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1. Studiul monotoniei unor functii cu aplicatii in demonstrarea
unor inegalitati.
Prof. Adrian loan Pop, Colegiul National “Gheorghe Sincai”, Baia Mare

Rezultatele teoretice ale analizei matematice permit obtinerea unor inegalitati care prin

metodele elementare ar fi fost greu de demonstrat.

Teorema

Daca f's1 g sunt functii derivabile pe un interval / =[x,,) astfel incat f(x,) = g(x,) si
f'(x)> g'(x),Vx e I atunci are loc inegalitatea f(x) > g(x),Vxe .
Demonstratie Fieh=f—g, h(x,) = f(x,)—g(x,) =0, A'(x)=f'(x)-g'(x)20,Vxel,
(deoarece f'(x)>g'(x),Vxel).
Din A'(x) > 0,Vx € I = h este monoton crescatoare pe I = A(x) > h(x,),Vx > x, =

h(x)20,Vx2x, = f(x)—g(x)=20,Vx>x, = f(x)=g(x),Vxel=[x,,0).

Problema 1. Sa se arate ca

i < arctgx,Vx >0
+ X

> <arctgx,Vx >0 <
I+x I+x

> —arctgx <0,Vx >0.

Consider functia f:R >R, f(x) = —arctgx .

1+ x?

Din studiul monotoniei acestei functii vom deduce inegalitatea ceruta.

2
X —-2x

f'(%) =(1+x2 —arctng :m.

Alcatuim un tabel cu semnul primei derivate:

X - 0 + oo

J'(x) 0

J(x) \ \
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Din acest tabel = f este strict descrescatoare pe R= f(x) < f(0),Vx>0 = f(x)<0,Vx>0 =

——arcigx <0,Vx>0 =

<arctgx,Vx >0.
1+ x 1+ x

2

) ) Inx+x _1+e
Problema 2. Sa se demonstreze inegalitatea > ,Vx € (0,+0) .

Inx—-x 1-e

Rezolvare

Consideram functia g :(0,4+0) >R, g(x)=Inx—x.

g'(x)= I—_x Atasam ecuatia g'(x) =0 < I=x =0 x=1€(0,0)
X X

X 0 1 + o0
g'(x) / +++H+++++++ 0
/

Din acest tabel = g(x) < g(1),Vx >0 = Inx—x <—1,Vx > 0 si prin urmare functia

Inx+x

f:(0,40) >R, f(x) =

este binedefinita.

Inx—x

Calculam prima derivata a functiei f:

(Inx —x)’ (Inx—x)’ '
2Inx-2

2

f,(x):(lnx+xj' _ (lnx+x),(lnx—x)—(lnx+x)(lnx—x), _ 2lnx-2
Inx—x

Atasam ecuatia f'(x) =0 < =0 hx=1lcx=¢

(Inx —x)

Tabelul cu monotonia si punctele de extrem ale functiei f este:

X 0 e + o

f'(x) 0+

f(x)
\ @ /v

Din tabelul de mai sus = e este punct de minim global al functiei f = f(x) > f(e),Vx >0 =

Inx+x ZH—e,Vxe(0,+oo).
Inx—x 1-e
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Problema 3. Si se demonstreze inegalitatea xarctgx > In(x* +1), Vx € (0,40) .

Rezolvare: Consider functia f :R = R, f(x) = xarctgx —In(x*> +1).

Din studiul monotoniei acestei functii o sa deducem inegalitatea ceruta.

2

Calculam prima si a doua derivata a functiei f: f'(x) = arctgx — zx , ["(x)= al - =
x+1 (x2 + 1)
11(0)=0

f"(x)>0,Vx e R* = f' este strict crescatoare pe R. = f'(x) > 1'(0),Vx € (0,0) =
f'(x)>0,Vx e (0,00) = f este strict crescitoare pe [0,00) = f(x) > f(0),Vx € (0,0) =

f(x)>0,Vx € (0,0) = xarctgx —In(x*> +1)>0,Vx >0 = xarctgx > In(x” +1),Vx € (0,0)

2 3
Problema 4. Sa se arate ca Vx € (0,) are loc inegalitatea e* > 1+ % + % + %
x x* X
Consider functia f:R >R, f(x)=¢" -1- TR Calculam:

!

