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1. Studiul monotoniei unor funcţii cu aplicaţii în demonstrarea

unor inegalităţi.
Prof. Adrian Ioan Pop, Colegiul Naţional “Gheorghe Şincai”, Baia Mare

Rezultatele teoretice ale analizei matematice permit obţinerea unor inegalităţi care prin

metodele elementare ar fi fost greu de demonstrat.

Teoremă

Dacă f şi g sunt funcţii derivabile pe un interval ),[ 0  xI astfel încât )()( 00 xgxf  şi

Ixxgxf  ),()( atunci are loc inegalitatea Ixxgxf  ),()( .

Demonstraţie Fie h = f – g , 0)()()( 000  xgxfxh , Ixxgxfxh  ,0)()()( ,

(deoarece Ixxgxf  ),()( ).

Din Ixxh  ,0)(  h este monoton crescătoare pe I  00 ),()( xxxhxh  

0,0)( xxxh   0,0)()( xxxgxf   ),[),()( 0  xIxxgxf .

Problema 1. Să se arate că 0,
1 2 


xarctgx
x
x

0,
1 2 


xarctgx
x
x

 0,0
1 2 


xarctgx
x
x .

Consider funcţia arctgx
x
xxff 


 21
)(,: RR .

Din studiul monotoniei acestei funcţii vom deduce inegalitatea cerută.

 22

2

2 1
2

1
)(

x
xarctgx

x
xxf













 


 .

Alcătuim un tabel cu semnul primei derivate:

x - ∞                        0                             + ∞

)(xf  --------------- 0 ---------------------

)(xf
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Din acest tabel  f este strict descrescătoare pe R  0),0()(  xfxf  0,0)(  xxf 

0,0
1 2 


xarctgx
x
x

 0,
1 2 


xarctgx
x
x .

Problema 2. Să se demonstreze inegalitatea ),0(,
1
1

ln
ln







 x

e
e

xx
xx .

Rezolvare

Considerăm funcţia xxxgg  ln)(,),0(: R .

x
xxg 

 1)( . Ataşam ecuaţia ),0(1010)( 


 x
x
xxg

x 0                                 1                               + ∞

)(xg  /  +++++++++++       0 --------------------

)(xg g(1)

/

Din acest tabel  0),1()(  xgxg  0,1ln  xxx şi prin urmare funcţia

xx
xxxff





ln
ln)(,),0(: R este binedefinită.

Calculăm prima derivată a funcţiei f:

      
   22 ln

2ln2
ln

lnlnlnln
ln
ln)(

xx
x

xx
xxxxxxxx

xx
xxxf






















 .

Ataşăm ecuaţia
 

exx
xx

xxf 



 1ln0
ln

2ln20)( 2

Tabelul cu monotonia şi punctele de extrem ale funcţiei f este:

x 0                                 e                              + ∞

)(xf  ------------------------ 0  ++++++++++++

)(xf

f(e)

Din tabelul de mai sus  e este punct de minim global al funcţiei f  0),()(  xefxf 

),0(,
1
1

ln
ln







 x

e
e

xx
xx .
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Problema 3. Să se demonstreze inegalitatea ),0(),1ln( 2  xxxarctgx .

Rezolvare: Consider funcţia )1ln()(,: 2  xxarctgxxff RR .

Din studiul monotoniei acestei funcţii o să deducem inegalitatea cerută.

Calculăm prima şi a doua derivată a funcţiei f:
1

)( 2 

x
xarctgxxf ,

 22

2

1
)(



x
xxf 

*,0)( R xxf  f  este strict crescătoare pe R.  ),0(),0()(  xfxf
0)0( 


f

),0(,0)(  xxf  f este strict crescătoare pe ),0[   ),0(),0()(  xfxf 

),0(,0)(  xxf  0,0)1ln( 2  xxxarctgx  ),0(),1ln( 2  xxxarctgx

Problema 4. Să se arate că ),0( x are loc inegalitatea
!3!2!1

1
32 xxxe x 

Consider funcţia
!3!2!1

1)(,:
32 xxxexff x RR . Calculăm:

