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1. Solutions and hints of some problems from the
Octogon Mathematical Magazine (1V)

by D.M. Batinetu-Giurgiu, Bucharest, Romania
and

Neculai Stanciu, Buzau, Romania

PP. 20660. Solve the following system:

SX =3 4X2 4%, +3—J(x, —2)* = /X, —1+4/XZ —4x, +3—/(X, —2)° =...
= X, =3+ X2 —4x +3—/(x, —3)* =0.

Solution. Adding the equations of the system we obtain:

Z(,/xk —34 /X2 —4x, +3-1/(x, —2)° ): 0.
k=1
We prove that for any x >3 we have the inequality:

IX=3+x2 —4x+3<J(x=3)° , (1)

Denoting y = x—2, the inequality (1) becomes:

JYy—14+4y?-1< \/F , Which after some algebra becomes:

((y=1)(y> -1)-1f 20, true, with equality i and only if
(Y -D(y-)=ley’-y*~y=0
1+4/5 1++/5 . 5++/5
2

<y, =0, ysz.Butonly y = >1,i.e.x= ,

5+\/§ 5+J§ 5+\/§
> R

So, the system has the unique solution ( 5

J , and we are done.

PP.20661. In all acute triangle ABC holds (ZtgAXthgA)z 4(Zsin AXZCOS A).

Solution. The inequality from the statement is not true, for e.g. if triangle ABC is

equilateral we should have 9 > 9/3.
We will prove that

«/g(ZtgAXthgA)z 93> 4(Zsin AXZCOS A).

Indeed by Bottema we have
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D sinA< ? (the item 2.1), > cos A< g (the item 2.16),

> tgA > 343 (true in all acute triangle) and > ctgA > /3 (the item 2.38).
Therefore, we get

V3(3 tgA)> ctgA)> 943 > 4(>sin A cos A), and we are done.

PP. 20668. If x,y >0, then:
X" X"y Xy Ry > (D)X + YR Xy > nxy .

Solution. The right inequality yields by AM-GM inequality. Indeed

((n—l)x+ y)“\/xy”’l = (x+ X4+ X+ yjn\/xynl > n.r{/xnfly .r{/xynfl = nxy.

n-1

The left inequality is not true. For e.g. if we take n=4,x = % , ¥ =1 we should have

X xPy+xyt +y° > (B3x+y) Ay @2—17+%+§+12 zig

<:>4—022~4%<:>20-4«/§227<:>400\/§2729,but 4ooJ§<4oo-£=7oo.

27

2 23
PP.20669. If x, >0 (k =12,...,n), then Z 1 (Xl + XX, +X2J >n.

2
cyclic Xlxz 2Xl + X2

3
Solution. By AM-GM inequality x,x; < [X”L—;XZJ and the inequality

2 2
a+ab+b 1 p2so,
(a+2b)(b+2a) 3

3 3
1 xf+x1x2+x22J [3(xf+xlx2+x22)j
> > >»1=n,
Sl = 2

2
cyclic X1X2 2X1 + X2 (Xl + 2X2)(2X1 + XZ) cyclic
and we are done.

yields that:

2 2\2
PP.20670. If %, >0 (k =1,2,...1), then 3 4 XX #Xe)” o sy -
cyclic(2X1 + Xz)(xl + 2X2) cyclic
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Solution. By

2 2
a+ab+b 1 p2so,
(a+2b)(b+2a) 3

and the fact that a® +ab +b? >3ab we obtain
a’?+ab+hb? 1

2 2\2
(@ +ab+b)" _ 2 ahip?). >3ab.= =ab,
(a+2b)(2a+b) (a+2b)(2a+b) 3

and then by adding cyclic yields the conclusion, and we are done.

PP.20671. Solve in R the following system:
x2 4 xy+y? = (@2x+ y)ix?
yi+yz+2° =2y + Z)W.
7° +1x+1° :(22+x)%/zy72

Solution. We solve the system in R, . By AM-GM inequality we have:

Uxz? < XZZZ , and other two similar.

Adding the equations of the system yields:
2> X2+ xy = @x+ y)Rhxa® +Qy+ )} yx* + 2z +x)3/zy? <
< (2x+y)(x+22) N 2y + 2)(y + 2x) N (2z+x)(z+2y)

3 3 3
L2y X ATy .
= 2

6> X2 +3> xy<2> X247 xy < > X <> xy,but D x* =D xy.