, x X X2 X3 x X XZ " x X XZ ¥ X
f(x)—(e —1—1—!—7!—5 =e _I_T!_?!,f(x)_ e —1—1—!—7! =e —1—1—!,

!

f"'u):(ﬁ-p%) =" —1. Atagim ecuatia ["(x) =0 e’ —1=0 e =1 x=0 =

f"(x)=e"=1>0,Vx >0 = f" este strict crescatoare pe [0,+x) = f"(x) > f"(0),Vx >0=

11(0)=0
f"(x)>0,Vx >0 = f' este strict crescatoare pe [0,70) = f'(x)> f'(0),Vx>0 =

f'(x)>0,Vx>0 = f este strict crescatoare pe [0,+x) = f(x)> f(0),Vx>0 =

2 3 2 3
f(x)>0,Vx>0 = ¢e* —l—f—x——x—>0,Vx>0 =>e" >1+£+x—+x—,Vxe(0,+oo)
o2 3 o2 3

Problema 5. Sa se arate:
1) In(x—1)-In(x+1)<In> x pentru orice x > 2;

x+1

2) [sinede <

> pentru orice x > 0.
X

Rezolvare:

a) Intrucat Inx >0 si In(x+1) >0, Vx >l inegalitatea In(x —1)-In(x +1) < In” x, Vx > 2este

echivalenti cu In(x—1) < In x ,Vx>2.

Inx  In(x+1)
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Consider functia f :(L,+0) >R, f(x) =

In(x—-1)
In

. Studiind monotonia acestei functii o sa

demonstram inegalitatea ceruta.

, 1
ln(x—l)j _x-1
Inx

-lnx—l-ln(x—l)
X

_xlnx—(x-1)In(x-1)
In* x x(x—1)In* x

f'(X)=( (D)

Considerand functia g : (0,40) > R, g(x)=xInx= g'(x)=Inx+1>0,Vx >e ' = g este strict

1)
crescd toare pe [e”',+0) = g(x) > g(x—-1),Vx>2 = xInx—(x—DIn(x -1) >0,Vx>2 =

f'(x)>0,Vx > 2 = fstrict crescatoare pe (2, +o) =

Inx >ln(x—l)
In(x+1)  Inx

fx+D)> f(x),Vx>2 = ,Vx>2 =In(x—1)-In(x+1) <In” x,Vx > 2

x+1

1
2" cost’

3 £

X

dt

-3¢ 30 ¢ 3t?

X X

2) 1= Tsinﬁdt = TMdt =_—1[C08t3 B —TcOsﬁ .‘t_fdtj _ —cost’

—cost®
t3

S%,Vr>0 =
t

Dar cost® >—-1= —cost’ <—-1=

2t cost? 27t 1 1™ 101 1
S Sars s [ Gdi=— =2 5= .
37 0t 3¢ 3t7, 3lx” (x+1)
Prin urmare
x+1 3 [¥* x+l 3 3 3
) - 2 1 1{ 1 1
7= Ismﬁdt:Lft __j cos3t dt=_cos(x+ 2) +cos§ ML .
" 3t 37 ¢ 3(x+1) 3x 3lx” (x+1])

sl ! 2+L2+L2— ! == 22,Vx>0:>
3 (x+D)” x* x° (x+] 3-x

x+1

1= Isint3dt Si,‘v’x >0.
! 3x?

Problema 6. ( Inegalitatea lui Holder)

20,b,,b,,....,b, 20;p>1,g>1 si %Jré:l atunci

Daca a,,a,,...,a

n

n

1 1
S ab, < (za;’j” (zbJ
i=1 i=1 i=1

Demonstratie Consideram functia ¢ :[0,40) - R, ¢p(x) = x* —ax, unde « € (0,1) este un
parametru. ¢'(x)=a-x*" —a = a(x*" —1). Din tabelul de variatie al functiei ¢

5
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X 0 1 +00

@'(x) -+ 0

w(X) 0 / l-« —

rezulticd p(x)<l-a = x* —ax<1-,Vx >0

Pentru orice A > 0, B > 0 substituind xzé si oz:l = 1—0!21—l:l . Prin urmare:
B p P q
NARR -~ 4 B
(—Jp——-—S—|-B:>AP-BqS—+—.
B p B q P q
a’ b!
Punand in inegalitatea de mai sus 4 = ——, B =—— si adunand inegalitatile obtinute =
Zai” Zbﬁ
i=1 i=1
a, a’ b/
; lbl- 1 ; 1 1 ; 1 1
p qg_. n +_'n—__+_:1:>
(Z":apj [ Z b'qj p af 1 Y pe P
= , i i=1

