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1. Cateva proprietati ale unor clase de siruri

de D.M. Batinetu-Giurgiu, Bucuresti si
Neculai Stanciu, Buziu

1. Introducere.
Considerdm polinomul PeR,[X], gradP=meN, P=a X" +a_, X™" +..+

+a,X +a,, a, € R si, sirurile (x,) ., (V,).0» X, Y, €R., ¥neN cu:

(1) limx, =xe R

(2) lim(n(x,., —x,))=beR

st existd t € R, astfel incat:

(3) lim 2L y”+1 =yeR]
=ty

2. Rezultate principale.

N—o0

n b

. [ x =

Proprietatea 1. Ilm[“—“J =eX,
X

N—o0 N—0o0

. H X1 H Xna — Xn Fra1~%n JLnl X X
Demonstratie. lim| "= | =lim||1+-"*=——" =e "o =eX.m
X n

t
Proprietatea 2. lim n__

e
n—oo n, yn y
t nt c_p'A (n+1)t
. .. N . n . (n+1
Demonstratie. lim =limJ— = I|mL.y_”t=
o \nj yn e yn N yn+1 nn

t (n+1)t t
:"mM(Lj I SR
n+1 y y

Proprietatea 3. !]iﬂ;(n(P(Xm) ~P(x,)))=b-P'(x).

m-1

Demonstratie. Avem: P(x_ ,)—P(x,)=a x",—a x"+a ,X"'—a X"+
+a,(xX, —x)+a, (X, —X%,), Yne N, adici:

P(Xn+1)_ P(X )= (Xn+l X )(a (Xn+1 +Xn+l Xptot Xn+1x )+ an l(Xn+l +

F XX A X X )+...+a2(xn+l+xn)+a1),VneN .

Rezulta atunci ca:

n(P(Xn+1)_ P(X )= n(xn+l X )(a (Xn+1 +Xn+l Xptot Xn+1X )"‘ an l(Xn+l +
F XX A X X )+...+a2(xn+l+xn)+a1),VneN .

Trecand la limita cu N — o0 in ultima relatie obtinem:
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m(n(P(,..) ~P(x,) =bla, X" m-+a,

n+1

n P'(x)
. . [ P(x
Proprietatea 4. Ilm(MJ =P,

N—oo P(Xn)
. [ P(x b b i
Demonstratie. Avem: lim M iml 1 (X..,) () )
nN—o0 P (Xn ) nN—o0 P(Xn )
NP (%y.1)=P (X))
& P(Xn)
. P -P P (Xpry)—P (%)
=lim| |1+ (Xn+1) (Xn) )
N—o0 P(Xn)
i NPG)-POR)  PI(X)
=e"” P (%) _eP) m
Notam
_PCy) "WV (0 )7 .
(4) un - . . , vne N _{1}
P(x) ”\/y_n n+1

Proprietatea 5. limu, =1.

n—oo

Demonstratie. Avem: limu,, Ilm(

(Xn+1) \]] yn+1 t n +1J —

N0 > P(x,) (n+1)" afy. n
t
P(X).lte_. :1_.
P(x) e y
oo u -1
Ca consecinta, lim-"~—=1.
n—o |nun
P(x)+P'(x)
P(x)

Proprietatea 6. limu’ =e

n—o0

. (P .
Demonstratie. Avem: limu/ :Ilm(Mj im| et L e |=
n—o n—o P(Xn) noel Y n+yyn+1

P'(X) t
— PO Jim yn+1 (n +1)' {_n et | =
n—w) n yn n+y yn+1 n+1 n

P’(x) t P’ (x) P'(x)+P(x)

e
P(x) y _ l e P(X) .e=ge P(x)
y

=€ .a

In continuare, consideram sirurile:

(5) V, = o
(n+1) n'-

(6) w, = P0)- *]{/F P(X”*l)\/y—" VneN —flhteR.
(n+1) n'

—_— 0 -

www.mateinfo.ro

PO PYna PO o e g1y

X" (Mm=1)+..+a,-2-X)=b-P'(x).m



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — MARTIE 2014 www.mateinfo.ro

Daca in (5) consideram P =1 R [X], y, =n! si t =1, atunci:
v, ="f(n+D!-nl,vne N" - {1},
adica am obtinut sirul lui Traian Lalescu.
Daci in (6) luam P=X eR,[X],y, =n!, x, =¥n si t =1, atunci:
w, =n-f(n+ )1 —"In+1-/nl, vne N - {1},
adica am obtinut sirul din problema 25194 din Gazeta Matematica, nr. 11/2004, propusa

de Nicolaie Pavelescu.
Proprietatea 7. limv, = y(P(x)+P'(x))e™".

PO) " Vo P(X0)- Jy_n

Demonstratie. Avem: v, =

(n+n** n'
_ P(Xn)'n\} Yn _ P(Xn)' Yn u, -1 _ P(Xn)'n Yn u, -1 n
= Uu,-)= - . Inu, = n . Inuy,
n n Inu, n Inu,

vneN" — {1} Trecand la limita cu n — oo in relatia de mai sus obtinem:

P(x)+P'(x)
limv, = lim i )*/y—" Hr |n(1|mu) P(x) = 1|n(e P(X) J:

N—o0 N—o0 HA)OO n u

_Y-P(X) P(X)+ P'(x) _ y(P(X)+P'(x)) _
e' P(x) e' '
Observatie. In cazul particular P=1eR,[X], y,=n!, VneN" —{1}, t=1, obtinem

y=1, P'(x)=0 si v, ="f(n+1)!-¥/n!,vne N -4}, cu limy, =1(1+0)e-1=1, adica
n—o0 e

am obtinut limita sirului lui Traian Lalescu.

(P(x) P'(x))
n+l) \/y—n _1): P(Xn+1)'v7n.wn _1|

n* In,

- P(Xm)t'vy_n.“’n_l-lnw:, vneN"-{,
n Inw,

n+ =1 —
P(x,) | ‘]’y””-( ”l} VneN {1} cu lima, =1si deci lim 22—t _1.
n+

n—w - Inw
n

Proprietatea 8. limw, =

N—oo

nw, =

Demonstratie. Avem: w, =

unde @, =

" P(X) Y,

n
. . [ P(x . 1 N
De asemenea avem: lim @ = Ilm(M im| et Jlime ™ =

n—»o0 n—o0 P(Xn) n—»o0 yn n+ yn+1 n—»o0

n t t
—elt. |Im( P(Xn+1)J lim ytn+1 . (n +1) ( n J _
n—e P(Xn) e n yn n+\15 yn+l n +1




REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — MARTIE 2014 www.mateinfo.ro

t P'(x) 1P P()-P'(x)
:el*t.y.e_.]_.e P(x) —e P(x) —e P(x)
y
Objinem ca: limw, = P(x)-y-—. PG =P() _yP)=P')
n—w e P(X) e

Observatie. Daci P=X eR,[X],y,=n!, x, =%n, vneN"-{l} si t=1, atunci

obtinem  ca: rI]iLTOlO(Q/ﬁ-"RJ/(n +1)1—"Jn +1-Q/ﬁ)= 1.(P(1)e_ Pd) = Pél) =%, adica

rezultatul problemei 25194 din Gazeta Matematica, nr. 11/2004.