Therefore, x =y =z, and we obtain the solutions (a,a,a), with aeR, .
PP.20672. If x,y >0 then
x)’ 2 2X 2y + X
(1+—J (1+1) >|14+ XY g VX5 g6,
y X Ixty Pny?

Solution. We prove the right inequality with AM-GM inequality, i.e. we have

2Xx+y >3-3/x%y, 2y +x>3-3/xy* .

So,

www.mateinfo.ro
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1425 1 2YFX TS 41 3)043) =16
3/X2y 3/Xy2
After some algebraic manipulations the left inequality is equivalent with:
3/y8 _3[\8 3/y2 _3[yy2
ki -y | ey ) 2 Y o i s e
3IX5y5 3[X2y2

because the expressions W—W and %/F—%/T’ respectively W—W and
?{/7—%/7 has the same sign.

We have equality if and only if x=1y.

PP.20677. In all nonisosceles triangle holds
h

[Zhah—hbJ[zh —Chbj: (4R+N)((4R+1)* =s*)

s’r

Solution. The RHS is not correct. A solution and the correction for the RHS is given by
M. Bencze and is the following

=)

_ 48R® +165°Rr(s® +r? +4Rr) —(s* +r° + 4Rr)® —48s°Rr?
16s2R?r? '

(a proof by M. Bencze, can be found in math journal Sclipirea Mintii — Vol. 6, No. 11,
2013, p. 9).
In fact, also in math journal Sclipirea Mintii — Vol. 6, No. 11, 2013, p. 9, was given by
Bencze a proof for this identity
r,—r, r, (4R+r)((4R+r)2 —52)
Z Z = 2 -6,
r, r,—r, s°r
which holds in all nonisosceles triangle

PP.20678. In all nonisosceles triangle holds

sin(A—B)sin*C cosC B
[Z cosC j{zsin(A— B)sin? Cj -

(s —4Rr —r®)(4s°r® —(s®> —r* —4Rr)?) + 48s*R°r?
4sr(s* — (2R +r1)?) '

—6—

Solution. A proof for the identity from the statement was givenby M. Bencze in math
journal Sclipirea Mintii — Vol. 7, No. 12, 2013.
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PP.20679. In all nonisosceles triangle holds
A-B . ,C

sin sin? = cos29
o2 2|y 2 |_g_16R (sY
C A-B_.,C '

cos? sin " —sin
2

Solution. See the math journal Sclipirea Mintii — Vol. 7, No. 12, 2013.

PP.20680. In all nonisosceles triangle holds

. B-C A
sin = cos or
2 l2—sc|Tt R
oS — sin
2 2
Solution 1. We have sin 2—C :%cosg, )
sin——
Z 2 =Zb—c=_(a—b)(b—c)(c—a)’and
cos 2 a abc
2
3 s 3 a D (a’b+a’c-a’-abe)
SinB—C_ b-c  (a—-b)(b-c)(c-a)
2

Since

Y (a’b+a’c—a’—abc) =) a’(2s—a)— Y a’—3abc =
=2s) a’ - Z(Za3 —3abc)— 9abc =
=4s(s* —r? —4Rr) —2(2s)(2s* —2r* —8Rr —s* —r? —4Rr) —36Rrs =
=4s(s* —r? —4Rr —s® +3r? +12Rr —9Rr) = 4s(2r* —Rr).

Therefore,
sin2=C cos 2
Z 2 z 2 |_(a-b)b-c)c-a)  4rs(R-2r)
cos - sinB~C abc (@-b)(b-c)(c—-a)
= R ;Zr = 1—2?: , and the proof is complete.

Solution 2. See the math journal Sclipirea Mintii — Vol. 6, No. 11, 2013, p. 9.
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PP.20681. In all nonisosceles triangle holds

sin &= Btgé cosE=B _gin & 2
3 2 ) p— 2 |_5_16R (s

. C-B . A . C-B, A r r) -

sin —smE sin tg;

Solution. See the math journal Sclipirea Mintii — Vol. 6, No. 11, p. 9.