!2!1
1

!3!2!1
1)(

232 xxexxxexf xx 










 ,

!1
1

!2!1
1)(

2 xexxexf xx 










 ,

1
!1

1)( 







  xx exexf . Ataşăm ecuaţia 01010)(  xeexf xx 

0,01)(  xexf x  f  este strict crescătoare pe [0,+∞)  0),0()(  xfxf 

0,0)(  xxf  f  este strict crescătoare pe [0,+∞)  0),0()(  xfxf
0)0( 


f

0,0)(  xxf  f este strict crescătoare pe [0,+∞)  0),0()(  xfxf 

0,0)(  xxf  0,0
!3!2!1

1
32

 xxxxe x  ),0(,
!3!2!1

1
32

 xxxxe x

Problema 5. Să se arate:

1) xxx 2ln)1ln()1ln(  pentru orice x > 2;

2) 2

1
3

3
2sin
x

dtt
x

x




pentru orice x > 0.

Rezolvare:

a) Întrucât 0ln x şi 1,0)1ln(  xx inegalitatea 2,ln)1ln()1ln( 2  xxxx este

echivalentă cu 2,
)1ln(

ln
ln

)1ln(





 x
x
x

x
x .
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Consider funcţia
x
xxff

ln
)1ln()(,),1(: 

 R . Studiind monotonia acestei funcţii o să

demonstrăm inegalitatea cerută.

xxx
xxxx

x

x
x

x
x

x
xxf 22 ln)1(

)1ln()1(ln
ln

)1ln(1ln
1

1

ln
)1ln()(















 

 . (1)

Considerând funcţia xxxgg ln)(,),0(:  R  1,01ln)(  exxxg  g este strict

crescă toare pe ),[ 1 e  2),1()(  xxgxg  2,0)1ln()1(ln  xxxxx
)1


2,0)(  xxf  f strict crescătoare pe (2, +∞) 

2),()1(  xxfxf  2,
ln

)1ln(
)1ln(

ln






x

x
x

x
x

 2,ln)1ln()1ln( 2  xxxx

2)  



















 










1

3

31

2

31

3
3

1

2

31

2

31
3 cos

3
2

3
cos2coscos

3
1

3
cossin

x

x

x

x

x

x

x

x

x

x

x

x

dt
t
t

t
tdt

t
t

t
tdt

t
tdttI

Dar 0,1cos1cos1cos 33

3
33 


 t

tt
ttt 

















 22

1

2

1

3

1

3

3

)1(
11

3
1

3
11

3
2cos

3
2

xxt
dt

t
dt

t
t x

x

x

x

x

x

.

Prin urmare




































 


0,
3

2
)1(

111
)1(

1
3
1

)1(
11

3
1

3
cos

)1(3
)1cos(cos

3
2

3
cossin

22222

222

3

2

31

3

31

2

31
3

x
xxxxx

xxx
t

x
xdt

t
t

t
tdttI

x

x

x

x

x

x

0,
3

2sin 2

1
3  



x
x

dttI
x

x

.

Problema 6. ( Inegalitatea lui Hölder)

Dacă 1,1;0,,,,0,,, 2121  qpbbbaaa nn  şi 111


qp
atunci

qn

i

q
i

pn

i

p
i

n

i
ii baba

1

1

1

11

















 



Demonstraţie Considerăm funcţia ,)(,),0[: xxx    R unde )1,0( este un

parametru. )1()( 11     xxx . Din tabelul de variaţie al funcţiei 
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x 0                               1                                 +∞

)(x  +++++++++++   0 ----------------------

)(x 0 1

rezultă că   1)(x  0,1  xxx 

Pentru orice A > 0, B > 0 substituind
B
Ax  şi

p
1

 
qp
1111  . Prin urmare:

q
B

p
ABAB

qB
A

pB
A qpp









111

11 .

Punând în inegalitatea de mai sus



 n

i

q
i

q
i

n

i

p
i

p
i

b

bB
a

aA

11

, şi adunând inegalităţile obţinute 

11111

1

1

1

1

11

1 

















 























qpb

b

qa

a

p
ba

a

n

i

q
i

n

i

q
i

n

i

p
i

n

i

p
i

qn

i

q
i

pn

i

p
i

n

i
ib i




qn

i

q
i

pn

i

p
i

n

i
ii baba

1

1

1

11

















 



.