Remarca. Cu metodele folosite mai sus se pot rezolva:

Problema 579, Gazeta Matematica, Vol. VI, 1900-1901, pp. 33-38 ;

Problem 692, The Pentagon, Vol. 71, No. 1, 2011, p. 54;

Problem 5208, School Science and Mathematics Journal, April 2012;

Problem 24, MathProblems, Vol. 1, No. 4, 2011, p. 33;

Problem 43, Math Problems, Vol. 2, No. 3, 2012, p. 91;

Problem 67, MathProblems, Vol. 3, No. 2, 2013, p. 140;

Problem 704, The Pentagon, Vol. 71, No. 2, 2012, p.42;

Problem 11676, The American Mathematical Monthly, Vol. 119, No. 9,

November 2012, p. 801,

Problem 3713, Crux Mathematicorum, Vol. 38, No. 2, February 2012, p.63;

Problem 715, The Pentagon, Vol 72, No. 1, p. 44;

Problem 234, La Gaceta de la RSME, Vol. 16, No. 3, 2013, p. 502;

Problem 241, Revista Escolar de la Olimpiada Iberoamericana de Matematica,

No. 49, 2013;

Problem 3764, Crux Mathematicorum, Vol. 38, No. 7, September 2012, p.285;

e Problem W3, Jozsef Wildt International Mathematical Competition, The Edition
XXI11, 2013, Octogon Mathematical Magazine, Vol. 21, No.1, April, 2013, p.
229;

e Problem 75, MathProblems, Vol. 3, No.3, 2013, p. 171, si multe alte probleme
din diverse reviste de problem solving.
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2. Other solutions from some Problems from
La Gaceta de la RSME

By Nela Ciceu, Rosiori, Bacau, Romania
and
Roxana Mihaela Stanciu, Buzau, Romania

ProBLEMA 219, Propuesto por Juan Bosco Romero Mdrquez, Universidad Complu-
tense, Madrid.
Probar que, para z,y >0 v ¢ > —=1/4,

ay(z® 1:‘:& Fy?) < (z® +y%)* 4 ;lfl-r:flf;‘z Fay + ) < 2 — oy + 22 — 2y 4 g

Solution.

Multiplying the following two inequalities
x> +y?>2xy and
(X2 +y*) > 2(x* +xy +y?) (< x* +y* >2xy), which are true,
we obtain
Axy(xX* +xy +y?®) <3(x* +y?)? (1)
Because the denominators are positively, the left inequality becomes
Axy (X2 + Xy + Y?) +12txy (X2 + Xy + ¥?) <3(x* + y?)? +12txy (x> + Xy + y?)
< Axy(X* +xy +y?) <3(x* +y?)?, i.e. the inequality (1).
Writing
X =Py + X2y —xy? +yt = (0 +y?) -y (X Xy +y?),

the right inequality becomes

(X2 + y?)2 +4txy (X2 + Xy + Y°) <4(X* + y?)? —4xy(X> + xy + y?) +

+12t(x% + y?)? —12txy (x> + Xy + Y?) < 44t +Dxy (x> +xy + y*) <3(x* + y*)(4t +1) , i.e.
again the inequality (1), and the proof is complete.
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PROBLEMA 220). Propuesto por Yagub N. Aliyev, Qafgaz University, Khyrdalan,
Azerbaiydn.

Sean (), A v B tres puntos en el plano tales que ZAOB = 7,2, vy sean C' v D
dos puntos arbitrarios situados, respectivamente, en los segmentos OA v OB. 51 E
es el punto de interseccion de los segmentos AD v BC v ZDEEB = o, probar que

|IBD|* . cotor + |AC| - (|BO| + |OD|) = 24/|0D| - |OB| - (|JAC? + |BD|2).

Solution.
Denoting OA=a,0B=b,0C =c,0D=d, we have
tana = —tan(£EBD + Z/BDA) =

a C
_ _tan(180° — ZADO + /EBD) = tan(£ADO — ~EBD) =—4_b__ 0=dC¢ ",
1.2.¢ ac+hd
d b
ac+hbd
cota = .
ab-cd
The given inequality is successively written
, ac+hd > >
(b—d)?- +(a—c)(b+d)>2,/bd(a-c)? +bd(b—d)
ab—cd
2
<:>(b—d)“(ac+bdj +(a-c)?(b+d)? +2(a—c)b+d)(b—d)- 2 >
ab—cd ab-cd

> 4bd (a—c)? +4bd (b —d)?.
Since (a—c)?*(b+d)*—4bd(a—c)? =(a—c)*(b—d)?, after division by (b—d)*we

obtain
(b_d)z(ac+bd ac+hd
ab—cd ab—cd
< (b* —2bd +d?)(a’c?® +b*d? +2abcd) + (a® — 2ac +¢?)(a’b” +c*d* — 2abed) +
+2(ab+ad —bc —cd)(a’bc —ac?d +ab*d —bcd ?) > 4bd (a®b? +c*d* — 2abed) , and
after some algebra the previous inequality is equivalent with
(bd (b—d)—(a’b- czd))2 >0, which is true, and the proof is complete.

> 4bd

j +(@-c)*+2(a-c)(b+d)-

—_— ' -
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ProBLEMA 221. Propuesto por Panagiote Ligouras, “Leonardo da Vinei” High
School, Noci, Italia.

En un triangulo ABC denotamos por a, b v ¢ las longitudes de los lados BC', CA
v AB, respectivamente, v por p su semiperimetro. Sea D el punto de interseccion de
la bhisectriz interior del Angulo CAB con el lado BC', y sean P y (), respectivamente,
los pies de las perpendiculares desde D a los lados AB v C'A. Probar que

_2p(p— a-)\/(aer— ¢)(a—b+ec)
 b4e be

PQ .
Nora. En el enunciado original de este problema se decia: “Sea D el punto de
intersecciém de la bisectriz interior del Angulo CAB con el lado AB”. Obviamente
se trataba de un error puesto que debia ser “con el lado BC”, como aparece en la
version que ahora presentamos. En todas las soluciones recibidas se ha observado
ese error v se ha procedido a resolver el problema con el enunciado correcto.

Solution 1. Because ~/APD +/DQA=180°, the quadrilateral APDQ is cyclic, and

the diameter of this circumscrible circle is AD.
We know that

2bccosé
AD = —2, and
b+c
by the Sine Law we obtain that:
2bccosé A A
PQ = ADsin A=— 2 2sin"cos 2 =
b+c 2 2

_4bc AL A_dbc p(p-a) [(p-b)(p-c) _
b+c 2 2 b+c bc bc
:2p(p—a) 2(p-b)-2(p-c) :Zp(p—a) (a+b-c)(a-b+c)
b+c bc b+c bc '

Solution 2._Let {T}= ADNPQ. From the equality of triangles APD and AQD (the
case hypotenuse-acute angle) yields AP = AQ . In isosceles triangle APQ, AT s
bisector, so T is the middle of PQ. Hence:

2bccos? A
2

cosézﬂzAQzADcoséz =2p(p_a),and
2 AD 2 b+c b+c

siné:E:PQ:2-TQ:2AQ-siné:4p(p_a)1/(p_b)(p_c) , and we are done.
2 AQ 2 b+c bc

—_— -
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3. Other solutions for some problems from
School Science and Mathematics

By Nela Ciceu, Rosiori, Bacau, Romania
and
Roxana Mihaela Stanciu, Buziu, Romania

e 527T7T: Proposed by Kenneth Korbin, New York, NY

Find z and y if a triangle with sides (2013, 2013, z) has the same area and the same
perimeter as a triangle with sides (2015, 2015, ).

Solution.

Let x =2a+ 2. Since the triangles has the same perimeter yields that y =2a—2. The

semiperimeter of the given triangles is 2014 +a . Using the Heron formulas and since the
triangles has the same area we obtain successively :

(2014 +a—2013)? (2014 + a— 2a—2) = (2014 + a— 2015)* (2014 + a — 2a + 2)
< (a+1)%(2012-a) = (a—1)?(2016 —a)
< a%(2012—a—2016+a) +2a(2012 —a+ 2016 —a) + 2012 —a—2016+a =0
< 2a*-2014a+1=0.

Since a >1, we obtain only the solution a = 1007 +12+/7042 , Whih yields that

x=1009 +12+/7042 and y =1005+12+/7042 , and we are done.

e 5278: Proposed by Tom Moove, Bridgewater State University, Bridgewater, MA

The triangular numbers 6 = (2)(3) and 10 = (2)(5) are each twice a prime number. Find
all triangular numbers that are twice a prime.