PP.20684. If a,b,c >0, then 4s[a+b+ 2a j(a+b+ ij (E 9}.
22 a+b )\ 2b a+b b a

Solution. Because a_+b+ 2a >2 and a_+b+ b

2a a+b 2b a+b
immediately. For the right inequality we have:

>2 the left inequality yields

a+b, 28 3. D L oa*_3a%h+b’ >0 (a—b)?(2a+b)>0, true.
22 a+b Db a
Similar, we have a_+b+2_b> a+9 from where by multiplying yields the desired

2b a+b b a
result.

PP.20690. Solve in R the equation x* —7x+7 =0.

2 3
Solution. The equation x* + px+q =0, has three real roots if (%) + (—j <0.

2 3
Inour case p=-7,q=7 and (ﬂj +[£j ﬁ—% @,
2 3 4 27 108

p— 3 -
We have r = L. %:Z\/fandcosgg: 2 :_§\/§_
\ 27 \/27 3\V3 \/_T,s 2\7

27

The three roots are:
x1:2-3{/?-cos§, x,=2-3r. cos(3+120°j and x,=2-3r- cos(3+2400j

and we are done.

PP.20705. If a, >0 (k=12,..n), then >’

cyclic

(aﬁa3 LAt +a1+a2J> 6n°

2 2 n -
D%
k=1

Q a,

Solution 1. We have the inequality:
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a+b b+c c+a 18
+ >

c? a’ b> a+b+c @)
which is Problem L222 from Rec.Mat. 1/2012, proposed by Florin Stanescu.
Solutions, refinements and generalizations you can find in:
[1] D.M. Batinetu-Giurgiu, Neculai Stanciu, 1.VV. Codreanu, Problema L222 din nr.
1/2012 revizitata, Rec.Mat. nr. 1/2013;
[2] Titu Zvonaru, Cateva solutii la problema L222 din Rec.Mat. nr. 1/2012, Rec. Mat, nr.
2/2012.
By (1) and the inequality of Harald Bergstrom we obtain that:

a,+a, a+a, a +a 18 n?
2223+123+12222 >18- -
b Y a2 al Gha, +a, +a, D a +a, +a,

cyclic
2 2
n 6n
=18. =

Da Da
k=1 k=1
and first solution is complete.
a+b b+c c+a_2 2 2
+ —+—4=
a c

Solution 2. We prove that: > b2
a

For (2) we give also two solutions.

a+b a+b 2 a-c b-c
_ Y —— | =
0 ( c] Z( ¢ c? j
a—c b-c a—c c—a (c—a)(c” —a“)
:Z c2 Z c2 _Z o2 +Z a2 Z o >0
(|i)i+£>g' i 1>g'£+l>g'£+1>g'i+1>2'£+1 g which by
c2 a ¢ b? a b'c? b c'a’? b a'a’® ¢ a'b®> ¢ b

adding yields (2).
By (2) and the inequality of Harald Bergstrom we obtain that:

Z(azta%ra +a, +a1+a2j>22(1 i+iJZ

cyclic a4 a'2 a3 geick &y &, 4

2 n2 2 6n2

>2- +2- +2- = ,
a a a n

and we are done.
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2. Other solutions from some problems from
School Science and Mathematics journal

By Nela Ciceu, Rosiori, Bacau
and Roxana Mihaela Stanciu, Buzau

e 5307: Proposed by Haishen Yoo and Howard Sporn, Queenshorough Communitly College,

Bayside, NY
Solve for o
Vs = o0 21 425 .
Solution:

We denote x> =y, and after squaring we obtain
y? —y?—y+2=2(y* -1(y -1, and squaring again we obtain
y2(y* —2y® —y? +2y +1) =0 < y2(y2 — y—1)? = 0, which yields that

1+5 1-5
y:an: 2 ,y: 2 .

Therefore we have to solve in complex number the equations

s 1+5 s 1-+/5

x> =0, x° = and x
2

We obtain the solutions

X=0,X, = ,/1“/5 cos 2k +isin 2k ,k=012,34 and
2 5 5)
X, = 5,/1_2\@ (cos 2272 +isin ZmT”] ,m=01234.
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o 5308: Proposed by Kenneth Korbin, New York, NY

Given the sequence
t=1(1,7,41,239....)

with t, = Gfp—1 — tp—2. Let (x, ¥.z) be a triple of consecutive terms in this sequence
with < 4 < z.

Part 1) Express the value of r in terms of i and express the value of 3 in terms of .

