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1.Cateva probleme legate de un triunghi dreptunghic
de Roxana Mihaela Stanciu, Buzau
si Nela Ciceu, Rosiori, Bacau

Tn cele ce urmeaza prezentam cateva probleme (adunate din revistele Arhimede, RMT si
Recreatii Matematice) care se refera la un triunghi dreptunghic.

1. Tn triunghiul ABC considerdm simediana AD, D e (BC). Bisectoarea /ABC
intersecteaza pe  AD in punctul M, iar bisectoarea ZDAC intersecteaza pe BC 1in

punctul N . Sa se demonstreze ca MN||AC daca si numai daca ~/BAC =90°.

Solutie:

A C

2 2

Deoarece,ﬂzc—z,obginem BD = Zac > -
DC b b +c

Se stie (sau se poate deduce cu relatia lui Stewart) ca
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2bc

AD = -m_ , unde m,este medianadin A.

b*+c* °
Aplicand teorema bisectoarei, rezulta:
MD BD ND AD
MA AB'NC AC
MD ND BD AD abc’®  2bc’m, a 0
— = = & 5 > = 2<:>ma:—C>A:90.
MA NC AB AC b"+c® b°+c 2

, sl atunci avem

MN|AC <

2. Fie ABC un triunghi dreptunghicin A. Sa se construiasca cu rigla si compasul

punctele D si E pe laturile BC, respectiv AB, astfel incat DE L BC si
dreapta DE sa fie tangenta cercului inscris in triunghiul ABC .

Solutie:

Notam DC = x. Din asemanarea triunghiurilor BED si ABC rezulta
DE a-x EB . .
— =——=—-adica
b c a
pe-2@=X o
c

a(@-x) _ax+c’-a’ ax—b?

C c C

AE=c-EB=c

Deoarece patrulaterul AEDC este circumscriptibil, avem

ax—b? ab — bx
+X= +
C c

AE+DC=DE+AC < b

< x(@+b+c)=b”+bc+ab <> x=b,deci DC=b siatunci punctul D se construieste

2
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imediat. Perpendicularain D pe BC intersecteaza pe AB in punctul cautat E.

3. Fie ABC un triunghi in care AB < AC . Consideram punctele D si E pe laturile

AC , respectiv BC, astfel incat AD = AB si ZEDC = ZABC .
Sa se demonstreze ca dreapta DE este tangenta cercului Tnscris in triunghiul ABC daca si

numai dacad ~ABC =90°.

Solutie:

\

Triunghiurile DEC si ABC sunt asemenea, deci

DE: DC: EC ,unde DC=b-c.
c a b

Dreapta DE este tangenta cercului inscris n triunghiul ABC <> ABED este

circumscriptibil < AB + DE = BE + AD < ¢ 00 _, bb-0)
a a

<ac+bc—c?=a’-b*+bc+ac=b*=a%?+c? < /B=90°.

4. Se considera triunghiul ABC cu m(ZA) =90°si m(«B)=60° , iar punctele D gi

E de pe latura BC sunt astfel incat AE este bisectoarea unghiului #BAD, iar AD =CE.
Determinati masura unghiului ZCAD .
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Solutie:

Notam m(ZCAD) = 2x ; folosind teorema sinusurilor in triunghiurile CAD si CAE,

obtinem:
_ ACsin30° _ ACsin(x+45°)
sin(2x+30°)° sin(x + 75°)

Deoarece AD = CE, avem succesiv

1 _sin(x+45°)

. — == = <> 2sin(2x+30°)sin(x + 45°) =sin(x + 75°)
2sin(2x+307) sin(x+75")

<> c0s(x —15°%) —cos(3x + 75°) = cos(15° — X) < cos(3x +75°) =0,

sicum 2x <90°, rezulta ca 3x+75° =90°, adica m(LCAD) =10°.

5. Fie ABC un triunghi dreptunghicin A si CD bisectoarea ~C, D e (AB).

Perpendiculara din D pe bisectoarea unghiului B intersecteaza ipotenuza BC in E.
Daca | este centrul cercului inscris in triunghiul ABC , iar M este punctul de intersectie
dintre EI si AC, aratazica Z/MIA=ZIBE.
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Solutie:

A M C

Din enunt rezulta ca triunghiul BDE este isoscel si ca Bl este mediatoarea segmentului
DE . Totodata,
0 —
m(/CDE) = m(£CDB) — m(~EDB) =180° —%— B —y —45°,
Prin urmare, triunghiul DIE este dreptunghic isoscel. Astfel, CI L ME sicum CI este
bisectoarea unghiului C, rezulta ca triunghiul CME este isoscel. Deducem ca

m(£MIA) =180° — m(ZIMA) —45° =135° —180° + m(LCME) =

180°-C 90°-C B

=-45° + =m(ZIBE).
2 2

6. Fie ABC un triunghi dreptunghic isoscel cu unghiul dreptin A. Daca a doua

tangenta dusa din B la cercul de diametru AC intersecteaza acest cerc in punctul D, sa se
demonstreze ca AD =2-DC.