Pentru p =2, q =2 inlocuite in inegaliutatea de mai sus se obtine inegalitatea lui

2
Cauchy-Buniakowski-Schwartz : [Z aibl) < Za? -be inegalitate folosita des in rezolvarea
i=1

i=1 i=l1

altor probleme.
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2. SIRURI DE ARII DE SUPRAFETE TRIUNGHIULARE
Prof. Vacarean Sorina, Colegiul National ,,George Baritiu”, Cluj-Napoca

Se considerd aABC . Fie 4 €(BC), B, €(CA), C, €(A4B) astfel incat f;jé = C(;]j = IZ(;‘

4, € (B2C2 ) s

BIA2 _ CIBZ _ AICZ
Blcl CIAI AIBI

BAd OB _AG _ 1 4 e(B.C)
Bzcz C2A2 AZBZ k’ S e

Bn € (Cn—lAn—l ) H Cn < (An—an—l) aStfel inCﬁt B"—lA” = Cn—an = An—lcn = l , NE N* >
Cn—lAn—l An—lB k

n-1

keN"\{1},unde 4, =4, B,=B si C,=C. Senoteazi cu s, aria suprafetei a4,B,C,, ie N

i 12 b

4,e(BC)), B,e(C4,), C, e(A4B,) astfel incat

1
k b

B, €(C,4,), C, e(4,B,) astfel incat

n—=1"n-1

exprimati in u’>.

a) Calculati s, in functie de s,, n e N.
b) Calculati lims, .
c) Calculati Zsl. ,neN.
i=0
d) Aratatica s> =s, ,-s,,,, VneN".

n+l?

Rezolvare:

a) 1) Calculdm s, in functie de s, .

s k-1
Se aratd cd AACIBAI - AABJAlc = AAACIBI - 7S0 .
k-1 k*=3k+3
517 AAAlBICI = A, ape _3AACIBA1 =5, =3 2 So = e Sy -

i1) Calculam s, in functie de s, .
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Urmand rationamentul de la 1), s, =

2 2 2
k> —3k+3 (k —3k+3J
s, = S -

K’ k*

iii) Calculam s, in functie de s, .

2 2 3
Urmand rationamentul de la 1), s, = k”—3k+3 5, = (k 3k + 3} 5,

k* K
iv) Calculam s, in functiede s, ,, ne N".
Urmand rationamentul de la i), obtinem formula de recurenta ce caracterizeaza sirul (sn )neN :
k> —3k+3 .
s,=———5,,, neN", s,>0.
k

v) Calculdm s, in functie de s,, n e N.

Pornind de la formula de recurenta ce caracterizeaza sirul (sn )neN , obtinem:

2_ n
sn=[$j So s neN.
2 " 2 _
b) lii‘iisn ﬂ%[%} s, =0, intrucat %d, VkeN*\{l}.

" n (k2 =3k+3) K> K2 =3k+3)"
.= = 1— .

d) Aplicand formula de recurenta ce caracterizeaza sirul (sn )neN , avem:

2_
%sn s, =57, VneN",

Sn+1 .Sn—l =

Acelasi text ca la problema 1, in ipoteza ca valoarea comuna a tuturor sirurilor de rapoarte egale

a «
este E’ a,beN", a<b.

Rezolvare:
a) 1) Calculdm s, in functie de s, .
. a(b—a)
Searatd ca A,cp =A,p4c=Aucn = b—zso.
a(b-a 3a’ —3ab+ b’
S = AAAlBlcl = A, 45 _3AACIBA1 =5y—3 (bz )So = B2 So -

i1) Calculam s, in functie de s, .

Urmand rationamentul de la 1), s, =

3a* —3ab+b* 3a* —3ab +b* ’
B S = b So -

ii1) Calculam s, in functie de s,,.

Urmand rationamentul de la 1), s, =

3a* —3ab+b* 3a® —3ab+b* ’
B § = b? So-
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iv) Calculam s, in functiede s, |, neN".

Urmand rationamentul de la 1), obtinem formula de recurenta ce caracterizeaza sirul (sn)
3a’> —3ab+b’

Sy = b—zsn—l >

v) Calculdm s, in functie de s,, n € N.

neN *

neN", s,>0.

Pornind de la formula de recurenta ce caracterizeaza sirul (sn )%N, obtinem:

2 2\
b

3a’ —=3ab+b*

b) lims, =lim 2

n—>0 n—>»0

. <1, Va,beN", a<b.

o & (3a%-3ab+b ) b 3a> ~3ab+b> )"
C S. = —_— | §, = 1- Sq -
)2 Z[ 5 j 3a<b1>{ ( p J :
d) Aplicand formula de recurenta ce caracterizeaza sirul (sn )neN , avem:

3a® —3ab+b’ )
%sn-snlzsnz,VneN.