Part 2) Express the value of z in terms of z and express the value of z in ters of .

Solution:

We have the equation of recurrence 7* —6r +1= 0, whith i, =3+ 242
Yields 1, = a(%+2-\fr)" —b(S—Evr)" By t, =1 and 1, = 7 we deduce
2-1 1 1 1
—J_FJ b= V{_—i_ . We obtainr, —J_ (3+242)" - \/_+ 2o

1)Since (14',_—1}(3+2-J'_) V2 +1 and (1.5+l)(3 EJ_} -Jf_—l.wehave
x=E(3+2ﬁ}"—‘r”(3—2ﬁ)"

y= 'J_ 2«./'_) ——(3 2«J{_)" which yields that

\(JE+1)—1(«F—1) ——2\/‘_(3 24/2)"
\(\f— -1- 1(«./{_ +1)= —2\2 2(3+ 242 2)", which by mmltiplying and taking into
account that
(3-2/2)(3+24/2) =1yields
i+ j'z —6xy =8,
from where we obtain the value of x in terms of y and the express of v in terms of x.
Because x < ¥ we obtain x =3y —+/8y° +8and y=3x++/8x? +8.

2) As above., we have
i+ )'2 —6x1 =8
—6yz =8

and then

.'=3§ \,-8-‘+ } 1,‘,IS[?:— A8z% +8 y+8

—
z= 3_1'+\.'8|1'2 +8. 50

z= 3(§1-+ VBxT + 8]+ x,u"ls(ax— V8x® +8)2 +8.
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e 5309: Proposed by Tom Moore, Bridgewater State University, Bridgewater, MA

Consider the expression 3" + n? for positive integers n. It is divisible by 13 for n = 18
and n = 19. Prove, however, that it is never divisible by 13 for three consecutive values
of n.

Solution:

The values modulo 13 of n? for 13 consecutive values of n are:
0,1,4,9,3,12,10,10,12,3,9,4,1.

Since 3° =1(mod13) yields that 3"(mod13) it can take only the values 1, 3, 9.

The expressions 3" +n? and 3" +(n+1)* are simultaneously divisible by 13 only

ifn? =12(mod13)and (n+1)* =10(mod13), but then (n+ 2)* =10(mod13) which added

with 3" =9(mod13) does not give 0(mod13).

10
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3. EXERCITII CU PROGRESII
ARITMETICE.GENERALIZARI.

Prof. Ciobica C. Constantin - COLEGIUL ,, VASILE LOVINESCU?”,
FALTICENI
Prof. Ciobici Elena - COLEGIU TEHNIC MIHAI BACESCU; FALTICENI

1. Fie (an )neN*un sir de numere reale in progresie aritmetica. Demonstrati egalitatea:

1 1 1
+ +.+ =
n n n n n n
Z Qg Z Asyis Z Qg5 Z Asg Z Agiizivn Z Asii3i45
k=1 k=1 k=1 k=1 k=1 k=1
1+i . .

=— . 'VieN,vVheN

Za3k+2 'Za3k+3i+5

k=1 k=1
Rezolvare:

n
Za3k+2 =d;+a8g +....t 85,4
k=1

n
Za3k+5 =qgt+a;;t+..ta5,5
k=1

n n
D ays — D Agp =g — a5 =a, +(3n+4)r—a, —4r =3nr
k=1 k=1

n
Zasmsnz = Q5.5 T g5 .t 833100
k=1

n
Za3k+3i+5 =dg,3 T A5 .-t 85315
k=1

ia3k+3i+5 - ia3k+3i+2 = Qgn3i45 ~ gy = (3n +3i + 4)I’ —a, - (3i + 4)I’ =3nr

k=1 k=1

1 1 1
; p + p p +...+ ; p
Za3k+2 'za3k+5 Za3k+5 'za3k+8 za3k+3i+2 'Zask+3i+5
k=1 k=1 k=1 k=1 k=1 k=1

1 1 1

3| ¢ i
z a'3k+2 Z a‘3k+3i+5
k=1 k=1

11
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n
Za3k+3i+5 =dg,3 T35 ..t 85315
k=1

n
D Ay, =85+ 8+t By
k=1

n n
Za3k+3i+5 - Z Agip = (a8+3i —a )+ (a11+3i —a ) +.ot (a3n+3i+5 — 340 ) =
k=1 k=1