Solutie:
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Fie T punctul de intersectie al cercului din enunt cu ipotenuza BC . Deoarece
ZATC =90°( AC este diametru) si triunghiul ABC este isoscel, rezulti ca T este mijlocul
lui BC . Aplicand formula medianei in triunghiul DCB, obtinem:

_ DC®*+DB®> BC? DC? AB® 2.AB’ DC?

DT? +
2 4 2 2 4 2

adici DC =DT2.

Folosind teorema lui Ptolemeu, avem:
AC-TD+CD-AT =AD-CT < AB- TD+CD-AT =AD-CT

D€ bc 2B _ap. 2B o 2.pc=AD.

N N N
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2. Solutions and hints of some problems from the

Octogon Mathematical Magazine (I1)
By D.M. Bitinetu-Giurgiu, Bucharest, Romania

and Neculai Stanciu, Buziu, Romania

PP. 18898, If r {ﬂ: %) . then sin® r+ctg®z + cos® r+igtr > 8]

cost ¢ sin% T =

Mihaly Bencze

By AM-GM inequality and than from Bergstrom’s inequality we have that:

sin® x + ctg ®x N cos® x + g °x . 2sin* xcos* x = 2cos® xsin* x
cos® x sin®x  cos®xsin®x  sin®xcos” x

_2+2_2(1+1j> 8 g
cogx sintx cogx sintx) sirfx+cosx

and the proof is complete.

n n
PP. 19616. If z; >0 (k=1,2,...,n) and }_ zp = n then > ;r:;’-; =
k=1 k=1 ke

Mihaly Bencze

From the inequality of Bergstrom we deduce that:

B g

k=1 n k=1

and by
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we obtain that:

PP. 19844. Prove that if F, denote the n'" Fibonacci mumber, then
l} i }f‘f == I:f"?+g—1]2
_*_':

kt1 — Fnya—2
T f‘l'

" FEO 2
12) E E = '.}n}.'2+l:|

24 Ty = FoniFoga T

Mihily Bencze

1) By Bergstrom’s inequality we obtain that:

n 2 n 2
F F
e (5% (55 ey
F

= = = , and this is what we
n n+1 F

s Fk+1 Z Fk -1
k=1

n+3

have to prove;
2) Also by Bergstrom’s inequality we obtain that:

ARG 27 ey _en

- n+1

2 2 = n -
k=1 Fk 1 k=1 Fk 1 2 2 F lF 2 -1
+ + ZFk+1 _1+ZFK n+1’ n+
k=1 k=1

and the proof is complete.

PP. 19901. In all triangle ABC holds [] {a‘*} - Ebc} < T20RY,

Mihaly Bencze

Since,

2xy < X* +y?,Vx, y > Oyields that:
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[[@*+2bc) <[ [(@* +b* +c?) = (a* +b* +c?)°,

and because:
a?+b?+c® <9R?,

it follows that:
[ J@*+2bc) < (9R?)* =729R®, and we are done.

_ . A A1
PP. 19659. If a.b, e, A = 0 then cy%rm < ;bc

Mihaly Bencze

We have that:
a*™ , and we are

ZQ bC+C Z C bc cyclhc cyclla'bc B abC cyclic ,

cycl cyc

done.

a4r _ 4257 H(AR1T)?)
= 3(s*—r’—dRr) -

PP. 19931. In all triangle ABC holds E —* =

Mihily Bencze

By Bergstrom’s inequality it results that:

a2+ (Yaf +(n)  as?+(@R+1)?
> - > S = §za2 ,
4

and because it well-known that:
Y a? =2(s*—r?—4Rr),

easy we obtain the conclusion.

PP. 20009. Ifa y z > 0, then
P+ 3 V(@2 +17) (y? + 22) (22 + 22) = 3zy2.