3a> —3ab+b* ) n R
———— | 5, =0, intrucat

sn+1 .Sn—l =

5

Se considerd a4BC. Fie 4, €(BC), B, €(CA), C, €(A4B) astfel incat B4, _CB _AC _1

BC C4 AB 2
B4, CB, 4C, 1
BC, CA AB 3
BzA3 — C2B3 — A2C3 :l’ oo A E(Bn—lcn—1)7
BC, C, A AB, 4

B A B A .
B, e(C,_A4,,), C,e(4,B,) astfel incat —=1— = CaB, _ 4.6, 1 , neN", unde

A4,e(BC)), B,e(C4,), C, e(A4B,) astfel incét

B, €(C,4,), C, e(4,B,) astfel incat

n—1"n-1 - Cn—lAn—l - An—an—l n +1
A4,=4, B, =B si C,=C.Senoteaza cu s, aria suprafetei a4,B,C,, j €N, exprimata in u’.
a) Calculati s, in functie de s,, n € N.
b) Calculati lims, .
c) Ardtati cd s> <s, ,-s,,,, VneN".
Rezolvare:
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a) Utilizadm formula gasita la problema 1 a) iv):

2
(1) siz%si_l, ieN", keN*\{l}, 5,>0.

1) Calculam s, in functie de s, .
Din (1), pentru i =1 §i k=2 avem: s, :%so.

i1) Calculam s, in functie de s, .

Din (1), pentru i =2 si k=3 si din i), avem: s, :%Sl :%%So-
ii1) Calculam s, in functie de s,,.
Din (1), pentru i=3 si k =4 si din ii), avem: 5, =5, =+ L. L, .
16 4 316

iv) Calculam s, in functie de s, .
13 11 7 13
Din (1), pentru i =4 si k=5 sidiiii), avem: s, =—s§, =—-—-—- —5,.
(1). pentru i=4 s R T A S R TSI
v) Calculam s, in functiede s, ,, neN".

Din (1), pentru i =n si k =n+1 obtinem formula de recurenta ce caracterizeaza sirul (s,) _ -

2
n —n+l .
=———-5,,,neN", 5,>0.
(n+1)
vi) Calculam s, in functie de s,, ne N".

Pornind de la formula de recurenta ce caracterizeaza sirul (sn )%N, obtinem:

it =i+l
s = —|s,, neN".
" [13<i+1>2]°

2 . . 2 . .
i"—i+1 i . £ s o1 it —i+1 i . . .
<——, Vie N sidin faptul ca —>0, >0, VieN", rezulta ca

b) Din < - .
i+ 1 i+ i
( 1) +1 ( 1) +1

10
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. .2_. 1 n . n . 1 n .2_. 1 1 1
Hl l+2 <H.l . Cum _L= , urmeaza ca Hl z+2 < ,deunde 5, <——s,,
i1 (i+1) i i+1 i+l n+1 il (i+1) n+l n+l

VneN". Cum sirul (s,) , are termenii strict pozitivi si hm—ls0 =0, rezulta, pe baza criteriului
ne n—0 py 4

majorarii, cd lims, =0.
n—o

c¢) Aplicand formula de recurenta ce caracterizeaza sirul (sn )neN, avem:

Sni+n-1>0<

2
n2—n+1] ) n+n+1 n’—n+l
n-1 n-1" '

2 < . PN
S S St {(n+1)2 (ne2)  (ne1) "

= ne(\g_l

5 ,oo}m N" < neN", ceea ce este adevirat.

3. Solutions to problems 5271 and 5273 from
School Science and Mathematics Journal
other than those published in
School Science and Mathematics Journal
- February 2014 -

by Nela Ciceu, Rosiori, Bacau
and
Roxana Mihaela Stanciu, Buzau

e 5271: Proposed by Kenneth Korbin, New York, NY

Given convex cyclic quadrilateral ABC'D with AB = », BC' =y, and
BD =2AD =2CD.

Express the radius of the circum-cirele in terms of > and y.