Pentru  p = 2, q = 2 înlocuite în inegaliutatea de mai sus se obţine inegalitatea lui

Cauchy-Buniakowski-Schwartz : 









 n

i
i

n

i
i

n

i
ii baba

1

2

1

2
2

1
inegalitate folosită des în rezolvarea

altor probleme.
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2. ŞIRURI DE ARII DE SUPRAFEŢE TRIUNGHIULARE

Prof. Văcărean Sorina, Colegiul Naţional „George Bariţiu”, Cluj-Napoca

1. Se consideră ABC . Fie  1A BC ,  1B CA ,  1C AB astfel încât 1 1 1 1BA CB AC
BC CA AB k

   ,

 2 1 1A BC ,  2 1 1B C A ,  2 1 1C AB astfel încât 1 2 1 2 1 2

1 1 1 1 1 1

1B A C B AC
BC C A AB k

   ,  3 2 2A B C ,

 3 2 2B C A ,  3 2 2C A B astfel încât 2 3 2 3 2 3

2 2 2 2 2 2

1B A C B A C
B C C A A B k

   , …,  1 1n n nA B C  ,

 1 1n n nB C A  ,  1 1n n nC A B  astfel încât 1 1 1

1 1 1 1 1 1

1n n n n n n

n n n n n n

B A C B A C
B C C A A B k

  

     

   , n  ,

k   1 , unde 0A A , 0B B şi 0C C . Se notează cu is aria suprafeţei i i iABC , i ,

exprimată în 2u .
a) Calculaţi ns în funcţie de 0s , n .
b) Calculaţi lim nn

s


.

c) Calculaţi
0

n

i
i
s


 , n .

d) Arătaţi că 2
1 1n n ns s s   , n   .

Rezolvare:

a) i) Calculăm 1s în funcţie de 0s .

Se arată că
1 1 1 1 1 1 02

1
C BA B AC AC B

kA A A s
k


     .

1 1 1 1 1

2

1 0 0 02 2

1 3 33 3A B C ABC C BA
k k ks A A A s s s
k k
  

         .

ii) Calculăm 2s în funcţie de 0s .
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Urmând raţionamentul de la i),
22 2

2 1 02 2

3 3 3 3k k k ks s s
k k

    
   

 
.

iii) Calculăm 3s în funcţie de 0s .

Urmând raţionamentul de la i),
32 2

3 2 02 2

3 3 3 3k k k ks s s
k k

    
   

 
.

iv) Calculăm ns în funcţie de 1ns  , n  .
Urmând raţionamentul de la i), obţinem formula de recurenţă ce caracterizează şirul  n n

s
 :

2

12

3 3
n n
k ks s

k 

 
 , n  , 0 0s  .

v) Calculăm ns în funcţie de 0s , n .
Pornind de la formula de recurenţă ce caracterizează şirul  n n

s
 , obţinem:

2

02

3 3
n

n
k ks s

k
  

  
 

, n .

b)
2

02

3 3lim lim 0
n

nn n

k ks s
k 

  
  

 
, întrucât

2

2

3 3 1k k
k
 

 , k    1 .

c)
 

12 2 2

0 02 2
0 0

3 3 3 31
3 1

i nn n

i
i i

k k k k ks s s
k k k



 

       
            

  .

d) Aplicând formula de recurenţă ce caracterizează şirul  n n
s

 , avem:
2

2
1 1 12

3 3
n n n n n

k ks s s s s
k  

 
    , n   .

2. Acelaşi text ca la problema 1, în ipoteza că valoarea comună a tuturor şirurilor de rapoarte egale

este a
b

, ,a b  , a b .

Rezolvare:

a) i) Calculăm 1s în funcţie de 0s .

Se arată că  
1 1 1 1 1 1 02C BA B AC AC B

a b a
A A A s

b


     .

 
1 1 1 1 1

2 2

1 0 0 02 2

3 33 3A B C ABC C BA

a b a a ab bs A A A s s s
b b
  

         .

ii) Calculăm 2s în funcţie de 0s .