131

Mihdly Bencze
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From direct calculation yields that:

3 .
Xy 42 > (X2 + Y)Y +23) (2% +X?), VX, y,zeR].
y o5 VXY 2@ ) Yy

Also we have that;

(x> +y2)(y* +2°)(2° +x?) > 2xy - 2yz - 22x =8(xyz)*, VX, Y,z € R

Therefore,

\/(Xz +y2)(y? +22)(z? + x?) = 2+/2xyz , from where we obtain that;

\/(x +y2)(y? +2%)(z2% + x*) > 3xyz , and the proof is complete.

zJ_

PP. 20010. If 7. =0 (k=1,2,...,n), then

Eﬂ: *—zw 3 V{.T + x3) (x5 + 23) (23 +x3).

k=1 cyclic

Mihily Bencze

By the problem 20009 of the Octogon Mathematical Magazine we have that:

3 .
Py 42t > (X2 +yA)Y® +23) (2% +X?),VX,Y,ze R}, 50
y o5 VXY 2@ ) Yy

Z(x +x3+x3) > \/—Z\/(X +X2)(X2 + X)X +x7) <

n

= 2 XS > \/_ Z\/(X +X2)(X2 +x2)(xZ +x?) , and the proof is complete.

cyclic

PP. 20013. In all triangle ABC holds
). S va</2(R+7) (4R +7)

."—
2} E\/ﬁ{v{iﬂﬂ* 452

Mihaly Bencze

1)We have that:

U Z 2(R+r) Z( )2

where we apply Bergstrom s inequality and follows that:

10
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2) Also by Bergstrom’s inequality we have that:

(AR+r1)* + 82 _z z( ) (Z\/_) (Z;/E)ZQ

4Rs

AR+r1)? +5°
< Z\/r_ < J% , and the solution is complete.

PP. 20015. In all triangle A BC' holds

T
1). E\f‘"u—"ﬁf H+3

)% 452
2). ¥ E </ LD

Mihaly Bencze

1)We have that:

a / a
Vv =Z - < BZr— ,and also we have:
a a

a_1 _a- L Ny g2) 2R+
ZE_SrZa(s a)_sr(sZa Za) .

S

Therefore, we deduce that:

VS\/s_Z(R+I’) :\/6(R+r) qed

S S

)W = Z\/7< 3 Z \/ (4R+r) S ) , and we are done.

PP. 20029. If a.x £ K such that a + % = r, then
a” + % = (2% — .‘]:r:}:; —3(2* —32).

Mihdly Bencze
We have that:

3
x3 :(a+1] :a3+i3+3(a+1j=a3+i3+3x:>a3+i3:x3—3x.
a a a
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Also we have that;

3
(a3+i3j =a’ +i9+3[a3+i3j<:>
a a a

o (x*P-3x)°=a’ +$+3(x3—3x).

Hence: a°® + ig = (x* =3x)* =3(x* —3x), g.e.d.
a

PP. 20040. If a; >0 (i=1,2,...,n) and k € {1,2,...,n}, then

2
> - ;> n .
@y @gp...dy (Ge+ds+.. 40 )° {:lt—l]zza]a«_a...a;_.

Mihaly Bencze

n
Denoting S, = Zak , We have to prove that:
k=1

2 2

u, =y &

n
> .
aa,.a,(a,+a;+..+a,)> (n-1)*> aa,..a,

a,a,..a

Indeed,

, and from Bergstrom’s inequality yields that:

n

2
a'l
> [z S _al]
" Yaa,.a,

By Nesbitt s inequality we have that:

U

, and the solution is complete.

u,=>
" (n-1)*> aa,..a,

12
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PP. 20139. Let n be a nonnegative integer. Show that
Fag +(Fapn— FR)

R (Frio +F2)

is an integer and determine its value. Here, F}, represents the n'®* Fibonacei
number defined by F =0, F; =1land foralln > 2, F,, = F, 1 + F,,_».

José Luis Diaz-Barrero

We have that:
n+1+(Fn+2 FZ) I:nlirl'i_(|:n+2_|: )2(Fn+2+|:n)2 _

n+1(F 2+F ) n+l(F 2+F )
Fntl + I:n+1(|:n+2 + F ) I:n2+l + (Fn+2 + F )2 —
n+1(F 2+F ) I:22_'_F2
_ 2 2
_ (Fn+2 F ) + (Fn+2 + Fn) 2(|:n+2 + F ) — 2 , and we are done.

F2,+F’ F2,+F’

PP. 19258. Let ABC be a triangle and M a random point in his plane.