Solution. By Ptolemy’s theorem easily we obtain that

AC =21
2

The triangle ABC exists if only if

11



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - FEBRUARIE 2014 www.mateinfo.ro

l<£<3.
3
Easily yields
X+
R= o 2y _ 2xy
4\/3(x+y).3y—x.3x—y'x+y \/3(3x—y)(3y—x)’
4 4 4 4

and we are done.

e 5273: Proposed by Titu Zvonaru, Comanesti, Romania and Neculai Stanciu, “Geroge
Emil Palade” General School, Buziu, Romania

Solve in the positive integers the equation abed + abe = (a +1)(b+ 1)(c+ 1).

Solution. We have to solve in positive integers the equation:
(d+1abc=(a+1)(b+1)(c+]) < dabc—ab—bc—ac—a-b=c+1<

& (de—-1)ab—(c+Da—(c+Db=c+1 (1)

If de =1, then d =c =1 and is easy to see that equation (1) has no solutions.

We can multiply (1) with dc —1 and we obtain successively:

(dc—1)*ab - (dc —1)(0 + l)a - (dc - 1)(c + l)b = (dc —1)(0 + 1) &
& (de-Da—(c+1D)](de=1)p—(c+1)]=(c+1) +(dc -1)c+1) =
& [(de—1)a—(c+1D)](de=1)p—(c+1)]= (d + De(c +1) (*)
From symmetry we can assume that a > b > c.
Then (dc—1)a —(c+1) > dc* —2c—1,(dc —1)b—(c +1) > dc* —=2¢ 1.
We analyze the cases when the expression dc® —2¢ —1 is positive or negative:
Case 1. If d >3, then dc’> —2c—1>3c> —2c—1=(c—1)(3c+1) > 0and by the relation (*) results
that
(d +1)e(c+1) =[(de —1)a - (c + D[([de —1)a— (c + D] = (dc* —2¢-1) <
Sdicet +4c +1-4dc’ —2dc® +4c—(d+ D)’ —(d+D)c<0 =
& dict —4dc’ -3(d -1 —(d —-3)c+1<0 2)
If d =8, then we have:
d*c* —4dc® =3(d —1)c* —(d =3)c+1>8dc* —4dc® —3dc® —dc+ 3¢ +3c+1=
=4dc’(c—1)+3dc’(c> =) +dc(c® =1)+3¢* +3c+1>0,
and the inequality (2) is not true.
1.1)d="7.
The inequality (2) becomes
49¢* —28¢* —18¢* —4c+1<0 < (c—1)(49¢” +21c¢* +3¢—-1) <0
and since 49¢> +21¢* +3¢—1>0, we have ¢ =1.
The relation (*) becomes
(6a—-2)6b-2)=16 = (3a-1)(3b-1) =4,
and we obtain the solution a =b =c =1.
(1.2)d =6.
The inequality (2) becomes

12
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36¢* —24¢* —15¢* =3¢ +1<0.

For ¢ > 2 we have
36¢* —24c¢ —15¢* =3¢ +12>72¢> —24¢> —15¢* —3c+1=
=48c’ —15¢* =3c+1=30c +15¢*(c=1)+3c(c* 1) +1>0,
andso c=1.
The relation (*) becomes
(5a—2)5p-2)=12,
and we no obtain solutions.
(1.3)d =5.
The inequality (2) becomes
25¢* =20c® —12¢* —=2¢+1<0.
For ¢ > 2 we have
25¢* =20’ —12¢* =2¢+1>50¢> —=20c® —=12¢* —2¢c+1=
=30c’ —12¢* —=2c+1=16¢> +12¢*(c—1) +2¢c(c* —1)+1>0.
so c=1.
The relation (*) becomes
(4a-2)4b-2)=12 = (2a—-1)2b-1)=3,
and we obtain the solution a =2,b=1,c=1.
(1.4)d =4.
The inequality (2) becomes
16¢* —=16¢” =9¢* —c+1<0.
For ¢ > 2 we have
16¢* —16¢* =9¢* —c+1<32¢” —16¢° —=9¢” —c+1=
=16¢” —9¢”> —c+1=6¢> +9c*(c—1)+c(c* =1)+1>0,
hence c=1.
The relation (*) becomes
(3a—-2)3b-2)=10,
and we obtain the solution a =4,b=1,c=1.
(1.5)d =3.
The inequality (2) becomes
9¢* —12¢* —6¢* +1<0.
For ¢ > 2 we have
9¢* —12¢ —6¢* +1>18¢* —12¢* —6¢* +1=6¢> —6¢> +1=6¢*(c=1)+1>0
hence c=1.
The relation (*) becomes
(2a-2)2b-2)=8 = (a-1)\b-1)=2,
and we obtain the solution a =3,b=2,c =1.
Cases 2. d =2.
(2.1) For ¢ =1 (*) becomes
(a—2)p-2)=6,
and we obtain the solutions
a=8b=3,c=1land a=5,b=4,c=1.
22)For c>2,
2¢2 =2¢—-124c-2c-1=2¢-1>0
and then (2) is true, i.e
4c* =8¢’ —6¢* +c+1<0.