=(B3+3i)r+(3+3i)r+...+(3+3i)r =3nr(i +1)

de n ori

1 1 1 1 3nr(i+1) 1+i

= 3nr n T = 3nr " n = n n
Z a3k+2 Z a3k+3i+5 Z a3k+2 : Z a‘3k+3i+5 Z a‘3k+2 ’ Z a3k+3i+5
k=1 k=1 k=1 k=1 k=1 k=1

2. Fie (an )neN* un sir de numere reale 1n progresie aritmetica. Demonstrati egalitatea:

1 1
+ +...

n n n n

Z(a4k+3 + 87442 ) Z(a4k+7 + a7k+9) Z(a4k+7 + Q740 ) Z(a4k+1l + a7k+l6)

k=1 k=1 k=1 k=1

1
ot =

n n

(a4k+4i+3 +A71.7i42 ) (a4k+4i+7 + a7k+7i+9)
k=1 k=1

= 1+1 . VieN:¥VneN”~

n n
Z(a4k+3 + 87442 ) Z(a4k+4i+3 + a7k+7i+9)

k=1 k=1

Rezolvare:

n

n n
Z(a4k+3 + a7k+2): Za4k+3 + Za7k+2 = (a7 +a;,; ..t a4n+3)+ (ag +ae ...t a7n+2)
k=1 k=1 k=1

n

n n
(a4k+7 + a7k-¢—9 ) = za‘4k+7 + Za7k+9 = (all + a'15 +ot a‘4n+7 )+ (aiﬁ + a‘23 ot a‘7n+9)
k=1 k=1

=~
[N

n n

(a4k+7 + a9 )_ Z(a4k+3 + a0 ) = (a4n+7 -, )"' (a7n+9 — & ) =

k= k=1

=a, +(4n+6)r —a, —6r +a, +(7n+8)r —a, —8r =4nr + 7nr =11nr

N

12
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1 1 1 1

n n n n

Z(a‘4k+3 + a7k+2 ) (a4k+7 + a'7k+9 (a4k+3 + a'7k+2) Z(a4k+7 + a7k+9)
k=1 k=1 k=1 k=1

- 11nr'
)

=}

n n
(a4k+4i+3 + a7 7ik2 ) = Z Araiva T Za7k+7i+2 =
k=1 k=1

=

=1

a4i+7 + a'4i+11 +o.t a'4n+4i+3)+ (a7i+9 + a'7i+16 tot a'7n+7i+2 )

=}

n n
(a4k+4i+7 + Q7 17iv0 ) = Z Araicr T Z A7147iv9 =
k=1 k=1

=

=1

= a‘4i+11 + a‘4i+15 to.t a'4n+4i+7 )+ (a7i+16 + a7i+23 tot a7n+7i+9 )

n

n
(a4k+4i+7 + Azi17iv0 )_ Z(a4k+4i+3 + A7 7ic2 ) = (a4n+4i+7 — 447 )+ (a7n+7i+9 — Q749 ) =
=1 k=1

=

—a, +(4n+4i+6)r—a, —(4i+6)r+a, +(7In+7i+8)r—a, —(7i+8)r =
=4nr +7nr =11nr

1 1
p p + p p +...
Z(a4k+3 + 87442 ) (a4k+7 + a7k+9) (a4k+7 + Q740 ) (a4k+11 + a7k+16)
k=1 k=1 k=1 k=1
1
T =
n n
(a4k+4i+3 + Q744742 ) (a4k+4i+7 + a7k+7i+9)
k=1 k=1
1 1 ~ 1
S lnr| & :
(a4k+3 + a7k+2) (a4k+4i+7 + a7k+7i+9)
k=1 k=1

n

n
Z(a4k+4i+7 + a'7k+7i-¢—9 )_ (a4k+3 + a'7k+2 ) = (a4i+11 + a‘4i-¢—15 +..+ a4n+4i+7 )+
k=1 k=1

+(a7i+16 T @it t a7n+7i+9)_(a7 +ay, +'"+a4n+3)_(a9 taett a7n+2):

=a, +(4i +10)r —a, —6r +a, +(4i +14)r —a, —10r +....