Solution.

Let pa prime number; we must to determine n such that n(n+1)=4p. Since n and
n+1 are coprime we have the possibilities

()n=pk, where k is positive integer; yields k(pk +1) =4 and we obtain only one
solution, i.e. k =1, p=3,n=3, i.e. the triangular number 6;



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — MARTIE 2014 www.mateinfo.ro

(i)n+1=pk, k is positive integer; yields k(pk—-1)=4 and we obtain only one
solution, i.e. k =1, p=5n=4, i.e. the triangular number 10.
Therefore the triangular numbers that are twice a prime are 6 and 10.

e 5279: Proposed by D.M. Batinetu— Giurgiu, “Matei Basarab™ National College,
Bucharest, Romania and Neculai Stanciu, “Geroge Emil Palade” General School, Buzu,

Romania
Let f: R. — R. be a convex function on R, where R. stands for the positive real

numbers. Prove that

2

BU%I)+f%ynf%ﬂy4U3(”‘§*:)z(fu)—fwn?ﬂfm>—funiufu)—funn

Solution.

Applying Jensen’s inequality for the function f we have

hﬂﬂ+f0)£ﬂ)>iﬁY+L+

] for any x, v,z >0 which vields that

r+1+}

@+ )+ ) >9f{

¥tz W)+ fG)
<:>3f( 3 }2 3

Considering the function f/°:R_ — R, we have that
(f* () =2f(0)f'(x). for any x>0 and(f*(x))"=2(f'(x))" +2/(x)f"(x) >0, for

any x>0. We get f* is convex on R,. Using Jensen’s inequality for the function

0

f we have
0+ 0023
From (1) and (2) we obtain that

f(ﬂ+f()+fc)%f{*+“*}z

()

Y+ y+cz ]

> ‘]{*2 (Y) +‘]{*2 (‘1__) +‘f2 (:) _ (f(Y) + f(;) + f(:)) —

=slv@-r07 + ey @ - sy

Hence
T+y+2

3(£(2) + £ W)+ £7()-9f* ( —3 ) > (f(2) = ) +(f(v) = F(2)*+(f(2) = f(2))*

QE.D.

10
S L
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4. OPERATII CU VECTORI - APLICATII

prof. Pop Adrian

Colegiul National “Gheorghe Sincai”, Baia Mare

1. Inaltimea BH dusi pe ipotenuza AABC intersecteaza bisectoarele AD si CE in punctele
Q, respectiv P. Demonstrati ca dreapta care trece prin mijloacele segmentelor [QD] si
[PE] este paralela cu dreapta AC.

Olimpiada Nationala 2012.

Rezolvare.

Fie M mijlocul segmentului [QD] si N mijlocul segmentului [PE]

Vom demonstra ca vectorii MN si AC sunt coliniari.
A

Din teorema catetei aplicatda in AABC obtinem:

CZ E
AB? = AH -AC = AH = — 9
b AH ¢
:>—:—2.(1)
) a’? CH a
BC :CH~AC:>CH=F B

Din teorema bisectoarei aplicatd in AABC pentru bisectoarea (AD deducem:
DC AC b BC b+c

— === —=——.(2)
DB AB ¢ DB c

Din teorema lui Menelaus aplicatd in AACD cu transversala QH obtinem:

D HA B A HA B
o Co1n AR

QA HC BD :>QD_HC BD
Din relatiile (1)-(3) deducem ca

QA_HA BC ¢’ b+c_ ¢ b+c_ ¢
QD HC BD a*> ¢ b?’-c® ¢ b-c

= punctul Q imparte segmentul [AD]

in raportul K =%:—, prin urmare
QD b-c
_ C _
= -— BA+—-BD
BQ:BA+kBD: b_é; :b_C-BA+E-BD_
1+k 14 b b
b-c

in ABDQ M este mijlocul segmentului [QD] =

11
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Bv = BQ+BD _b-c gz ¢ 55,1 g5-P-C A, P+ B5_
2 2b 2b 2 2b 2b
_b-c gr b+c ¢ o5 Bv-P=C Bi.Ct BC
2b 2b b+c 2b 2b
Analog se demonstreaza ca:
ﬁ:ﬁ.ﬁ.'.i.ﬁ
2b 2b
Prin urmare
MN BN -BM <P"2 8¢+ 2 BA_P=C BA_°C BC_
2b 2b 2b
_bra~c ge,azbye gr_areob (g5 gc)-2+CP A,
2b 2b 2b
—= a+c-b <

MN ==——.CA=
o MNJ/AC .

2. Pelaturile AABC se considera punctele C;,C, € (AB),B,,B, € (AC), A, A, €(BC)
astfel incat AA B,C, si AA,B,C, au acelasi centru de greutate. Aratati cd multimile
[AB,]n[AB,], [B.C,]n[B,C,], [C,A]n[C,A, ] sunt nevide.

Olimpiada Nationala 2008.

Rezolvare.

Fie G centrul de greutate comunal AAB,C, si AA,B,C, =

CA*CB +CG =0 | (GA, -GA )+ (6B, ~GB.)+ [6C, -GC, )= 0=
GA +GB, +GC, =0

= AA, +BB,+C.C, :6, (2).

Din A, A, €(BC)=3aecR astfel incit AA, =a-BC
B,B, <(AC)=3B8<cR astfel incat BB, =/-CA @).

12
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C,C,c(AB)=3yecR astfel incit C,C,=y-AB

Din relatiile (1) si (2) = a-ﬁ+ﬁ-€A+y-ﬁ:6 =
= a-ﬁ+ﬂ-@+7-(ﬁ+5§ ):63

- 'B_C’: - EA - :0
(0! 7L (Vﬁﬂ) . a-y Sa=p=y
Dar BC si CA nu sunt coliniari y=p=0

AA =a-BC| A e(BA,)
Daca o >0, din BB, =a-CA } = B, € (CB,) } = concluzia .
C.C, —a-AB C, € (AC,)

AR =aBC| c(on)
Daca o <0, din B,B, = -CA } = B, € (CB, ) } = concluzia .
CC,=a-AB| C.e(AC)

3. Fie ABCD un patrulater inscriptibil iar M, N, P, Q mijloacele laturilor (AB), (BC), (CD)
respectiv (DA). Aratati ca perpendicularele din M pe CD, din N pe DA, din P pe AB si
din Q pe BC sunt concurente.

Concurs Traian Lalescu 2003.

Rezolvare.

Fie O centrul cercului circumscris patrulaterului ABCD, iar E intersectia dintre

perpendiculara din M pe CD si perpendiculara din P pe AB.

. OM 1L AB
in = OM|PE
PE L AB
= OMEP paralelogram =
. OPLCD
in = OP L ME
ME L CD
OF — OP + OM :OD+OC+OA+OB:
2 2
OA+OB+0OD+0C
= 5 (@D

Fie F intersectia dintre perpendiculara din N pe DA si perpendiculara din Q pe BC= OQFN
parallelogram =

13



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — MARTIE 2014 www.mateinfo.ro

_—  — —  —

E:®+m_OA;OD OB;OC OA+OBJ;OD+OC’ @.

_— — —  —

— — OA+0OB+0D+0C
Di relatiile (1) si 2) => OE =0OF = > >E=F=>

= perpendicularele din M pe CD, din N pe DA, din P pe AB si din Q pe BC sunt concurente.
Bibliografie: www.olimpiade.ro

Olimpiada de matematica 2006-2010, Editura Sigma 2010.

Exercitii si probleme de matematica pentru clasa a IX-a, RMT, Editura Birchi

5. Another solution for problem 3708
By Daniel Vicaru, Pitesti
In Crux Mathematicorum, 1/2012, has appear problem
3708. Proposed by VaclavKonecny, Big Rapids, MI, USA
Construct the isosceles trapezoid with three equal sides a, with a
straightedge and a compass alone, provided that its base b = AB and the
angle a (0° < a < 90°) at the base are given.