13
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For ¢ > 3 we have
4e¢* =8¢ —6c* +c+1>12¢° —8¢® —6¢* +c+1=

=4c’ —6¢> +c+1=2¢" +2c*(c=3)+c+1>0,

hence c=2.
(*) becomes

(3a-3)3p-3)=18 = (a—1)(b-1)=2
and we obtain the solution

a=3b=2,c=2.
Cases 3. d =1.
Since ¢ # 1, we have:
(3.1) Forc =2 (*) becomes
(a-3)p-3)=12,

and we obtain the solutions
(a=15b=4,c=2),(a=9,h=5,c=2)and(a =7,b=6,c =2).

(3.2) For ¢ =3 (*) becomes

(2a-4)2b-4)=24 = (a-2)p-2)=6
and we obtain the solutions

(a=8b=3,c=3)si (a=5b=4,c=3).
(3.3) For ¢ > 4 we have
¢’ =2c—124c-2c-1=2c-1>0

and must that (2) ¢* —4¢’ +2¢+1<0, to be true.
Since ¢* —4c’ +2c+1=c’(c—4)+2c+1> 0, has no solutions.
From the above we obtain the solutions:

al|b c | d
1|1 1 |7
2|11 1 |5
4 |1 1 | 4
302 1 |3
514 1 |2
8|3 1 |2
3022 |2
1514 2 |1
95| 2 |1
7161 2 |1
8 |3 3 1
5141 3 1

The solution is complete.

14
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4. The solutions of some problems of Mathematical Reflections

Prof. Codreanu Ioan Viorel, Satulung Secondary School, Maramures

J 273. Let a,b,c be real numbers greater than or equal to 1. Prove that

a’+2 b’ +2 c’+2
> +— +— >9.
b*—b+1 ¢ —c+1 a —-a+1
Proposed by Titu Andreescu, University of Texas at Dallas, USA
Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Using the AM-GM Inequality we get

) 42
Lyl

a —a+1
3 3
We have f—+21 >3 < (a—1)° >0, which is clearly true. Similarly f)—+2 >3 and
a” —a+ -
3
2c—+2>3 So it follows that Za—”29
¢’ —c+l1 -b+1

S 274. Let a,b,c be positive real numbers such that abc =1. Prove that

a b c
+ +
ca+1 ab+1 bc+1

S%(az +b? +cz)

Proposed by Sayan Das, Kolkata, India
Solution by Ioan Viorel Codreanu, Maramures, Romania

Using the AM-GM Inequality and the condition abc =1, we get

N M AT

so it suffices to prove that

Za bSZaZ.

From the Cauchy-Schwarz Inequality, we have

(Zavbf <(Za*fTa)

so it suffices to prove that

ZaSZaz.

From the Cauchy-Schwarz Inequality, we have

(Za)2 < 32612

15
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and so it suffices to prove that

Za223

which follows from the AM-GM Inequality

Za2 >33 Ha2 =3.

J 280. Let a,b,c,d Dbe positive real numbers. Prove that

2(ab + cd )ac + bd )ad + be) > (abe + bed + cda + dab)’
Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA
Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania
Rewrite the inequality in the form
(azbc +d’be+c’ad + bzadec +bc+ad + ad ) > (abe + bed + cda + dab)’

and this follows immediately from the Cauchy-Schwarz Inequality.

S 282. Let ABC be a triangle, G its centroid, and O its circumcenter. Lines AG,BG,CG
intersect the circumcircle of triangle 4BC at 4',B',C'. Denote by G’ the centroid of triangle

A'B'C'. Prove that OG > OG'.

Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA
Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania
From Z/BAG = ZA'B'G and ZAGB = ZB'GA'’ it follows that AABC is similarly of AB'GA'".