+a, +(7i+15)r —a, —8r+a, +(7i+22)r —a, —15r +...=
=(4i+4)r+@Bi+4)r+..+Ti+ ) +Ti+7)r +...=4nr(i +1)+ 7nr(i +1) = 11nr(i +1)

de n ori de n ori

1 1
+ +...

n n n n

Z(a4k+3 + 87442 ) (a4k+7 + a7k+9) (a4k+7 + 7140 ) (a4k+11 + a7k+16)
k=1 k=1 k=1 k=1

13
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1
ot — - =
(a4k+4i+3 + Q7147142 ) (a4k+4i+7 + a7k+7i+9)
k=1 k=1
1 1 3 1 B
1Inr| < 3 B
(a4k+3 + a7k+2) Z(a4k+4i+7 + a7k+7i+9)
k=1 k=1
1 11nr(i +1)
S 1lnr L n
(a4k+3 + 87440 ) Z(a4k+4i+3 + a7k+7i+9)
k=1 k=1
i+1
= n n
(a4k+3 + 8740 ) Z(a4k+4i+3 + a7k+7i+9)
k=1 k=1

3. Fie (an )neN* un sir de numere reale n progresie aritmetica. Demonstrati egalitatea:

1
+
n n
Z(a5k+l g T a7k+1)' Z(a5k+6 g7 t a7k+8)
k=1 k=1
1
+ +...
n n
Z(a5k+6 + a6k+7 + a‘7k+8)' (a5k+11 + a‘6k+13 + a‘7k+15)
k=1 k=1
1
ot =
n n
Z(a5k+5i+l + a6k+6i+l + a7k+7i+1)' (a5k+5i+6 + a6k+6i+7 + a7k+7i+8)
k=1 k=1
I+1 . .

=— . ;VieN;VneN

Z(a5k+l +aga Tt a7k+1)' Z(a5k+5i+6 + Qgii6ir T a7k+7i+8)

k=1 k=1
Rezolvare:

n

n n n
(a5k+l + g T a7k+1) = Za5k+l + Za6k+l + Za7k+l =
-1 k=1 k=1 k=1
(ae +a;, +..+ a5n+l)+ (a7 tat.e.t a6n+1)+ (as +as+....t a7n+1)
n n n
(a5k+6 + Qg7 T Az ) = Zasme + Za6k+7 + Za7k+8 =
k=1 k=1 k=1

Ay + g+ +Bgpe ) (A + By oo+ B ,r )+ (Bys + Ay o+ Ayyg)

=~

n

=~
Il

1

=}

n
(a‘5k+6 +8g.7 T Az ) - Z(a5k+1 +aga T a7|<+1) = (a5n+6 — 8 )+ (a6n+7 —-q, )+
=1 k=1

a, ., —a;)=5nr+6nr+7nr =18nr

4+ =

14
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1
n n =
(a5k+l + g t a7k+1)' (a5k+6 + g7 T a7k+8)

k=1 k=1

1 1 ~ 1

S 18nr | & 3
Z(a5k+l + a6k+1 + a7k+1) Z(a5k+6 + a6k+7 + a7k+8)
k=1 k=1

=}

n n n
(a'5k+5i+l + a'6k+6i+1 + a'7k+7i+1) = 2 a'5k-¢—5i-¢—1 + Za6k+6i+l + Za7k+7i+l =
k=1 k=1 k=1
= (51,5 + 8110 + oo+ Bspugin )+ (o7 + Bgizs oot Bgnoin )+

+ (a7i+8 + a7i+15 tot a7n+7i+1)
n n n
(a5k+5i+6 + a'6k+6i+7 + a7k+7i-¢—8 ) = 2 a'5k-¢—5i+6 + Za6k+6i+7 + z a7k+7i+8 =
=1 k=1 k=1 k=1

(a5i+11 + a5i+16 to.t a5n+5i+6 )+ (a6i+13 + a6i+19 to.+ a6n+6i+7 )+
(a'7i+15 + a'7i+22 tot a'7n+7i+8)

=}

=~

+

=}

n
(a'5k+5i+6 + a6k+6i+7 + a‘7k+7i+8 ) - Z(a5k+5i+l + a6k+6i+l + a7k+7i+1) =
=1 k=1