Solution

One presume problem solved.
One hasm(CBA) = m(DCE) =cc . One has AENC ~ AEMB. Therefore, one

has
o
NC _EC a2 _ _six a a_ 1 _ 1-sina
BM EB b 2 +a, b a+asine b  l+sine 1-sinla
{I:' D.E'_—.E'Iﬂ_) (l:' DS_— 5 Iﬂ_) ']_
B cos’a (fusz——smz )z - {cnsg—siﬂg)z
z Zz z Zz
1 1

— = X
2(ﬁcnr+—zsm—] ZEDEZ(;_E)
2 2 2 Z

Therefore, one obtain

b

14
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One construct, with the straightedge, a line perpendicular over AB and an
segment [BM] with BM = b. One has m(#BC) = 7 — a. Using compass, one
construct [BX, angle bisector of MEBT, using the property of rhombus. With
the straightedge, one construct M@ L MB, where Q is the intersection of this
perpedicular and [BX. Next, one construct the midpoint of BQ. One note this
point U. With the straightedge, one construct perpendicular vw L Bxand
intersect this perpendicular with [BC, which is already constructed. This is
the desired point, C. With the compass, one construct [AD], with support
right [AD, already knowed. =

6. SIRURI DE ARII DE SUPRAFETE PATRATICE
Prof. Vacarean Sorina
Colegiul National ,,George Baritiu”, Cluj-Napoca

Se considera patratul ABCD. Fie A €(AB), B, €(BC), C, €(CD), D, €(DA)

BB, CC, DD, 1
igi BC CD DA :_’ A E(AlBl)' B, E(Blcl)' C, e((:1D1),
D.D,

, €(D,A) astfel incat zgi E:CBI ClDz DA =%, A €(AB,), B,e(B,.C,),

C,€(C,D,), D, e(D,A,) astfel incat AR BB, GG DD, =1, ey
AB, B C, C D, D,A Kk

A e(AHBn_l), B, e(Bn_lCn_l), C, e(Cn_an_l), X ( n—1A1—1) astfel Incat

Auh _ BBy GGy D“‘lD” :E, neN’, ke N"\ {1}, unde A =A,

A\ an 1 Bn lCn -1 Cn an -1 n lAw -1 k

B,=B, C,=C si D, =D. Se noteaza cu s; aria suprafetei patrulaterului AB,C

astfel incat

i | !
i e N, exprimati in u?.
a) Calculati s, in functie de s,, neN.

b) Calculati lims,.

nN—oo

c¢) Calculati Z s, neN.
i=0

d) Aratati ca Sn2 =S VneN".

n+1 '

15
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Rezolvare:
D ¢ C
DI
Bl
A 73 B

a) i) Calculam s, in functie de s,.
Se arata ca patrulaterul AB,C,D, este patrat si ca
k-1

Aban = Ayes = Asce, = Acon, = oK o
k-1 k?—2k+2
S = AAiquD1 = MaBcD _4AAAlBBl =S -4 K2 So = K2 So -

i1) Calculam s, in functie de s, .

Urménd rationamentul de la 1), s, =

K? -2k +2 K2—2k+2Y)
8= 2 S, -

ii1) Calculdm s, in functie de s, .

2 2 3
Urméand rationamentul de la 1), s, = w S, = [W} s,

k? k?
iv) Calculam s, in functiede s, ,, neN".
Urmand rationamentul de la 1), obtinem formula de recurenta ce caracterizeaza sirul
(Sn )neN
k? -2k +2
ST
v) Calculdm s, in functie de s;, neN.

S,1, NeN", s,>0.

Pornind de la formula de recurenta ce caracterizeaza sirul (Sn )neN , obtinem:

2_ n
snz(LZkJrZJ So» heN.
K

n 2_
b) lims, =lim j s, =0, Intrucét $<1, vk e N\ {1} .

n—w n—w k2

[k2—2k+2

Wi /
_ 0 —
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n n (K2—2k+2) K2 k2—2k+2)"
= - - = 1-— .
0 2 Z( % J 2<k—1>[ [ 2 ”

d) Aplicand formula de recurenta ce caracterizeaza sirul (Sn )neN, avem:
k? -2k +2
—F—S

S 2 N

2 *
n+1'Sn—1: 'Sn—l:Sn ’ VnEN )

Acelasi text ca la problema 1, in ipoteza cd valoarea comuna a tuturor sirurilor de

rapoarte egale este %, a,beN", a<b.

Rezolvare:

a) i) Calculam s, in functie de s,.

Se arata ca patrulaterul AB,C D, este patrat si ca

a(b-a)

AADlAA& = AAiBBl = AABICC1 = AAClDDl = 2b2 SO .

a(b—a 2a’ —2ab+b’
5= AA131C1D1 = AABCD _4AAABBl =S, -4. (2b2 )SO = b2 Sy -

i1) Calculam s, in functie de s, .

2 2 2 2 2

Urménd rationamentul de la 1), s, = w s, = {_Za Z?b +b ] s,
b b

ii1) Calculdm s, in functie de s, .

2 2 2 2\2
Urméand rationamentul de la 1), s, = 287 -2ab+b S, = (w] S

b? b?
iv) Calculam s, in functiede s, ,, neN".
Urmand rationamentul de la 1), obtinem formula de recurenta ce caracterizeaza sirul
(Sn )neN
2a’ —2ab +b?
I
v) Calculdam s, in functie de s;, neN.

S,.,» NeN", s,>0.

Pornind de la formula de recurenta ce caracterizeaza sirul (Sn )neN , obtinem:

r 2\"
SHZ(WJ SO' neN.
b

b) lims, =1lim <1, Va,beN", a<b.

n—o nN—

2a° - 2ab+b? ) .. 2a’-2ab+b
——— | S =0, intrucdt ———

17
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n 0 (2a?—2ab+b?) b? 2a%—2ab+b2 )"
oga-g(mmeny. v, (e
i=0

b-a) b?

i=0
d) Aplicand formula de recurenta ce caracterizeaza sirul (Sn )neN, avem:

_2a*-2ab+b? .

2 *
Sn+l'Sn—l_T n S =S, , VneN".

Se considera patratul ABCD. Fie A €(AB), B, €(BC), C, €(CD), D, €(DA)
o A BB, CC, DD, 1
astfel incat iABi = BCl = CDl = DAl =3 A €(AB,), B,e(BC,), C,e(CD,),

D, €(D,A) astfel incat, Ad _BB GG, DD, =1, A e(AB,), B,e(B,.C,),
AlBl B].Cl ClDl Dl’Al 3

C,€(C,D,), D, e(D,A,) astfel incat AR BB, GG Db, =l, -

A’ZBZ BZCZ CZ D2 D2A2 4

A €(A_B.), B, e(B_.C,,). C,e(C,.D,,), D,e(D,,A,.) astfel incét
A‘I—lA’I — Bn—an — Cn—lcn — Dn—an — 1
A171 Bn—l Bn—lCnfl Cn—l Dn—l anlA171 n +1

si D, =D. Se noteazd cu s, aria suprafetei patrulaterului A;B,C,D;, jeN, exprimatd in

u.

,neN",unde A,=A, B,=B, C,=C

a) Calculati s, 1n functie de s,, ne N.
b) Calculati lims, .

nN—oo

c) Ardtaticd s, <s,,°S,,,, VneN".
Rezolvare:
D ¢ C
C2
C3
[
D, B,
D
D 3
2 ‘A3
AZ
A A, B
‘ v
18
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a) Patrulaterele A B .C.D
Utilizdm formula gasita la problema 1 a) iv):

2
1) s =#sw ieN", keN'\{1}, s, >0.

n e N, sunt patrate.

n?

i) Calculam s, in functie de s, .

Din (1), pentru i =1 si k=2 avem: s, =%so.
i1) Calculam s, in functie de s, .