AG _BG _ AB AB-A'G

So = = from where we obtain 4'B'=—"—— But A'G-GA = R* — OG*
B'G AG AB BG

(the power of the point G to the circumcircle of triangle AABC) and we get

, AB 9 ¢

A'B :—~(R2 —OGz),namely A'B'==.
AG-BG 4

(R2 -0G* ) Using the known equalities
m,m,

a

Cl2 A!B/Z c a2
0G* = R? _ZT and OG'* = R? —ZT we have A'B' = Z and

4m, m,

0G20G' < 0G*20G” &Y AB” 2 a’ < (Zaz{z - JZ 16.
Using the Cauchy-Schwarz Inequality we get
2
a a

It is enough to prove the inequality
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mbmc

It is known that the medians of a triangle form a new triangle, which we will note by A4,B,C,. In

! !

!
this new triangle we will note: m, ,m, ,m_, the medians lengths A4,B,C, and a',b’,c" the side

c

!

lengths A4,B,C,. We have m, :%a,mb =%b,mc :%c sia =m,,b'=m,,c'=m,. The dual

inequality is

To prove the inequality

2
m, _9@22(b2+02) a’ >9®22 b+c) _Zﬁzm-

bec 4 bc bc

. . +b) s> +r’ +10Rr a’>  s*=3r’—6Rr . .
Using the equalities (a = and Y —= the last inequalit
& q Z a 2Rr z 2Rr 4 Y

becomes
s >16Rr—5r?

the last inequality is known the inequality Gerretsen and solution ends.

J 283. Let a,b,c be positive real numbers. Prove that

2a+1 2b+1 2c+1 9
+ + 234+ ——
b+c c+a a+b 20a+b+c)

Proposed by Zarif Ibragimov, Sam SU, Samarkand, Uzbekistan
Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Using the AM-HM Inequality we get

1 9
Zb+c = Z b+c ZZa

But, by applying the Nesbitt Inequality

a 3
> 25

b+c

we obtain

2a+1 a 1 9
> =2y +> 23+2Za.

b+c b+c b+c

17
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J 285. Let a,b,c be the sidelengths of a triangle. Prove that

(a+b+c)(2ab+2bc+2ca—a!2 -b’ —cz)
abc

8 < <9

Proposed by Adithya Ganesh, Plano, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania
We know that Za = 2S,Zab =52+’ +4Rr,Z:a2 = 2(52 —r? —4Rr) and Ha =4sRr .
The inequality of the problem is equivalent to

_25(25” +2r” +8Rr =25 + 2" +8Ry)
4sRr

8 <9

or
8Rr < 2r> +8Rr <9Rr.
But this is easy, because we clearly have 8R» < 2r> + 8Rr and from the Euler Inequality R > 2r,

50 2r° +8Rr < Rr+8Rr =9Rr .

J 286. Let ABCD be a square inscribed in a circle. If P is a point on the arc 4B, find the
maximum of the expressions

PC-PD
PA-PB

Proposed by Panagiote Ligouras, Noci, Italy

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Let the measure of arch AP =2x,x € (0,%) . Then the measures of the arches BP,CP, DP
T 2x, 7 —2x , respectevly 7 1 2x. Let R the radius of the circumcenter.

We have PA=2Rsinx, PB = 2R sin[% - xJ,PC —2R sin(% - xj and PD = 2R sin[% + xj .

sinx-sin| 7 —x sin| % — x
PA-PB [4 j sin x (4 ) /4
The = = . =1gx-1g| ——x|.

n =
PC-PD (7 (7 CoSX T
sin| ——x |-sin| —+x cos| ——x
2 4 4

18
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We consider the function f : (0,%) —> R, f (x) =1gx- tg(% - xj . We have

sin(;z — 2x] —sin2x

f'(x)= and f'(x)=0< sin(% - 2xj =sin2x & x = % .But, f'(x)>0 for

2cos’ x- cosz(” - x)
2

X € (0,%} and f '(x)£ 0 for x € [%,%j ,namely f is increasing on to [0,%} and f is

decreasing on to {z,zj . A short analysis with derivatives show that the maximum is attained

T ) )
when x = — and so the maximum value is:

/4
because tg —

1
J 287. Let n be a positive integer and let a,,a,,...,a, be real numbers in the interval [0,—).
n

Prove that
log,_, (1-na,)+ log, . (1-nay)+...+ log, (1-na,)> n?
Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

1 — — )
Because a, € (0,—),Vk =1,n, we have —na, € (— 1,0), Vk =1,n. Using the Bernoulli Inequality
n

(1+x)" <l+ax,x>-1,0<a <1, we get

1
(1-na, )n s1—l-nak =1-a,,Vk=1n,
n

and because 1 —a, <1,Vk = I,_n , we get

loglfak (1 -na,,, ) > nloglfak (1 —a,, ), Vk=1,n,where a,,, =a,.