= (a5n+5i+6 G )"‘ (a6i+6n+7 — Q47 )"‘ (a7n+7i+8 — Qyisg ) =
=5nr +6nr+7nr =18nr

=~

1

n n

(a5k+5i+6 + a6k+6i+7 + a7k+7i+8)' (a5k+5i+l + a6k+6i+l + a7k+7i+l)
k=1 k=1

1 1 1

18nr 1@ L

(a5k+5i+1 + a6k+6i+1 + a7k+7i+1) (a5k+5i+6 + a6k+6i+7 + a7k+7i+8)
k=1 k=1

1

n n

(a5k+1 + gt a7k+1)' (a5k+6 + g7 T a7k+8)
k=1 k=1

1

n n

(a5k+6 + g7 T 87 ) (a5k+1l + Qg3 T a7k+15)
k=1 k=1
1

n n

(a5k+5i+1 + a‘6k+6i+1 + a'7k+7i+1)' Z(a5k+5i+6 + a‘6k+6i+7 + a'7k+7i+8)
k=1 k=1

—+

+

+...

i
Il

15
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1 1 1

B 18nr | <& it
(a’5k+l + a'6k+l + a7k+l) (a5k+5i+6 + a'6k+6i+7 + a7k+7i+8)
k=1 k=1

n n

(a'5k+5i+6 + Qgi6is7 T a7k+7i+8)_ (a5k+1 +ag, T a7k+1) =
k=1

n n n
Z(a5k+5i+6 - a5k+1)+ Z(a6k+6i+7 - a6k+l)+ Z(a7k+7i+8 - a7k+l) =
k=1

k=1 k=1

LN

k=

-y (5i+5)r +Zn:(6i +6)r +Zn:(7i +7)r =18nr(i +1)
k=1 k=1 k=1
S= 11 'VieN;Vne N~

n n

Z(askﬂ + a‘6k+1 + a7k+1)' Z(a5k+5i+6 + a6k+6i+7 + a'7k+7i+8)
k=1 k=1

-un sir de numere reale In progresie aritmetica. Demonstrati egalitatea:

J

4. Fie (a

n /neN

1 1
+ +

SIS TN IS

k=1 \i=1 i=1 =1\ i=1l k=1 \ i=1

N 1 _ p+1

k=1 \i=1l k=1 \i=1l k= \li=1l k=1 \i=1l

Vpe N;Vne N :¥VmeN"
Rezolvare:

n n

m n n n
Z Za10k+i j = Z(a10k+1 + Qg2 Tt Qo ) = Za10k+l + Za10k+2 +..+ Za10k+m
-1 k=1 k=1 k=1

k=1 \"i k=1

Z a10k+i+10j =
-1

1\ i

n n

n n n
(a10k+11 + a10k+12 ity a‘10k+m+10) = Z a10k+11 + Z a1Ok+l2 +..+ Za10k+m+10
k=1 k=1 k=1

>

k=1
n

n m m n n
Z A ok+10+ j - 2[2 Ak j = Z (a10k+11 - a10k+1)+ Z(a10k+12 — Qo042 )"‘ et

=1\ i=l k=1 \i=1 k=1 k=1

=

n

+ > (Ayoe100m — Aygem ) = ilOr + ilOr +.t ilOr =10nmr
k=1

k=1 k=1 k=1

de m ori

1 1 1 1

n m n m = 10nmr n m n m
Z Qoksi | Z Z A, 0k 410+ Z A ok Z Z A, 0k 410+
k=1 \_i=1 k=1 \|i=1 k=1 \_i=1 k=1 \_i=1

16
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k=1 \li=1 k=1

n m n
Z(Z a:L0k+10p+i j = Z(a10k+10p+1 + a1Ok+10p+2 tot a‘10k+10p+m ):

n n
= Z a10k+10p+l + Z a10k+10p+2 to.+ Z a10k+10p+m

k=1 k=1 k=1
n m n
z Z a10k+10p+i+10 = Z(a10k+10p+ll + a‘lOk+lOp+12 +.o.t a10k+10p+10+m ):
k=1 \ i=l k=1
n
10k+10p+11 + Z a‘1Ok+10p+12 +..F Z a10k+10p+10+m
k=1 k=1 k=1
n m n
Za10k+10p+|+10 Za10k+10p+| Z(a10k+10p+11 - a10p+10k+1)+
k=1 \i=1 k=1 \i=1 k=1