Urmând raţionamentul de la i),
22 2 2 2

2 1 02 2

3 3 3 3a ab b a ab bs s s
b b

    
   

 
.

iii) Calculăm 3s în funcţie de 0s .

Urmând raţionamentul de la i),
32 2 2 2

3 2 02 2

3 3 3 3a ab b a ab bs s s
b b

    
   

 
.
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iv) Calculăm ns în funcţie de 1ns  , n  .
Urmând raţionamentul de la i), obţinem formula de recurenţă ce caracterizează şirul  n n

s
 :

2 2

12

3 3
n n

a ab bs s
b 

 
 , n  , 0 0s  .

v) Calculăm ns în funcţie de 0s , n .
Pornind de la formula de recurenţă ce caracterizează şirul  n n

s
 , obţinem:

2 2

02

3 3
n

n
a ab bs s

b
  

  
 

, n .

b)
2 2

02

3 3lim lim 0
n

nn n

a ab bs s
b 

  
  

 
, întrucât

2 2

2

3 3 1a ab b
b

 
 , ,a b   , a b .

c)
 

12 2 2 2 2

0 02 2
0 0

3 3 3 31
3 1

i nn n

i
i i

a ab b b a ab bs s s
b a b b



 

       
            

  .

d) Aplicând formula de recurenţă ce caracterizează şirul  n n
s

 , avem:
2 2

2
1 1 12

3 3
n n n n n

a ab bs s s s s
b  

 
    , n   .

3. Se consideră ABC . Fie  1A BC ,  1B CA ,  1C AB astfel încât 1 1 1 1
2

BA CB AC
BC CA AB

   ,

 2 1 1A BC ,  2 1 1B C A ,  2 1 1C AB astfel încât 1 2 1 2 1 2

1 1 1 1 1 1

1
3

B A C B AC
BC C A A B

   ,  3 2 2A B C ,

 3 2 2B C A ,  3 2 2C A B astfel încât 2 3 2 3 2 3

2 2 2 2 2 2

1
4

B A C B A C
B C C A A B

   , …,  1 1n n nA B C  ,

 1 1n n nB C A  ,  1 1n n nC A B  astfel încât 1 1 1

1 1 1 1 1 1

1
1

n n n n n n

n n n n n n

B A C B A C
B C C A A B n

  

     

  


, n  , unde

0A A , 0B B şi 0C C . Se notează cu js aria suprafeţei j j jA B C , j , exprimată în 2u .
a) Calculaţi ns în funcţie de 0s , n .
b) Calculaţi lim nn

s


.

c) Arătaţi că 2
1 1n n ns s s   , n   .

Rezolvare:
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a) Utilizăm formula găsită la problema 1 a)  iv):

 1
2

12

3 3
i i
k ks s

k 

 
 , i  , k   1 , 0 0s  .

i) Calculăm 1s în funcţie de 0s .

Din  1 , pentru 1i  şi 2k  avem: 1 0
1
4

s s .

ii) Calculăm 2s în funcţie de 0s .

Din  1 , pentru 2i  şi 3k  şi din i), avem: 2 1 0
1 1 1
3 4 3

s s s   .

iii) Calculăm 3s în funcţie de 0s .

Din  1 , pentru 3i  şi 4k  şi din ii), avem: 3 2 0
7 1 1 7

16 4 3 16
s s s    .

iv) Calculăm 4s în funcţie de 0s .

Din  1 , pentru 4i  şi 5k  şi di iii), avem: 4 3 0
13 1 1 7 13
25 4 3 16 25

s s s     .

v) Calculăm ns în funcţie de 1ns  , n  .
Din  1 , pentru i n şi 1k n  obţinem formula de recurenţă ce caracterizează şirul  n n

s
 :

 

2

12
1

1
n n
n ns s
n 

 



, n  , 0 0s  .

vi) Calculăm ns în funcţie de 0s , n  .
Pornind de la formula de recurenţă ce caracterizează şirul  n n

s
 , obţinem:

 

2

02
1

1
1

n

n
i

i is s
i

  
  
  
 , n  .

b) Din
 

2

2
1

11
i i i

ii
 




, i   şi din faptul că
 

2

2
1 0

1
i i
i
 




, 0
1
i
i




, i   , rezultă că
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 

2

2
1 1

1
11

n n

i i

i i i
ii 

 