We have

19
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Z logl—ak (1 —ha,, ) 2 nz 10g1—ak (1 gy ) (1).
k=1 k=1

Using the AM-GM Inequality we obtain

" S in(l-ay,) pinll=a,.)
log,., I=a)=2 L= 52l ey =" @
2logr, (1=an) =2~ === m T T @

From (1) and (2) we get

S 285. Let be a,b,c be positive real numbers such that ab + bc + ca =1. Prove that

a b c 1 1 1 1
2 2 + 2 2 2 + +=
b*+c +2 ¢ +b"+2 a+b+2 8 b c
Proposed by Mircea Lascu and Marius Stanean, Zalau, Romania
Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Because ab + bc+ca =1, we have

b*+c* +2=b>+c* +2(ab+bc+ca)=(b+c) +2a(b+c)=(b+c)b+c+2a) and

a a 1 1 1 ..
2, 2 = == - . Similarly,
p2+c?+2 (b+c)b+c+2a) 2\b+c b+c+2a

b 1 1 1 c 1 1 1
55 =— - and ——— =— - .
cc+a " +2 2\c+a c+a+2b a - +b"+2 2\a+b a+b+2c

The inequality becomes

a+b+20

Za+b 42 Z
2

We consider the convex function £ :(0,00) — R, f(x)= l,f"(x) =—=>0,Vxe(0,:).
X x

Using the Popoviciu Inequality:

f(a)+f(b)+f(c)+f(a+b+cJ2g[f(a+bj+f(b+cj+f(c+aﬂ

3 3 3 2 2 2

we get

Igl 3 2y 2

3“a Za_3 a+b

or
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and we only have to prove that

4y ! 22941'

a+b+2c

But this follows immediately from the AM-HM Inequality. We have

(Z;j@(a +b+2¢))29

a+b+2c

1 S 9
a+b+2c_2a

so that 42 and the problem is solved.

O 283. Prove that for all positive real numbers x,,x,,...,x, the following inequality holds
Z”: xi3 SH et

2 2 2 2 =
X, et Xx X, +.o.tx, n—1

i+l
Proposed by Mircea Becheanu, Bucharest, Romania

Solution by Ioan Viorel Codreanu, Satulung, Maramures, Romania

Let s = inz . Using the Bergstrom Inequality we get
i=1

A L 2]

( 2) n n :
i i=1 X;\§ — X; S X — X»3

1 1

i=1 § —X

And so it is enough to prove that
2
(n - 1)S2 > S(in] —(fo}(in) .
i=l1 i=1 i
Using the Cauchy-Schwarz Inequality we get

S8 g [ b -

i=l1 i i=

(3)(8+)

But this follows immediately from the Cauchy-Schwarz Inequality.

And so it is enough to prove that

21
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5. A generalization for J 10
by Marin Chirciu and Daniel Vacaru, Pitesti

Prove the inequality

1 + 1 + 1 > 27

ri+nra-rb rz—l—n-rc-ra ri—i—n-ra-rb (n+1)-(4R+r)2

]
One has, by Bergstrom, rotnryr Z Fatn Z "a's But

(n+1)-(ra+rb+rc)223~(2r +n- Z r,r, o (n+1)- Zr +22r r. Zr +”Z v, r )

(n+1-3) Zr>3n 2n-2) Zrarb

which is fulfilled for all 7#=2-

The inequality
+1)(r +r,+r)
(n+1)(r, +rb+r > Zr +n2rb @er_mzrb.rcg(n )(’é " ”c)©
3 S 27
Z’”"‘”Z’”b re n—i—l )-(r,+ryt+r,) ZF +Z ror. (n+1)-(r,+r,+r,)
One has
S S S ab+bc+ca—s’ r4s'—4Rr— p
tr,tr.= + + =S- =S
R ((S—a)-(s—b)-(s— )) (s—a)(s—b)(s—c)
2

One must prove that

2
r2+p2+4Rr:S—2+S2—|—abC:S <S_a) (Sz_b) <S_ )+ +ﬂ—ab+bc+ca
S

S S S . The

equality apper when r,=ry=r.=a=b=c.

One obtain the desired inequality.
For n =2, one obtain the problem J 10 from Mathproblems, nr.3/2013, proposed by
Dumitru M. Batinetu — Giurgiu, Bucharest, and Neculai Stanciu, Buzau.
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