Prove that 1

; miMAY G4s2 R2p2

1). X S 2 9(s—r2—4Rr)
mn"flf.-i" - 1652 R2r2

2)- X 5ry+3r2 = 3((4R+r)" —2s2)

mo M A 19852 B2

"o =3
3). E 7sin® = H +3sin? & — 15(2R-r)
M‘»’ ~ 25657 R

4). E 5 o8t H-Hu:c:s IT(4R+r)

m|"\

Mihaly Bencze

By well-known formulas and Bergstrom s inequality we have

m*MA? BERGSTROM (Zm MAZ) (Zm;MAZ)Z
D2 S (207 +c¢?) 3@’ +bP+c?)

~ (Im2MA?f 128s?R?
T 3(s?—=r2—4Rr) 9(s>—r?—4Rr)’

m*MA* BERGSTROM (Zm MAZ) (Z:miMAz)2
) Z:Srb +3r2 - MR +3r) 8

13
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_128s°R’r* 1 _ 16s’r’R*
3 8((4R+r)2-2s%) 3((4R+r)2-2s%)
5 m2MA* BERGS>TROM (Zm;MA2 )2 B (ngMAZ ’ B
) Z7sinzB+33in2C ) > 7sin? B 1 35in2 & ) 1OZSin26 )
2 2 2 2 2
_128s*R’r* 1 128s*R°r*
3 10'2R—r 15(2R-r)’
2R
N Z m¢MA* BERGS>TROM (Zm;MAZ)2 _ (Zm:l\/lA2 )2 _
B C B B C A
5c0s> — + 4 cos? 5c0s2 — +4c0s? — 9) cos* —
2 2 Z[ 2 2 2,008
_128s*R’r* 1 256s”R°r?
3 9. 4R+T  27(4R+1)
2R
The proof is complete.
Zn—1 Tl
PP. 19259, If ap >0 (k=1.2,....n), then E a"*"iazaa...aﬂ > % > ag.
cyclic 1 k=1

Mihaily Bencze

We have

2
an
a2t a?" BERGSTROM (z 1 j
= =2, :

S cyclic >
goedl t 48,858,  gaed +&8,8;.4,  D.al +N-aa,.a,
cyclic
2 N 2
n n
> (C;'ilj _(;akj _ 1
> - = = —Zak , and we are done.

D )
k=1

n k=1
Dag+n-t
k=1 n

14
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PP. 19260 In all triangle ABC' (a # b # ¢) holds

ug)’
9
1). E|.!':|2-|-3,.-_- (b— {']1 = 128(s —r*—4Rr)

112} _ o
E:.' E {ﬂ-h+21ﬂ ;Il.f:l o) = 11"?|:|1R+r] _}ng

(m3—w3)” . _ R
3). E (2sin? £ +3sin? £ ) (b—c)* = 0[2R—T1)

(m2 —u"’-}l - R
4). 2 (TeoZ B12c0s2 T)(b_)F = S(ARFT)

Mihaily Bencze

By well-known formulas and Bergstrom s inequality we have

m2 —w? ’ m2 —w? ’
)Z (m? _WZ)2 BERGS>TROM (Z (b_(;)2 j _ (z (b—C)2 J _
(0*+3c®)(b-c)* D (b*+3c?) 4y a’

m2 —w? )’ 3\’
(Z (b—C)ZJ B [4) _ 9

- 4.2(s>—r>—4Rr) 8(s’—r2—4Rr) 128(s®—r?—4Rr)’

mz —w? Y’ mz—w? Y’
)Z (m2 —w?)? BERGS>TROM (Z (b—-c)? j _ (z (b—c)? J _
Gr2+2r)b-c)* D> (GrF+2r?) DA%

m2 —w? ’ 3)?
UK T
(4R +1)2—2s%)  7((4R+r)? —25%) 112((4R+1)? —252)’

mf - ) mg —w )
BERGSTROM [Z (b—C)Z j ~ (Z (b—C)2 J B

>
., A
Z[Zsin22+3sin22j 5) sin?

(m2 _W2)2

a a

3.
[

2sin? 2 4 3sin? Cj(b —c)*
2 2

9

6 __ R
5. 2R—r  40(2R-T)’

2R

15
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m2 —w? )’
a a
(M2 —w?)? BERGSTROM Z (b—c)?

a a Z —
Z(?cos2 E+ 2cos? Cj
2 2

2>y’
[

7cos? 2 + 2cos? CJ(b —c)*
2 2

2
_ (b-c°) 16 _ R
92003zé 9-42: 8(4R+1)

The proof is complete.