Din (1), pentru i =2 si k =3 sidin i), avem: s, =gs1 =%-gso.
ii1) Calculdm s, in functie de s, .

. i 5
Din (1), pentru i =3 si k=4 sidin i), avem: S, =—S, = —-—-— S, .
(1).p § § ), av 5782759 g
iv) Calculam s, in functie de s, .
. . 17 15517
Din (1), pentru i =4 si k=5 sidiniii), avem: S, =—S, =—-—-—- —S,.
(1).p ; ; ) ‘257 29825°
v) Calculdm s, in functiede s, ,, ne N".

Din (1) , pentru i =n si k =n+1 obtinem formula de recurenta ce caracterizeaza sirul

(Sn)neN:
2
S, :n—Jrlzsn_l, neN", s,>0.
(n+1)
vi) Calculam s, in functie de s;, ne N".

Pornind de la formula de recurenta ce caracterizeaza sirul (s,) ., obtinem:

N2 41
S = ———|s,, neN".
" (li:‘l[(i+l)2} o 1S

N | i . L i2+1 i )
b) Din —— <—, VieN" sidin faptulca —— >0, — >0, Vie N, rezulta ca
(i+1)° i+1 (i+1) i+1
n 12 n H n H n =2
H I +12 < L um _L:i, urmeaza ca I +12 Si, de unde
i-1 (I+1) ia 1+1 ia 1+1 n+l i-1 (I+1) n+1

1 . : o R
S, <——=5S,, VneN". Cum sirul (Sn) N are termenii strict pozitivi §1 lim——s, =0,
n+1 ne oo n+1

rezultd, pe baza criteriului majorarii, ca lims, =0.

N—o0

c¢) Aplicand formula de recurenta ce caracterizeaza sirul (Sn )neN , avem:

19
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s . < n+n-1>0<

2
) n’+1 ) n“+2n+2 n’+1
Sy <Spu Sy = St <Spy- (n+2)2 '(n+1)2 n-1

(n+1)2
J5-1
< Nne >

,OO]GN* < neN", ceea ce este adevarat.

7. SIRURI DE ARII DE SUPRAFETE
TRIUNGHIULARE

Prof. Vacarean Sorina, Colegiul National ,,George Baritiu”, Cluj-
Napoca

[L] Se considerd aABC. Fie A €(BC), B, &(CA), C, €(AB) astfel incat
B C AC, 1 A A
Bg CBAl Bk A €(BC,), B,e(C,A), C, (AB,) astfel incat
BA _CB _AC, 1 a A
, e(B,C,), B,e(C , C,e B, ) astfel incat
BC CAI AIB k A3 ( 2 2) 3 ( ZAZ) 3 (AZ 2)
B,A, C,B, AC,
=, ..., A, e(B,C. ;) B, (C.,A,), C, (A B,,) astfel
o CAZAZBK Aull) (Cihs). €€ (AB)
incat o1 _ © ~AG Lo ke N\ {1}, unde A =A, B, =B si
Bnfl(-:nfl CnflA‘nfl AF Bn -1 k
C,=C. Senoteazi cu s, aria suprafetei aABC,, i e N, exprimata in u’.
a) Calculati s, 1n functie de s,, ne N.
b) Calculati lims, .

nN—oo

c¢) Calculati Zsi , heN.

i=0

d) Aritaticd s> =s, , VneN".

n+1 '

20
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Rezolvare:

a) i) Calculam s, in functie de s,.

Searatd cd A gy =Agac =Aacs = kk—_zlso.
k-1 k*-3k+3
S = AAAiBlcl = A asc _3'A‘ACIE./-\l =53 K2 So = K2 So-

if) Calculam s, in functie de s,.

Urménd rationamentul de la 1), S, =

k?—3K+3 K?—3k+3)
k2 51: k2 SO.

ii1) Calculdm s, in functie de s, .

2 2 8
Urmand rationamentul de la i), s, = K =3k+3 S, = (w} Sp -

k2
iv) Calculam s, in functiede s, ,, neN".

Urmand rationamentul de la 1), obtinem formula de recurenta ce caracterizeaza sirul

k®-3k+3
(Sn )neN: Sh = Tsn—l’

neN", s,>0.
v) Calculdam s, in functie de s;, neN.
Pornind de la formula de recurenta ce caracterizeaza sirul (Sn )neN , obtinem:

2_ n
S, =(%j Sy, NeN.
n—o0 k2

2 4 2 _
b) lims, =Iim[mj s, =0, intrucat $<1, vke N\ {1} .

> [ g
S
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C)Z Z;,( 3k+3] -~ 3(:2‘_1{1_[#szk+3jn+1]%.

d) Aplicand formula de recurenta ce caracterizeaza sirul (Sn )neN, avem:

k?-3k+3

S 2 S,

‘S, 4= S,°S,,=S,, VneN".

n+1

Acelasi text ca la problema 1, in ipoteza cd valoarea comuna a tuturor sirurilor de

rapoarte egale este %, a,beN", a<b.

Rezolvare:
a) i) Calculam s, in functie de s,.
. a(b-a)
Searatd cd Acgy =Agac =Ancs TSO.
a(b—a 3a® —3ab+b’
S = AAAiBlc1 = A asc _3AAc:1|3A1 =5,—3 ( )So = S

b2 b2 (O

i1) Calculam s, in functie de s, .

2 2 2 2\?
Urménd rationamentul de la 1), s, = Sa’—3ab+b S = (mj Sp -

b? b?

ii1) Calculdm s, in functie de s, .

Urméand rationamentul de la 1), s, = > >
b b

iv) Calculam s, in functiede s, ,, neN".
Urmand rationamentul de la 1), obtinem formula de recurenta ce caracterizeaza sirul

_ 3a® —3ab+b’
(5. 5, =500

3a? —3ab+b? {Sa2 —3ab+b? T
Sl R Y L Y

S,1, NeN", s,>0.
v) Calculdm s, in functie de s;, neN.
Pornind de la formula de recurenta ce caracterizeaza sirul (Sn )neN , obtinem:

2 2\"
SHZ(WJ SO,nEN.
b

b) lims, =lim <1, va,beN", a<b.

n—w n—oo

" n (332 —3ab+b? ) b2 3a’—3ab+b? )"
c E S = E S = 1- S, .
) i=0 I i—0 ( b2 J 0 3a(b —1) [ [ b2 j } 0

32’ -3ab+b* )’ .. 3a°-3ab+b?
——— | S =0, Intrucdt ———

b2

22
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d) Aplicand formula de recurenta ce caracterizeaza sirul (Sn )nEN , avem:

3a” —3ab +b? ) )
Sn+l'sn—1:TSn'sn—1:Sn , VneN".

Se considerd AABC. Fie A €(BC), B, €(CA), C, (AB) astfel incat

I:(A; = c(::BAl = '2\(';1 =%, A €(BC,), B,e(C,A), C, (AB,) astfel incat

Eéz - E'Z - 2(; —2 AS(BC), B =(CA), C,e(AB,) astlelincit

Ezg - gf\i _ 2;2 :%, s A e(B1Cos), B, €(CuA L), Cy e (ALB,,) astfel
incat B'i”;él - 51121 - 2*1151 - nil, neN',unde A =A, B,=B s5i C,=C. Se

noteaza cu §; aria suprafetei aA;B;C

;» 1 €N, exprimata in u’.
a) Calculati s, in functie de s;, neN.
b) Calculati lims,.

N—oo

c) Aritaticd s, <s,,°S,,,, VneN".

Rezolvare:

a) Utilizdm formula gasitd la problema 1 a) 1v):

2
(1) si:#si_l,ieN*,keN*\{l},so>0.

1) Calculam s, in functie de s, .

23
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Din (1), pentru i =1 si k=2 avem: s, =%so.

ii) Calculam s, in functie de s;.