  . Cum

1

1
1 1

n

i

i
i n


  , urmează că

 

2

2
1

1 1
11

n

i

i i
ni

 



 , de unde 0

1
1ns s

n



,

n   . Cum şirul  n n
s

 are termenii strict pozitivi şi 0
1lim 0

1n
s

n



, rezultă, pe baza criteriului

majorării, că lim 0nn
s


 .

c) Aplicând formula de recurenţă ce caracterizează şirul  n n
s

 , avem:

2
1 1n n ns s s   

     

2
2 2 2

2
1 1 12 2 2

1 1 1
1 2 1

n n n
n n n n n ns s s
n n n  

      
   

    
 2 1 0n n   


5 1,
2

n  
    
 

  n  , ceea ce este adevărat.

3. Solutions to problems 5271 and 5273 from
School Science and Mathematics Journal

other than those published in
School Science and Mathematics Journal

- February 2014 -

by Nela Ciceu, Roșiori, Bacău
and

Roxana Mihaela Stanciu, Buzău

Solution. By Ptolemy’s theorem easily we obtain that

2
yxAC 

 .

The triangle ABC exists if only if
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3
3
1


y
x .

Easily yields

)3)(3(3
2

44
3

4
3

4
)(34

2
xyyx

xy
yxyxxyyx

yxyx
R


















 ,

and we are done.

Solution. We have to solve in positive integers the equation:
 )1)(1)(1()1( cbaabcd  1cbaacbcabdabc

   1)1()1(1  cbcacabdc (1)
If 1dc , then 1 cd and is easy to see that equation (1) has no solutions.
We can multiply (1) with 1dc and we obtain successively:

         111111)1( 2 cdcbcdcacdcabdc
               1111111 2 cdcccbdccadc

           )1()1(1111  ccdcbdccadc (*)
From symmetry we can assume that cba  .
Then   12)1(1 2  cdccadc ,   12)1(1 2  cdccbdc .
We analyze the cases when the expression 122  cdc is positive or negative:
Case 1. If 3d , then 0)13)(1(12312 22  cccccdc and by the relation (*) results
that

          
22 12)1(1)1(1)1(1 cdccadccadcccd

 0)1()1(42414 223242 cdcdcdcdcccd
 01)3()1(34 2342  cdcddccd (2)
If 8d , then we have:

 1333481)3()1(34 22342342 ccdcdcdcdccdcddccd
0133)1()1(3)1(4 23223  cccdccdccdc ,

and the inequality (2) is not true.
(1.1) 7d .
The inequality (2) becomes

0)132149)(1(014182849 23234  cccccccc
and since 0132149 23  ccc , we have 1c .
The relation (*) becomes

   4)13)(13(162626  baba ,
and we obtain the solution 1 cba .
(1.2) 6d .
The inequality (2) becomes
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013152436 234  cccc .
For 2c we have

 1315247213152436 233234 cccccccc
01)1(3)1(1530131548 22323  cccccccc ,

and so 1c .
The relation (*) becomes

  12)25(25  ba ,
and we no obtain solutions.
(1.3) 5d .
The inequality (2) becomes

012122025 234  cccc .
For 2c we have

 1212205012122025 233234 cccccccc
01)1(2)1(1216121230 22323  cccccccc .

so 1c .
The relation (*) becomes

      31212122424  baba ,
and we obtain the solution 1,1,2  cba .
(1.4) 4d .
The inequality (2) becomes

0191616 234  cccc .
For 2c we have

 191632191616 233234 cccccccc
01)1()1(961916 22323  cccccccc ,

hence 1c .
The relation (*) becomes

   102323  ba ,
and we obtain the solution 1,1,4  cba .
(1.5) 3d .
The inequality (2) becomes

016129 234  ccc .
For 2c we have

01)1(616616121816129 223233234  cccccccccc
hence 1c .
The relation (*) becomes

      21182222  baba ,
and we obtain the solution 1,2,3  cba .
Cases 2. 2d .
(2.1) For 1c (*) becomes