PP. 19261. Let be M a random point in the plane of triangle ABC. Prove
that

MA® - 27
lj E (Bai+2ct)h3 = Ms2—ri—4Hfr)

M At < 2R

2). 2 (5hZ+3h2)h2 = (s2+r2+4Rr)*—16s2Rr
MAS 4R?

3). X (TrE+2r2)hz = 5T

MAY - s
4} E {zam’ B +'}sm"-' [ thl = 11{2R—r)

ill.Ir A4 413
5). E {3cos? ”—f—.r cml‘ Jh2 = 5{4R+r)

By well-known formulas and Bergstrom s inequality we have

2 2
MA? MA?
MA?* BERGS>TROM (Z h J [z h J

a a

Dl S@iead) sy

MA2 Y’
[Z ha J 4R? 2R2
>

©5.2(s>—r2—4Rr) 10(s®-r? —4Rr) 5(s —4Rr)’
ZMA2 ZMA2 ’
MA?* BERGSTROM ha ha
2 _ > =
) 2 e 1 e S 3n) BN
S 4R® 4R? B 2R* _
- 8) hi (4Rr +s2+r?)?-16s°Rr  (s*+r?+4Rr)*> -16s’Rr
4R?

16
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a

3 _ > =
)Z(7rb2 +2r2)h? D> (T2 +2r?) 9 r}

2 2
MA? MA?
MA?* BERGS>TROM (Z h ] [Z ha J .

4R? 4R?
> = ;
9> r2  9((4R+r)?-2s?)

2
MA?’

MA* BERGSTROM (Z h j

2>y ( > 2

2sin? 2 4 gsin? thj
2 2

(=]
Z[Zsin I:+93|n j 1lzsm )

4R?  4R*  B8R®
115 sin? 2 11-2';;r 112R=1)

2
MA?®

MA* BERGSTROM [z h J

5. ( > 2

3c0s? > +7cos? thj
2 2

= J >

a

2(3 cos? 2 +7c0s? j 102 cos?

4R>  2R*  4R®
1020052é 54R2F_:r 5(4R+r)

. , _ . 9 9s(s?—3r2—4Rr)
PP. 19272. In all triangle ABC holds ¥ (b+¢)m2 > —————=.

Mihaly Bencze

By well-known formulas and Bergstrom s inequality we have

(b+C) mz BERGSTRO(VZ:(b-|-(;)ma)2 B
2erom =2 ® Y b+c)

17
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(X+om, ] 9s?(s?—3r2—4Rr) 9s(s?-3r? —4Rr)
. ,

Da 4s 4

and we are done.

PP. 19418. Ifa; >0 (i=1,2,....n), k = 2, A > 0 then

1
a1 (u2+/\+5—2} - (A+2)n
coddic (¥t At .t am® = (1"

Mihdily Bencze

We use meen inequality, the inequality of Nesbitt for n variables and Radon s inequality.

a{a2 +/1+1j . a{z- /az -al+iJ
=3 =) T
e[, +Kfa; +...+4fa ) Se(fa, +Kfa +...+4fa )

o (2.
“ 2)0%:'(§/a_2+'§/a_3+...+§/a)k '

Denoting X, =%/a, ,k =1,n we have that

U2(1+2)Z( X ]

cycl cS - X1

c“n

n
where we denote S = Z X, -
k=1

By Radon’s inequality we obtain

k=1 ¥n = Xk
k-1 !
n

Eak)
U>(1+2)-

and then by Nesbitt s inequality we deduce that

U=(2+2) n:kll .(nrllj - ((ﬂr:if))"n

and this completes the proof.

18
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n
PP. 19443. If 2, >0 (k=1,2,...,n), then yn+ 3 27 > Y =1/1 + 232
k=1

cyclic

Mihdly Bencze

We have
: 2 \ 2 : 2
E+ZXE ) n+2kZ=1:xk ) éxk +k2=1:(1+ x2.,) zlzn:(xkz s
2 & 2 2 2 &

2% n 2 XA+ x2,) = n X1+ XEy = D X1+ X5 .

k=1 k=1 cyclic

We note that the inequality is strictly because X2 #1+x2,, Yk =1,n.

The proof is complete.

PP. 19495. Let ABC be a triangle. Determine all A € R for which

) — $2—(2R+r)?
[[sinAA = “_mgﬂ

Mihaly Bencze

We have
3 a’ BERGSTROM (a+b+c)? . 4s? 3
mm,  mm +mm +mm, m>+m’+m?

