunoastere
destul de exactd a radacinilor polinomului.

Deoarece f(1,3)=-0,13987 ;

f(1,31)=0,0662923851 ;
avem
1,3<a1<1,31;
adicd am gasit valoarea rddacinii a1 cu o aproximatie de 0,01. Sa aplicim acum
acestor noi limite metoda interpoldrii liniare:

o _ 1,31x(-0,13987)-1,3x0,06629233 51 _ 0,26940980 063
~0,13987 —0,06629238 51 0,20616238 51

Sa aplicam pentru aceleasi margini metoda Iui Newton, luand acum
x0=1,31. Deoarece f()(1,31)=20,99822405, avem:

=1,30678...

~ 0,0662923851 _ 27,3496811 204
20,9282240 5 20,9282240 5

x,=1,31 =1,30683...

Asadar:
1,30678<01<1,30684 ;
si deci, luand a1=1,30681; facem o eroare mai mica decat 0,00003.
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2.Aproximarea simultand a radacinilor ecuatiilor polinomiale prin metoda

lui Newton
Consideram un polinom de gradul n>3,

(9) f(x)=x"+an-1x" 1+, +aix+ao

cu radacinile reale sau complexe simple x1, X2,

..,Xn . Fie x1%, X2 , eeey Xn

k

diferite aproximatii apropiat rezonabile ale acestor radacini si fie

Atunci, pentru x =xi* , i=1,2, ..., n vom avea:

j#l
Introducand notatia Aj = -f(xi*) / Q’( xi¥) se ob
determinare simultanid a radacinilor unui polinom  x;

sau sub forma:
(10)

i=1,2,....n ; k=0,1,...

unde xi¥*! este noua aproximare a radacinii xi .

tine urmatoarea metoda de
KHl= xiK +Ai,i=1,2, ..., n

Acesta metoda este un rezultat clasic introdus de catre Weierstrass,

metoda a cdrei convergenta este patratica.
In continuare vom prezenta un program

Pascal care realizeaza

aproximarea simultana a rdddacinilor reale ale unui polinom de grad maxim
50 in 50 de pasi iterativi cu o precizie de 12 zecimale exacte. Facem

precizarea ca iteratiile initiale pe care le dam t
cate doua.

rebuie sa fie diferite doua

Valorile reale obtinute pentru radacinile polinomului considerat au o

precizie de 12 zecimale exacte.
Pentru realizarea acestui program am utilizat fo

rmula de tip Newton

kel _ gk _ f(x:‘)

Xi =X

I 1 n

j=i

[Tt —x})
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Programul ne ofera si posibilitatea de a analiza precizia (eroarea)
aproximadrilor obtinute. Aceasta se calculeazd ca si diferentd dintre valoarea
obtinuta la iteratia k=50 si k=49.

Tn cazul in care polinomul are si radicini complexe cu partea imaginara
diferitd de zero aproximatiile obtinute pentru aceste radacini diverg catre valori
cu erori mari.

Prezentam mai jos programul folosit:

program sesiune;

uses crt;

label etl;

var n,i,k,j,z: integer;
a:array[0..50] of double;
x:array[1..50, 0..50] of double;
produs:array[1..50, 0..50] of double;

function putere(c:real;j:integer): double;
var i:integer ;
p:double;
begin
p:=1;
fori:=1tojdo
p:r=p*C;
putere:=p;
end;
function put(c:integer;j:integer): double;
var i:integer;

p:integer;
begin
p:=1;
fori:=1toj do
p:=p*C;
put:=p;
end;

function f(b:double): double;

var i:integer;
ft:double;
begin

ft:=a[0];

for i:=1to n do
ft:=ft+a[i] #»putere(b,i);

f:=ft;

end ;
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begin
clrscr;
write(‘Dati gradul polinomului:’);

readin(n);
writeln(‘Dati coeficientii polinomului:’);
for i:=1 downto 0 do
begin
write(‘Dati a(’, i,’)=");
readin(a[i]);
end;
writeln(‘Dati iteratiile initiale:’);
etl: for i:=1tondo
begin
write(‘x[ ", i,’, 0]=");
readIn(x[i, 0]);
end;
writeln;
for i:=1ton do
for k:=0 to 50 do
produsl[i, k]:=1;
for k:=0 to 49 do
begin
for z:=1 to n do
for j:=1to n do
if z<>j then

begin
produs[z,k]:=produs[z,k] #(x[z,k]-x[j,k]);

if produs[z,k]=0 then begin
clrscr;
writeln(‘Dati alte iteratii initiale:’);
goto etl;
end;
end;
fori:=1to n do
x[i,k+1]:=x[i,k]-f(x[i,k])/produs[i,k];

end;

for i:=1 to n do

begin

clrscr;
writeln(*  Pasul °,’ Valoarea iteratiei’);
writeln(‘-======s-mmm e );

for k:=0 to 50 do
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begin
writeln(* k="k:2,’ Sox[G6]=, x[ik]:12:12);
if (k=20)or(k=50) then begin
readln;
gotoxy(0,0);
clresr;
writeln(‘ Pasul’,” Valoarea iteratiei’ );
Writeln(f----=-mmmm oo )
end;
end;clrscr;

writeln;writeln;
writeln(* CONCLUZII:’);
writeln;writeln;
for i:=1ton do
begin
writeln;
if abs(x[i,k]-x[i,k-1])<0.001 then
writeln(‘x[‘,i,’] converge catre’,’
Cu precizia
E=",abs(x[i k]-x[1,k-1]:12:12);

else writeln(* x[,i,’] divergent cu eroarea

E=", abs(x[i k]-x[i,k-1]));

if (imod10=0) then begin

readln;
clrscr;
end;
end;
readln;
end.

Prezentam in continuare doud exemple.

Exemplul 1
x® —9x* +26x%-24=0
Radécina Valoarea aproximatiei Precizia Pasul de la
obtinute care
converge
X[1] -1.414213562372 E=0.000000000000 K=19
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X[2] 1.414213562374 E=0.000000000002 K=19
X[3] 2.000000000000 E=0.000000000000 K=0
X[4] 1.732050807569 E=0.000000000001 K=17
X[5] -1.732050807570 E=0.000000000001 K=16
X[6] -2.000000000000 E=0.000000000000 K=15
Exemplul 2
x* —5x%+5x?+5x —-6=0
Radacina | Valoarea aproximatiei Precizia Pasul de la care
obtinute converge
X[1] -1.000000000000 E=0.000000000000 K=1
X[2] 1.000000000000 E=0.000000000000 K=0
X[3] 2.000000000000 E=0.000000000000 K=0
X[4] 3.000000000000 E=0.000000000000 K=0
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