   622  ba ,
and we obtain the solutions

1,3,8  cba and 1,4,5  cba .
(2.2) For 2c ,

012124122 2  ccccc
and then (2) is true, i.e

01684 234  cccc .
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For 3c we have

,01)3(22164
168121684

2323

233234





ccccccc
cccccccc

hence 2c .
(*) becomes

  2)1)(1(18)33(33  baba
and we obtain the solution

2,2,3  cba .
Cases 3. 1d .
Since 1c , we have:
(3.1) For 2c (*) becomes

   1233  ba ,
and we obtain the solutions

   2,5,9,2,4,15  cbacba and  2,6,7  cba .
(3.2) For 3c (*) becomes

      622244242  baba
and we obtain  the solutions

 ,3,3,8  cba şi  3,4,5  cba .
(3.3) For 4c we have

012124122  ccccc
and must that (2) 0124 34  ccc , to be true.
Since 012)4(124 334  cccccc , has no solutions.
From the above we obtain the solutions:

a b c d
1 1 1 7
2 1 1 5
4 1 1 4
3 2 1 3
5 4 1 2
8 3 1 2
3 2 2 2
15 4 2 1
9 5 2 1
7 6 2 1
8 3 3 1
5 4 3 1

The solution is complete.
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4. The solutions of some problems of Mathematical Reflections

Prof. Codreanu Ioan Viorel, Satulung Secondary School, Maramureș

J 273.  Let cba ,, be real numbers greater than or equal to 1. Prove that

9
1

2
1

2
1

2
2

3

2

3

2

3














aa

c
cc

b
bb

a .

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Using the AM-GM Inequality we get

3
2

3

2

3

1
23

1
2  







aa
a

bb
a

We have   013
1

2 3
2

3




 a
aa

a , which is clearly true. Similarly 3
1

2
2

3





bb

b and

3
1

2
2

3





cc

c . So it follows that 9
1

2
2

3




 bb
a .

S 274.  Let cba ,, be positive real numbers such that 1abc . Prove that

 222

2
1

111
cba

bc
c

ab
b

ca
a










Proposed by Sayan Das, Kolkata, India

Solution by Ioan Viorel Codreanu, Maramures, Romania

Using the AM-GM Inequality and the condition 1abc , we get

 


ba
c
a

ca
a

ca
a

2
1

2
1

21

so it suffices to prove that

  2aba .

From the Cauchy-Schwarz Inequality, we have

      aaba 22

so it suffices to prove that

  2aa .

From the Cauchy-Schwarz Inequality, we have

    22 3 aa
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and so it suffices to prove that

32 a

which follows from the AM-GM Inequality

333 22   aa .

J 280.  Let dcba ,,, be positive real numbers. Prove that

     22 dabcdabcdabcbcadbdaccdab 

Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Rewrite the inequality in the form

    22222 dabcdabcdabcadadbcbcadbadcbcdbca 

and this follows immediately from the Cauchy-Schwarz Inequality.

S 282.  Let ABC be a triangle, G its centroid, and O its circumcenter. Lines CGBGAG ,,

intersect the circumcircle of triangle ABC at CBA  ,, . Denote by G the centroid of triangle

CBA  . Prove that GOOG  .

Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramureș, Romania

From GBABAG  and AGBAGB  it follows that ABC is similarly of AGB  .

So
BA
AB

GA
BG

GB
AG








from where we obtain

BG
GAABBA


 . But 22 OGRGAGA 

(the power of the point G to the circumcircle of triangle ABC ) and we get

 22 OGR
BGAG

ABBA 


 , namely  22

4
9 OGR

mm
cBA

ba

 . Using the known equalities

9

2
22 

a
ROG and

9

2
22  


BA
RGO we have

bamm
ac

BA
4

2 and

  1622

2
22222 










  

cb mm
aaaBAGOOGGOOG .

Using the Cauchy-Schwarz Inequality we get

 
22

22

2
2






















cbcb mm
a

mm
aa .

It is enough to prove the inequality
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  4
2

cbmm
a .

It is known that the medians of a triangle form a new triangle, which we will note by 000 CBA . In

this new triangle we will note: 
cba mmm ,, the medians lengths 000 CBA and cba  ,, the side

lengths 000 CBA . We have cmbmam cba 4
3,

4
3,

4
3

 și cba mcmbma  ,, . The dual

inequality is

4
9

2





 cb
ma .