4s? 1652 1 1652 1

j(a2+b2+cz)_ 3 a’+b?+c? 3 2(s’-r?—4Rr)

8s?

= 5 > =, and we are done.
3(s“—r°—4Rr)

19
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PP. 19431. If ag. =0 (k=1.2,...,n) then

L
2 ag
P r < —=
n— n— n— — L =
cyclic M1 taz Fedln (n—1) T ax
k=1
Mihaly Bencze
We have

Z n-1 n—ll n-1 < Z : 1 B
cyclical + a2 +...+ an—l cyclic(n —1) : nm

n

a 2.2

n k=1

1 1 1
_n—lz _n—lz

cyclPdy.dy cyclmdy..a, (n—l)ﬁak
k=1

and we are done.

¥

PP. 19614. In all triangle ABC holds 3 (mib)d - 557

= J(Z—rZ—4Rr)"

Mihaly Bencze

By well-known formulas and Bergstrom ’s inequality we have

Z(iJz BERGS>TROM (Za)z ~ 452 852

m, oym _§Zaz T 3(s’—r?—4Rr)’
4

The proof is complete.

PP. 19617. In all triangle ABC holds

. sin' 2 (2R—r)?
2 %
D). Y == 2 meane

4 A
2} E COs" = ~— 4R+r

my — 4R

Mihaly Bencze

By well-known formulas and Bergstrom s inequality we have

20
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2R

2
o4 A sinzé
el ZBERGS;ROM(Z 2 _[ZR—rT' 1 _ (2R-1)?

1) >
2 m, Zmb

> m, 4R’(4R+r1)’

. A

2

A cos®

) ZCOS ZBERGS;ROM(Z 2) _(4R+rjz_ 1 (4R+1)’ _4R+r
- > m, 2R ) >.m, 4R*(4R+r) 4R?

my,

The proof is complete.

(o2 _ 2 2
PP. 19619. In all triangle ABC holds } f“ft, = s"—r—akr) .

Wpe — 452

Mihily Bencze

By well-known formulas and Bergstrom s inequality we have

Zm—:BER(;STRO(Em;)Z _g. (Zaz)Z _2.4(32_r2_4Rr)2 _

W, W, dww, 16 > ww, 16 D w,w,

_ 9 (s*—r’—4Rr)? . 9(s* —r? —4Rr)?
4 >ww, 4s?

, and we are done.

'32—1"2—-1!21"}2

PP. 19620. In all triangle ABC holds %" T—E = [ p

Mihéily Bencze

By well-known formulas and Bergstrom ’s inequality we have

Zm_:BER(;TRO(Em;)Z :g.(zaz)z 22.4(52_r2_4Rr)2 _
W, Zwa 16 Zwa 16 ZW&
:g. (SZ _ r2 _4Rr)2 . (SZ _ r2 _4Rr)2

4 D> ow, 4r

, and we are done.

PP. 19621. In all triangle ABC holds 3" %‘E = Or.

Mihdly Bencze
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By well-known formulas and Bergstrom’s inequality we have

szERGSTRO(VE )
pILS R S

2
= Zma > 9r, and we are done.

ma
m, Z m,

PP. 19622. In all triangle ABC holds 3 % >

Mihaly Bencze

By well-known formulas and Bergstrom’s inequality we have

2
2 BERGSTRO(E{;\ 2 2
Za > ) _ 4s > 4s

= > , and we are done.
m, d>m, mo4+my+m,  4R+r

PP. 19623. In all triangle ABC holds } Ta > 4R+ r.

My
Mihily Bencze
By well-known formulas and Bergstrom’s inequality we have

iBER(;STRO(IEra)Z s (4R +1)?

> > =4R +r, and we are done.
m, >om, 4R +r

ﬂ{s?—rz—-iff?';lz
16s -

PP. 19625. In all triangle ABC holds 3" ber—%, >

Mihély Bencze

By well-known formulas and Bergstrom s inequality we have

Zm—:BERGS;'ROM (ij)z _i(Zaz)z _E.M:

b+c Z(b+c)_9 2>a 9 2s

- i.4(52 —r?—4Rr)? =i(s2 —r?—4Rr)?, g.ed.
9s 9s

22
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PP. 19626. In all triangle ABC holds 3~ — f‘ - > 3 (s* —r® —4Rr).

Mihaly Bencze

By well-known formulas and Bergstrom ’s inequality we have

BERGSTROM (Zm )
> — My >>'ml = Za _—~2(sz—r2—4Rr):

m,m, - Zm m,

= E(Sz —r? —4Rr), and we are done.