Din (1), pentru i =2 si k =3 sidin i), avem: s, =%Sl =%-%so.
iii) Calculam s; in functie de s;.
Din (1), pentru i =3 si k =4 si din i), avem: s, =ls2 =1-l-130.
16 4 316

iv) Calculam s, in functie de s, .
. . 13 117 13
Din (1), pentru i =4 st k=5 sidiiii), avem: S, =—S, =—+—-—- —S,.
(3).p PSS S, avem: 8 = 8% =136 25
v) Calculdm s, in functiede s, ,, ne N".

Din (1) , pentru i =n si k =n+1 obtinem formula de recurenta ce caracterizeaza sirul
(Sn )neN :
_n*-n+1
(n +1)2

vi) Calculam s, in functie de s;, ne N".

S,,, NeN", s,>0.

Pornind de la formula de recurenta ce caracterizeaza sirul (sn )neN , obtinem:

P —i+1
S = ——|s,, neN",
" (li:l[(i+1)2J o 1S

-2 - - -2 - -
b) Din I_ |+21<_L,VieN* sidinfaptulcél_ |+21>O,;>O,VieN*,rezulté
(i+1)° 1+1 (i+1) i+1
ca
n -2_- n - n - n -2_-
HI_ |+21<H_L.Cum _L:i,urmeazécé L |+21< L deunde
1 (|+1) i 1+1 i1+l n+l i (|+1) n+1

1 . ) o TP |
S, <——5S,, vneN". Cum sirul (Sn )neN are termenii strict pozitivi $1 IIm—ls0 =0,

n+1 n— N 4+
rezultd, pe baza criteriului majorarii, ca lims, =0.

N—oo

n

¢) Aplicand formula de recurenta ce caracterizeaza sirul (Sn )neN , avem:

2
Sh <S4S &= {

= ne(\/gz_1

s, ©nN+n-1>0 <

2
n>—n+1 ) n*+n+l n*-n+l
(n+1 | " " (n+2) (n+1)’

,OO]ﬂN* < neN", ceea ce este adevirat.
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8.NUMARUL DE AUR iN EXERCITII
SI PROBLEME

CONSTANTIN CIOBICA (%)

., Lucrarea de fata se adreseaza elevilor din clasele VIl — XII, profesorilor de
matematica ( tema pentru cercurile de matematica), prezentand ,,numarul de aur” in
diverse exercitii si probleme de algebra, geometrie, analiza matematica. O sinteza a
proprietatilor lui ¢ este facuta de Paul Montel in ,, Revue d’esthetique”.Ma marginesc
in a prezenta cdateva exercitii §i probleme in care intervine numarul de aur, exercitii
propuse si alese de catre subsemnatul :”

I. SCURT ISTORIC

- 1++/5 A 5 . .
Numadrul de aur ¢ = a fost studiat 1n scoala lui Pitagora. Platon aminteste in

,, Dialoguri” de acest numar, iar problema a-ll-a din Cartea a-11-a a Elementelor lui
Euclid
conduce la ¢ . Inca din antichitate o mirturie , de exemplu, atribuita lui Herodot pretinde
ca aria patratului avand ca latura indlfimea piramidei lui Keops este egala cu aria oricarei
fete laterale. In acest caz raportul dintre apotema fetei piramidei si apotema bazei este
riguros egala cu ¢. Constatam ca si proportiile corpului uman asculta in unele aspecte de
numarul de aur. Numarul de aur apare in cercetarea operelor de arta, in special in
domeniul artelor vizuale. in asa numitele ,, Caiete ale numarului de aur” (autor Eliza
Maillard ) cu ajutorul lui¢ sunt citite opere de Botticelli, Leonardo da Vinci, le
Corbusier etc....

In lumea vegetald a fost detectatd prezenta numarului de aur prima oara de catre Kepler,
dar numarul apare si in cea animald. Matila Ghyka pionier a teoriei matematice a
ritmului distinge intre ritmurile reversibile, care se dezvolta in durata (muzica, poezie) si
emanatiile directe ale experientei traite. Cea mai importanta regularitate decelabila in
acest context este cea data de sirul lui Fibonacci si numarul de aur.

I1. Exercitii de ,,algebra”:

O prima intalnire cu acest numar se face in clasa a- V1l-a, atunci cand se studiaza
numerele irationale. Un exercitiu simplu :

este un numar irational.

1++/5 1 45
2

1.Sa se arate ca ¢ =

EQ:>—+—5€Q:>\/§€Q

Solutie: Presupunem ca ¢ = >t
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2

atunci ﬁ:%,bio, (ab)=1;abez :Z—ZZS:aZ =5.-b* = 5a’ = 5fa

siatunci a =5k, k € Z = 25k :5b2:>5|b:>b=5p, peZ*.

Revenind la forma lui~/5 = % = (a,b) = 5- contradictie.

Dupa aceasta prima intalnire, ,,numarul de aur” isi va face deseori cunoscuta

prezenta:
2.54 se arate ca : \/1+_¢—\/2T¢ eN
Solutie:
1+1+«/§ _ 3+\/§;2_1+\/§ _ 3-5
2 2 2 2

3 3
—+1 |=-1
:\/3+\/§_\/3—\/§€N1 /§+l[: 2 " 2_:\/§+\/i:«/§+1_
2 2 2 2 2 2 4 4 2
c’=a’-b=1
formula radicalilor compusi.

Atunci obtinem: 1+ ¢ —2—¢ = ‘/52”— ‘/52_1 —1eN.

3.In clasa a-VIll-a, ,numarul de aur” se obtine ca solutie a ecuatiei:

2 o . X
Xx“ —x—1=0 sau ecuatii echivalente cu aceasta, cum ar fi ecuatia : { ==,
X+ X

Solutie:

CE: x+1#0,x#0=xeR/{~10}

_1+J§ _1—«/5
X2 =Xx+1=>x2-x-1=0, A=5=1%"7 5 ’XZ—T
4.S3 se arate ca :
n 2 n-1 2
S =(25kc§:j —5(25%;”“} =24
k=0 k=0
26 {
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Solutie:
1+45)" _(1+J§)2n CC A+ Ch BB, e B
2 22n 22n
(L+5C2 +5°C2 + oo )+/B(CE, +5C2, +57C5, + oo )
22n =
n n-1 n n-1
YCh B Y S CEt o p YSCk-JB Y siens
— k=0 k=0 ] sl — k=0 k=0
22n ( 2 J 22n

= § =24

(1+ \/EJZH .{1—\@}2” _ (§SKC§:j2 _5(25%;‘5&)2 3(1—5)2" S

2 2 24 4 ) " gm

5.S4 se arate ca {¢} =¢-1 , {Eﬁ}: 2—¢ unde { }-partea fractionara, iar5 -

conjugatul.
Solutie:
x = [x]+ {x} = {x} = x =[] Ja<5<9
{1+\/§}_1 = |pl=-1 1+2<1+V5<1+3
2 | 3 1++5
—< <2
2 2
2<\/§<3|-—1
—3<—/5<-2
1-45 1
S [P
2 2
{¢}=1+2\/§_1:¢_1 {&}:1—2\/§+1:3—2\/§:2_¢
1+5 a

6.S4a se arate ca multimea K = {a+ bg/labeQ, ¢= >

™ < 0} impreuna

cu operatiile de adunare si scadere este un corp comutativ.
Solutie:
+:2,+2,=(a+a)+(b+b)p unde z, =a+bg,z,=a +b'¢ ,aba.,b eQ

bine definita. Se verifica usor comutativitatea, asociativitatea, elementul neutru,
elementul simetrizabil.