To prove the inequality

    21292
4
9 222222







   bc
a

bc
cb

bc
acb

bc
ma .

Using the equalities   



Rr

Rrrs
ab
ba

2
10222

and
Rr

Rrrs
bc
a

2
63 222 

 the last  inequality

becomes
22 516 rRrs 

the last inequality is known the inequality Gerretsen and solution ends.

J 283.  Let cba ,, be positive real numbers. Prove that

 cbaba
c

ac
b

cb
a















2
93121212

Proposed by Zarif Ibragimov, Sam SU, Samarkand, Uzbekistan

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Using the AM-HM Inequality we get

   



 acbcb 2

991

But, by applying the Nesbitt Inequality

2
3


 cb
a

we obtain

  









acbcb
a

cb
a

2
931212 .
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J 285.  Let cba ,, be the sidelengths of a triangle. Prove that

   92228
222





abc

cbacabcabcba

Proposed by Adithya Ganesh, Plano, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

We know that    RrrsaRrrsabsa 42,4,2 22222 and sRra 4 .

The inequality of the problem is equivalent to

  9
4

82282228
2222





sRr

RrrsRrrss

or

RrRrrRr 9828 2  .

But this is easy, because we clearly have RrrRr 828 2  and from the Euler Inequality rR 2 ,

so RrRrRrRrr 9882 2  .

J 286.  Let ABCD be a square inscribed in a circle. If P is a point on the arc AB , find        the

maximum of the expressions

PBPA
PDPC



Proposed by Panagiote Ligouras, Noci, Italy

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Let the measure of arch 







4
,0,2 xxAP . Then the measures of the arches DPCPBP ,,

xx 2,2
2

  , respectevly x2
2


 . Let R the radius of the circumcenter.

We have 





 






  xRPCxRPBxRPA

2
sin2,

4
sin2,sin2  and 






  xRPD

4
sin2  .

Then 





 







 







 








 






 







 



 xtgtgx

x

x

x
x

xx

xx

PDPC
PBPA

4
4

cos

4
sin

cos
sin

4
sin

2
sin

4
sinsin










.
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We consider the function   





 






 xtgtgxxfRf

4
,

4
,0:  . We have

 






 







 


xx

xx
xf

2
coscos2

2sin2
2

sin

22 



and  
8

2sin2
2

sin0 







  xxxxf . But,   0 xf for








8
,0 x and   0 xf for 







4
,

8
x , namely f is increasing on to 






8
,0  and f is

decreasing on to 






4
,

8
 . A short analysis with derivatives show that the maximum is attained

when
8


x and so the maximum value is:

    22312
88

22
max 








 tgfxf

because 12
22

2

2
21

2
2

4
cos1

4
sin

8














tg .

J 287.  Let n be a positive integer and let naaa ,...,, 21 be real numbers in the interval 






n
1,0 .

Prove that

      2
113121 1log...1log1log

21
nnanana

naaa  

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Because nk
n

ak ,1,1,0 





 ,  we have   nknak ,1,0,1  . Using the Bernoulli Inequality

  10,1,11   xxx , we get

  nkana
n

na kknk ,1,1111
1

 ,

and because nkak ,1,11  , we get

    nkanna kaka kk
,1,1log1log 1111   , where 11 aan  .

We have
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   1
1

11
1

1 1log1log 





   k

n

k
ak

n

k
a anna

kk
(1).

Using the AM-GM Inequality we obtain

   
 

 
  n

a
an

a
aa n

n

k k

k
n

k k

k
k

n

k
ak









 












1

1

1

1
1

1
1 1ln

1ln
1ln

1ln
1log (2).

From (1) and (2) we get

  2

1
11 1log nna

n

k
kak




 .

S 285.  Let be cba ,, be positive real numbers such that 1 cabcab . Prove that







 







 cbaba
c

bc
b

cb
a 111

8
1

222 222222

Proposed by Mircea Lascu and Marius Stanean, Zalau, Romania

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Because 1 cabcab , we have

        acbcbcbacbcabcabcbcb 2222 22222  and

   
















 acbcbacbcb
a

cb
a

2
11

2
1

2222 . Similarly,















 bacacac
b

2
11

2
1

222 and 













 cbababa
c

2
11

2
1

222 .