{32+1ﬂ J|+1s r(4R+3r)+&8Rr?
{s2+r2+2Rr)?

PP. 19628. In all triangle ABC holds 3 2 wg

Mihaly Bencze

From some algebra and well-known formulas yields that

N R =R L

2 2 2y2 2 3
:[z a j 2.y ab _(s*+r?) j4szr(4R+32r)+8Rr ged
b+c (b+c)(c+a) (s“+r°+2Rr)

PP. 19629. In all triangle ABC holds 3 ug < %

Mihaly Bencze

We use Bergstrom’s inequality and Nesbitt’s inequality.

w (Z i jz
W§ Ws bc — W BERGSTROM b+c, NeBITT
3_Zbczz(l_ ch:Z _z(b+cj = 3 =

2

2 2
R R e )

[N

<

.|>|co

312) 4 bc ~ 4 bc ~ 4 be

The last inequality is inequality to prove. The proof is complete.
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PP. 19841 fa.=0(k=1.2,....n), then

(K
D- EWS‘I

!

2). E 41,_+41;_+1]{a,f_+1}

~ T
==
— b

Mihaly Bencze

We have
a; a’ 1<, n
)Z == 1=
(3 +1)(ak +1 \/‘ 2Ja 45 4
n a3 aS 1& n
2) k -=S'1=—,
;(ak +a, +1)(a +1) Z:3 \/ak -8, -1-2-\/a;‘ 1 6 6

and the proof is complete.

sint 4 .

s . v . 1
PP. 19861. In all triangle ABC holds } e g ”+:‘ﬂ=~’ T) 2 G

Mih:ily Bencze

By Bergstrom’s inequality and well-known formulas we have
2

- 2A - 2
sin > sin 5
- Z bc z bc
sin E BERGSTROM
> = =
B C - B C A
b2c?(cos? — + cos? — cos? —+cos?—=| 23| cos?—
( 2 2) z 2 2 Z 2
2
sinZé
Z bc2 AN
) LI Y . B S S
5 ARAT 4R +r bc 4R+r R* (4R+r)R3’q"
2R

24
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an( Jt+1]2

PP. 19863. Prove that E = +A+1 = AET3nTE)"

Mihaly Bencze
Using Bergstrom s inequality and well-known formulas for sums we have

n 2
2
) BERGSTROM (;k j B 3n(n+1)2

k2
> = )
~k?+k+1 SkP+k+1 Z“:k2+z”:k+n 4(n* +4n+5)

k=1

n k4 n (

and we are done.

PP. 19895 In all triangle A BC' holds
3
I'JI E 1"2+21"b,'i".: E | 1ff+r}——'?g2

3
2} E |:f-£+2rb?'(:][?'§+2‘i"ﬁ1"ujl - (.:,1jf+r]2_glgz}2

3
3). (2 + 2ryre) {rig} +2rr,) < ({4}? +r)? - 252)

Mihily Bencze

By Meens inequality, Bergstrom’ s inequality and well-known formulas we have

1
N2 22 r2+r?2 _zr2+rb+r
r’+2-

r +2rb A

B 3 B 3
r>+r’+r’> (4R+r)* -2s?

1

e

)z(r +2nr )(rb +2r ra) (

B Z 3 B 3
(Fr2+r2) (2 n2+r2) (R+r)? —2s7)
and this completes the proof.
a*(g+z)° B(4R+7)?

PP. 19896. In all triangle ABC holds r§+r% > FRA((4Rer) 2]
Mihdly Beneze
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By Bergstrom’s inequality and well-known formulas we have

5l (Y] (z(Y) _

w+rl (R +r)) 2(r2 +12 +r?)
1 44R+1)2)"  B(4R+r)?
2(4R+r)2—28%) SR s?R*((4R +1)2 —25%)’

and we are done.

PP. 19927. Let M be a point in the plane of triangle ABC. Denote
Ay, B;.C] the midpoints of sides BC',CA, AB, then prove that:
1). S aMAf = sRr

2} E a® ”1 sﬁf;r'?