27 L
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7,-7, =(a+bg)a +b'g)=aa +(ba +ab p+bb'g? =*
o ! P =¢+1 -bine definita.
*—aa +bb +(ba +ab +bb g e K

a) asociativa: (z,-2,)-2,=2,-(2,-2;),V2,,2,,2, €K
b) comutativa: z,-2,=12,-2,,V2,,Z, €K

¢) elementul neutru I e K astfel incat z-1=1-z=2z,vVzeK
1=1+0¢ e K

d) element inversabil Vz#0eK,3z'eK asfelincat z-z'=z"-z=1
(a+bg)m+ng)=1 =am+bn+(bm+an+bn)p =1

am+bn=1
bm+an+bn=0
b?—a?—ab=0.

n(b? —a® —ab)=b,

b abm+b’n=b
— —
~a |-abm-(a’+abp=0

Daci b?—-a’-ab=0sib=0=a=0=2z=0
2
b = 0 atunci —(Ej —§+1=0
b b

:%:—¢:>a=—b¢:>z:0

a 5-1
—= >0
b 2

Z1(22 + Zs): 2,2, + 1,74

Sunt verificate :
(21 + Z2)23 =74,13+ 1,7,

V,,2,,2; €K

= (K ,+,0) corp comutativ.

I11.Probleme de geometrie, geometrie analitica:

1. Fie o piramida patrulatera regulatd in care latura bazei este egald cu Tndltimea
piramidei. Sa se arate ca :

ap, ta,, =1-¢
A+ A ) unde a, - apotema bazei, a,_ - apotema piramidei.

Ay

28
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Solutie:
12 15
2
apP: | Z:T pbz—:>apb+apP=| ¢

A =125, Ab=|2:>%=¢

2. Sase arate ca 2-COS%2¢.

Solutie:
y OA+OB+0C+0OD+OE =0
D
1+2c052—7[+20054—”:0 u:cosz—” ,cos4—7[:2u2—1
5 5 5 5

1+2u+2(2u? -1)= 0 = 4u? +2u-1=0

A=20

—1+\/§ —1_\/§ :COSZ_EZE>O
¢1:T’§02:—:_¢ 5 4
3COS£=1+\/§=£

5 4 2

3. Intr-un sistem ortogonal de coordonate consideram punctele

www.mateinfo.ro

A(¢,0),B(#—1,0),C(0,1). Si se arate ca cercul circumscris triunghiului ABC este

tangent
axei yoy.

Solutie:

v

> [ og
S I
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0O BM A x

M (%,oj —M (?,o]

. . . V5 . .
M g - mediatoarea segmentului AB, are ecuatia: X = - Centrul cercului circumscris

triunghiului se afla pe mediatoarea segmentului AB C(P, r). Ecuatia cercului este :

(x—?} +(y-vy,) =r?  AB,CeC(Pr)

1 Y 5 1 J5
:>Z+yp2:r2, (—7j +(y—1)2=r2:>Z+1—2yP+y§:Z+y§:>yp=1:>r=7

si atunci cercul circumscris triunghiului este tangent axei y oy in punctul C.
4. Sa se determine locul geometric al punctelor din plan pentru care raportul
1++/5
>

Solutie: Locul geometric al punctelor din plan pentru care raportul distantelor la doua
puncte fixe este constant, este o problema consacrata cunoscuta sub denumirea de cercul
lui Apollonius.

distantelor la doua puncte fixe este ¢ =

A # B doua puncte fixe AM =¢ M
BM

MI- bisectoarea interioarda, MJ- bisectoarea exterioara

AM Al A
—— = — =— = ¢ atunci L,J apartin locului geometric (si cum IM, JM sunt
BV Bl B Y part g (s
perpendiculare) rezultand ca punctele 1,J- diametral opuse.
B_ 1  g_AB Bl _ 1 _ g A8
AB ¢+1 p+1 AB ¢-1 p-1
—1B+JB=AB| 2TLHOFL|_2ABO_ 2A5) _opp o aB
#2 -1 #2-1 $+1-1

5. Se poate construi un paralelogram in care diagonalele sa aiba lungimile de

30
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QI

1+

5 ,\/gT_l , 1ar lungimile laturilor sa fie numere naturale.

2

Nu, deoarece din relatia d? +d’ = 2(I 2 LZ) (teorema paralelogramului), rezulti ci:

(\/nglj +(\/§_1J =2(I2+L2):>3+2\/§+3_\/g 3 2+L%2¢N

=3=—=I
2 2 2 2

IV.Exercitii si probleme de analiza matematica:

1. Sa se calculeze o valoare aproximativa a lui ¢ si sd se determine eroarea
in aroximarea realizata.
Solutie: Deoarece 5 este un numar irational ( fractie zecimald infinitd) si numarul ¢
este numar irational, depinzand de aproximarea lui /5. Vom determina deci o
aproximare pentru 5 , utilizand ,, formula lui Taylor cu restul lui Lagrange”, pentru

1
functia : f(X) =X =x2, x,=22, n=4si

1

()= Ly 2 )= L 1 gy lyz ppr)- i L 1
=57 f(2)_2\/? g W= 1) 47 32
3 31 3
R
@) 15,7 W) 156 1 15
) 16" )= 16 o+ 2048
9
f(s)(x)=@xiE f ®(22 + 0(x - 22 _105 1
e ) e T

00Dy L0y o 0,

X=X, ) +

(x=x, ) +

f(x)=f(x)+ (x=%,)+

f@(x
) ey

I 2 3
Ay
f(x)=\/_=2+%-(x—22)—6—14-(x—22)2 +5—12-(x—22)3—16:84-(x—22)4 +
105 1 (-2

+ i
532 \/[22 n 9(X _ 92 )]
Pentru X =5 obtinem:

31
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1 5 7 1

J5 = 2+——i
4 64 512 16384 256 W

t 1, > . 2+0,25-0,015625 + 0,0019531-0,0003051 = 2,2306023

ol 1,
4 64 512 16384

Eroarea este :
7 1 7 1 8 1

U256 iy 262 27 2"

1+2,2308023 _ 5 2306023+ 2 =1,6153011.

Atunci ¢ =
2. Sirul lui Fibonacci
a,=0,a=1,a,,=a,+a,,
- =t +t, =1
Solutie: Fie ecuatia t* —t-1=0=1, 1+5 =ﬂ 1T
2 t,-t,=-1

Ay = (tl +1, )an -tta,
—ta, = tl(an _tzan—1) = tl((tl +1, )an 1
= tlz(al _tzao):tln a4 = t12 =a,,-ta, = tz2
Prin scaderea celor doua relatii se ajunge la:

N 12 -y 1+/5
an(tz—t1)=t2—t1:>an_t— ‘EK ; j ( J]

Z_tl

-tta, , - tZan—l) = t12 (an—l -ta,, ) =

3. Fie f :R/{}—)R definita prin f(x)—— si S
X+ k=L

< - 1
Sd se arate cd limS =—-.

n—o

Solutie: Determinam formula lui f
f(x)=(x+1)" f'(x)=—(x+1)? f'(x)=2(x+1)°
(1)Kt

fO(x) = (1) Ki(x+1) ™" = P
)k (-2)fK

f(k)(¢): kil 2(ked
(3+V%J P

2

> | 32
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3.S4 se arate ca functia f :R—> R

_ X+ X—¢ . U _2
f(x)_xz—¢x+¢2 N este functie para si le_r)r;f(x) Y
Solutie:

f(—x) = f(x)

f(=x) = 2—X+¢ 2~ 2_X_¢ 2 T 2 g 2t 2 il 7= (%)
X“+X+¢° X —X+¢ X“+X+9° X —gX+¢

limf)=—, 279 __o-20_2

X9 P 9" +9¢ - ¢
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9.PROBLEME REZOLVATE PENTRU
CONCURSURI

. . .. 1 . .
1. Daca « este solutie a ecuatiei X =2, [X+ 3 atunci demonstrati:

a) aeR/Q
b) [a2 —4a]= 2, unde [ ]este partea intreaga.

a? a?
¢) 20} {a}- {T} =a- unde { }este partea fractionara.