The inequality becomes

 


 cbaaba 2
11

4
11 .

We consider the convex function         ,0,02,1,,0: 3 x
x

xf
x

xfRf .

Using the Popoviciu Inequality:

     














 







 







 







 




2223
2

33
acfcbfbafcbafcfbfaf

we get

 


baaa
2

3
231

3
1

or

 


baaa
1491
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and we only have to prove that

 
 acba

9
2

14 .

But this follows immediately from the AM-HM Inequality. We have

   92
2

1









  cba
cba

so that
 

 acba
9

2
14 and the problem is solved.

O 283.  Prove that for all positive real numbers nxxx ,...,, 21 the following inequality holds


  






n

i

n

nii

i

n
xx

xxxx
x

1

1
22

1
2

1
2

1

3

1
...

......

Proposed by Mircea Becheanu, Bucharest, Romania

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Let 



n

i
ixs

1

2 . Using the Bergström Inequality we get

 
 

 






 



 
















n

i
n

i

n

i
ii

n

i
i

ii

i
n

i i

i

xxs

x

xsx
x

xs
x

1

1 1

3

2

1

2

2

22

1
2

3

.

And so it is enough to prove that

  
























 



n

i
i

n

i
i

n

i
i xxxssn

11

3
2

1

21 .

Using the Cauchy-Schwarz Inequality we get

  2
2

1

2

1

2

1

2

11

3 sxxxxxx
n

i
i

n

i
i

n

i
ii

n

i
i

n

i
i 









































 


.

And so it is enough to prove that
2

11

2 















 


n

i
i

n

i
i xxn .

But this follows immediately from the Cauchy-Schwarz Inequality.
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5. A generalization for J 10
by Marin Chirciu and Daniel Vacaru, Pitesti

Prove  the inequality
1

r a
2+n r a⋅r b

+ 1
r b

2+n⋅r c⋅r a
+ 1
r c

2+n⋅ra⋅rb
≥ 27

(n+1)⋅(4 R+r)2

.

One has, by Bergström,
∑ ( 1

r a
2+n⋅r b⋅r c)≥ 9

∑ ra
2+n⋅∑ r a r b . But

(n+1)⋅(r a+r b+r c)
2≥3⋅(∑ r a

2+n⋅∑ ra⋅r c)⇔(n+1)⋅(∑ r a
2+2∑ r b r c)≥3⋅(∑ r a

2+n∑ r b⋅r c)
(n+1−3)⋅∑ r a

2≥(3n−2n−2)⋅∑ r a⋅rb

which is fulfilled for all n≥2 .
The inequality

(n+1)⋅(r a+r b+r c)
2≥3⋅(∑ r a

2+n∑ rb⋅r c)⇔∑ r a
2+n∑ r b⋅rc≤

(n+1)⋅(r a+rb+r c)
2

3 ⇔

1
∑ r a

2+n∑ rb⋅rc
≥ 3

(n+1)⋅(r a+r b+rc)
2 ⇒ 9

∑ r a
2+∑ rb rc

≥ 27
(n+1)⋅(r a+r b+r c)

2

One has

r a+r b+rc=
S
s−a

+ S
s−b

+ S
s−c

=S⋅( ab+bc+ca−s2

(s−a)⋅(s−b)⋅(s−c))=S⋅( r 2+s2−4 R r− p2

(s−a)⋅(s−b)⋅(s−c))
S⋅s⋅( r 2+4 R⋅r

S 2 )=4 R+r

One must prove that

r 2+ p2+4 Rr= S
2

s2 +s2+ abc
s

= s⋅(s−a)⋅( s−b)⋅(s−c)
s2 +s2+abc

s
=ab+bc+ca

. The
equality apper when r a=r b=rc⇔ a=b=c .
One obtain the desired inequality.
For n = 2, one obtain the problem J 10 from Mathproblems, nr.3/2013, proposed by
Dumitru M. Bătineţu – Giurgiu, Bucharest, and Neculai Stanciu, Buzău.
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