3 Ei;“;,‘f > T
4). EQT:H > R2p2

5). Ea :2{’ }; 252 R3p2

4H+r
ﬂ-” 2g* @5 p?
6). 3~ *E = SR

sin=

|I"'\.'"l |"_‘I,-'

I‘J

‘J

| ‘-J

Mihaly Bencze

By well-known formulas and Bergstrom s inequality we have
, a2 |\/|Al2 BERGSTROM (ZaMAl )2 (ZaMAl )2 252Rr
)Y aMA? =) —L > = > =sRr;
a Da 2s 2s
2N 2 202,2 2.2
2)Za MA BERGSZTROM (ZaMAl) 2s R°r :SR r ;
b Da 2s 2
2N 1A% BERGSTROM aMA2 Y 2p2.2
3)ZaMA12 2z (Z Al)z2 2SR2r '
(s—b) D (s-b)* " s?-2r’-8Rr

a MA14 BERGSTROM (ZaMAl) R?r? _—
4)2 = erb = s2 =R

a MA14 BERGSTROM (ZaMAl) > 212 282R3r2 .
Zcosz'; 4R+r AR +r

N

5) Y ——=

cos® —
2
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G)ZazMAl4 BERGSZTROM (Zal\/lAlz)2 S s?R%r?  2s?R°r? |

sinzE Zsinzg 2R-r  2R-r

The proof is complete.
a'j_'_lrg - -1[232+{-1H+?'}"’J|

PP. 19931. In all triangle ABC holds } | —-== -

= = A(sT—ri-4aRr) -

Mihaly Bencze

By well-known formulas and Bergstrom s inequality we have

Za2 +r? BeRGS TROM (@+b+c)f +(r+r+r) _
m? > m?

42+ (AR+1)° 445’ +(4R+1)?2)  2(4s® + (4R +1)?) 0
j(az+bz+cz) 3-2(s>—r?—4Rr)  3(s’—r?—4Rr)
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3. INEGALITATEA DINTRE MEDIiA ARITMETICA Si MEDIA

GEOMETRICA

RADU DANIELA-RAMONA

SCOALA GIMNAZIALA PIRSCOYV, JUD. BUZAU

Inegalitatea dintre media aritmetici si media geometrici este:

a+b —
=vab,Vab=0
Demonstratie:
a+b — a+b — a+b— 2yab
=vabs —Vab=>=0 ——mM M =0

] — —%Z ' —%Z
(va) -z4a-va+(VE) (Va—B )
. = 0= ) = 0, ceea ce este evident.
Observatie: Daca a=b , atunci inegalitatea devine
a+a — e —a o
— = +a-a=—=Va’ < a = |al, ceea ce este adevarat.

Aplicatii:

Vom verifica inegalitatea si pentru @ =x gi b = i, Yx =0

z — z 2
.x+x | 1 .x+x Irs 1 1 — 13-
Z jx-eo—==F{lext-=2202x—2+-Z0=|yx——) =0,
2 Y x 2 x x W

Vom demonstra geometric inegalitatea dintre media aritmetica si cea geometrica:

Considerdm un triunghi dreptunghic cu m(4) =90° | AD | BC, D € BC,

CD =a, DB =b,si mediana AM
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B
D
M
AM =2 (1) A .
AD =+Jab (2)

Din relatiile (1) si (2) rezulta AM = AD (egalitatea are loc pentru M = D, adica

Deci m, =m,.

Aplicatii ale inegalitatii dintre media aritmetica si media geometrica in determinarea
maximului sau minimului unei expresii algebrice
1. Aflati valoarea minima a expresiei:

Tiax 426
E{x} == xfl '

Solutie:

x*4+2-x4+1+25

E(x)= x+1
E(x]=%
E{x)=fx+1]+%
ﬁz {x+1}'%

E®) . 52
—=
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E(x)=2-5

E(x) = 10 =2 minE (x) = 10,

2. Aflati valoarea maxima a expresiei:

E(x)=+/—9x2+3x +56

Solutie:

E(x) =/ —9x2 4+ 24x — 21x + 56

E(x) = /3x(—3x+8) + 7(—3x+ 8)

E(x) =+ (3x +7)(8 — 3x)

(3x+7) +(8—3x)
2

JBx+7)(8—3x) =

15
JBx+7)(8-32)< = E(x) <75 = maxE(x) =75
3. Demonstrati ca pentru orice x,V,z € R avem:
x*+yi+zi =xy +yz +ex,

Solutie:

xz+yz

=Jxiyi=lxyl =2y (1)

}__2 +2_2

=yzt=lyzlzyz (2

o4z
= e =
T =Vxiz |xz| = xz (3)
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Adunand membru cu membru obtinem:

x*+y? yi+z? x?+2?

5 5 5 = xy+yz+xz

2 I:.xz-l-.}.:1 +31:|

2 =xy+tyztxz=2x+y +zP =xy+yz+xz
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