Prof. Ciobici Constantin, prof Ciobici Elena. FALTICENI

Rezolvare:

a) x= ZJE . Punem conditiile de existenta:

X+% 20=>xe {—%,ooj; x>0=> x €[0,0). Deci avem conditia: X [0,0).

Solutiile ecuatiei X2 —4x—2=0sunt: @ =2+~/6 €[0,») si x, =2—+/6 <0
2+/6 R/ Q= J6 eR/ Q . Demonstram prin reducere la absurd. Presupunem ca
\/EGQ:\/_:%;a,beZ;b;tO, (a,b)=1

2
2 _6—a’=6b’=6/a=JkeZ"cuax=6k

b2

36k? =6b*> = 6k* =b* =6/b=3IpecZcub=6p
E:% absurd .

b 6p

b) « solutie a ecuatiei X =2 x+% S>a=2 a+% = a’ —4a =2, iar de aici avem :
lo? —4a|=[2]=2
c) Din identitatea lui Hermite: [y]+[y+ﬂ =[2y] vyeR

Inlocuim pe y cu a = [a]+ [a + %} =[2a]

2 2 2
Inlocuind apoi formulele : [a] =a-— {a}, {%} =2 _ {a_}'

[2a] = 2a — {2a}, obtinem:
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a—{a}+a—2—{a—2}:2a—{2a}:>

4
R PR

2. Fie Bsolutie a ecuatiei 3,/ +§ =X.

a) Demonstrati {,82 —9ﬁ}= 0, unde { }este partea fractionara.
-3
9

Prof. Ciobici Constantin, prof Ciobici Elena. FALTICENI

b) Demonstrati [,B]+{ﬂ 2 }{%2} =[38], unde [ ]este partea intreaga.

Rezolvare:

Rezolvam ecuatia si-1 identificam pe S .

Conditii de existenta: x > 0, X +§ >0=xe[0,0).

9[x+§)= x> =>9x+6=%x"=>x*-9x-6=0=A=105
9+ 105 9-+105

X, =——7""—"-2>0, X,=—"—

2 2
Cum f3 este solutie a ecuatiei=> f* -9 -6=0
= B2 -98=6={8>-98}={6})=0

b) Avem identitatea lui Hermite:

M{Wé}{w%} = [3y],Vy € R.Luam y = fsiavem:

<0=p=x

2 2 2
B 1_p
X+—=—= — = f++=—="
9 p 3 9 p 3 3 9
1 23 . . )
= f+=-= . Inlocuind obtinem:

[ﬂ]{ﬁHﬁ}[sﬂ]

9
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3. Demonstrati:

a)
Wan® +an+3]=2n+1, vneN
Van® 1120 +11)-2n+3,vn e N
b)

N 1+ § L 1+ ..+ : 2n
o ML2T] W27 s]
[]

este partea intreaga.

[\/4n2+4n +3i\/4n2+12n+3]: N 3(2n+3) vnen
unde

Prof.Ciobica Constantin. Prof. Ciobica Elena . Colegiul Vasile Lovinescu
Falticeni

Rezolvare:
4n® +4n+1<4n’* +4n+3<4n*+8n+4 VYneN

3 (2n+17 <4n® +4n+3<(2n+2)

2n+1<v4An® +4n+3<2n+2 = W4n? +4n+3J:2n+1

b) 4n*+12n+9<4n*+12n+11<4n”*+16n+16, VneN
(2n+3)* <4n® +12n+11<(2n+4)

2n+3<+4n* +12n+11<2n+4 =
= W4n? +12n +11J= 2n+3

1 1 1
lx/l_lj-l\/ﬁj+l\/ﬁj-l\/5_lj+m+[\/4n2+4n+3J-l\/4n2+12n+11J_
1 1 1 111 1
—+—t...+ =———+—-——=+..
3.5 5.7 (2n+1)2n+3) 3 5 5 7

1 1 1 1 2n
+ - =—- =

2n+1 2n+3 3 2n+3 3(2n+3)

> [ 35
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4. Demonstrati ca:

1 1 1 1 .
n n - n T ’Vn € N [ ]
Z[j +J§]Z[| +1+ \/é] n Z[| +\/§] Z[| +1+ \/é] ,unde  este partea intreaga.

Ciobica Constantin , Ciobica Elena ,COLEGIUL VASILE LOVINESCU FALTICENI
Rezolvare:

iZ:l:[i +\/§]=iz:l:(i+1) Z::[l +1+J§]:g(i +2)

Zn:(i+2)—2(i+1)=n+2—2=n

i=1 i=1

1 IS S S VS
;[i+\/§]-§[i+1+\/§] f ;[H\@] iz_l:[i+1+\/§]

b) Demonstrati ca:
1 1

g[nﬁ].g[nuﬁ] é[”“ﬁ]-g[nu@]
L - k+1
i[i+k+\/§]-i[i+l+k+\/§]_i[i+\/§].i[i+l+k+\/§]

vneN’,vk e N []
unde  este partea intreaga.

Ciobica Constantin , Ciobica Elena ,COLEGIUL VASILE LOVINESCU

N*

FALTICENI

Rezolvare:

$,=Yf+v8=2(+1) 5, =S +1448]= 31 +2)
sz—sl=Zn:(i+2)—_zn:(i+1)=n+2—2=n

51-182 :%'(sil_%j’% =§[i+2+d§]=§(i+3)

37
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S,-S, =Zn:(i+3)—zn:(i+2)=n+3—3:n

i=1 i=1

S, L E-[é—slsj’S“_Z[Hkh/_] Z|+k+1

.S,
=Zn:[|+k+1+\/_] Zn: +k+2

35—34=Zn: +2)- Z (i+k+l)=n+k+2-k-2=n

i=1 i=1

1 1(1 1 1(1 1 1 1 11
== ——-—|=2>S="| -+ ———+.+———|=
S,-S. n (S, S nls, S, S, S, S, S,

n

1(1 1 21.85_81:I1(+k+2) I1(|+1)
n\S S ) n S-S n-S,-Sg

K+3+k+4+..+n+k+2-2-3—.—(n+1)
n-s,-Sg

K+1+k+1+...+k+1
denori _ n(k+1) _ k+1

n-S,-S, "n-S,-S. S-S,

5. Demonstrati ci:

1 X 1 )
zn:[i+\/§].znl[i+1+\/§] i[i+1+\/§]z“:[i+2+\/§]
i T ) _ e
. Z"ll[i+k+\/§].znll[i+1+k+\/§] anl[i+\/§]'zn1:[i+l+k+x/§]

vne N, keN

Prof.Ciobica C Constantin
Rezolvare:
S, = Zn:[l +\/§]: Zn:(l +1),5, =Zn:[i +1+\/§]:Zn:(i +2)
i=1 i=1 i=1 i=1
S, -S, =Zn:(i +2)—zn:(i +1)=n+2-2=n. Rezulti ci:

i=1 i=1

W /
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51-182 :%[Sil_éj S, :Zn:[i+2+\/§]:iz_nl:(i+3)

i=1

S,-S, =Z(i+3)—_ (i+2)=n+3-3=n

i=1 i=1
Rezulta ca:

S:Ss =%(S—12—S—13j S, :Zn:[i+k+\/§]=g(i+k+1)

i=1

S, :Zn:[i+1+k+\/§]:zn:(i+k+2)

S, —S, :Z(i+k+2)—zn:(i+k+1):n+2+k—k—2=n

i=1 i=1

! _3_(i_ij
Atunci avem relatia: Si0Ss NS, Ss),

1(1 1 1 1 1 1) 1(1 1
S=— | -+ == ———|=
nls, S, S, S, S, S.) nls, s,

s, S (i+k+2)-(+1)

_ia =

“n.s,-S. n.s,-S.
K+3+k+4+..+n+k+2-2-3—-....—n-1
n-S,-Sg

kK+1+k+1+..k+1
denori _ n(k+1) _ k+1

n-S,-S, "n-S,-S, S,-S.

39
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