n

(a10k+10p+12 a10p+10k+2 )+ -t Z(a10k+10p+10+m alOk-¢—10p+m )
k=1 k=1

= ZlOr + ZlOr ot ZlOr =10nmr
k=1 k=1

_l_

S

de m ori
1 _ 1 1 ~ 1
n m n m 10nmr| & m n m
Z (Z a10k+10p-¢—i ] ’ z (Z a10k+10p+10+i ] [Z a10k-¢—10p+i J (Z a10k+10p-¢—10+i j
k=1 \ i=1 k=1 \li=1 k=1 \li=l k=1\ i=1
! + 1 +
(Z aiOkHj Z[Z a10k+10+|j (Za10k+10+i j (z a10k+20+ij
k=1\i=1 k= \i=l k=1 \ i=1 k=1 \ i=1
+ n m 1n m -
(Z 10k+10p+i j ’ (Z a10k+10p+10+i j
k=1 \ i=1 k=1 \i=1
_ 1 . 1 3 1
10nmr | & & S
S| (S
k=1 \ i=1 k=1 \ i=l
Z(Z a‘10k+10p+10-¢—i j - Z(Z a10k-¢—i j Z(Z a10p+10k+10+| Z a10k+| j
k=1 \'i=1 k=1 \li=1 k=1 \'i=1
k2|:z (a10k+10p+10+i - a10k+i )j| = k2|:z 10 p + 10 } kZ(lo p + 10)rm = 10( p + 1)nmr
=111 =111 =1

17
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1 1 ~ 1 _

10nmr | &(& L&
( a10k+i j z (Z a‘10k+10p+10+i j

k=1\li=1 k=1 \ i=1

1 10nmr(p +1) B p+1 _

0nmr <& m n m T on m n m !

( Aok j : Z(Z a10k+10p+10+ij ( A k4 j ’ Z(Z a10k+10p+10+ij
k=1 \_i=1 k=1 \_i=1 k= \Ui=1 k=1 \_i=1

18
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4. Metode de integrare numerica:
polinomul de interpolare Lagrange, formula lui Simpson,
aplicatie.

Prof. Boer Elena Milena, Scoala Gimnaziala Vulcan, Jud.
Brasov

1. Polinomul de interpolare Lagrange.

Consideram o functie y=f(x) pe care dorim sa o interpolam. Pentru aceasta,
presupunem cunoscute valorile ¥y, ¥4, ..., ¥,,, corespunzatoare argumentelor x4,%5, ..., X,

Construim polinomul B, (x) care are in punctele x;, aceleasi valori ca si functia

f(x).

P.(x)=y,i=1Ln 1)
Fie familia de polinoame p,(x;) = &, 2
&, ; reprezintd simbolul Iui Kronecker. p; (x) se anuleazi in toate punctele mai

putin x;. 1l putem scrie pe p; (x) astfel:
pi(x) = q H?::‘(x - x}-] (3)
p;(x) — este un polinom de ordin n-1.
Deoarece p;(x;) = 1, coeficientul a; este:

1
d, — —————
L i F e o & b
”j:i'vxl xj)

_ Mile—xp
P(x) = s @
Polinomul P,,(x), unde m = n-1, Tl putem scrie ca o combinatie liniard a
polinoamelor p; (x).
P, 1(x) =X p:(0)y, )
ObSGI’Vé.l’Il Cé 'Pn—l(xlj = }Fl f'Pn—l (xzj = }FZ L Pn—l(xnj = }Tn-
Inlocuindrelatia (4) a polinoamelor p;(x), se obtine polinomul de interpolare al lui
Lagrange:

ceea ce Inseamna ca

I} (x—x)
Pn—l [:x:] = ?=1 m::rx[_;__} }?i (6)
J=i i

2. Formula lui Simpson.
Fiel = f: f(x), integrald definita pe intervalul [a,b],impartitintr-un numar de

n-1
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subintervale de lungime h = :%‘; , prin punctele x; = a + (i — 1)h. Se presupun

cunoscute valorile functiei f(x) in punctele x4, x5, ..., x,, . Aproximam functia f(X) prin
polinomul de interpolare Lagrange.

*llx x}
Pnos () = 2z L)

o . . . .'-t:
Introducem marimea adimensionala g = si atunci vom avea:

[Tiai(x —x;) = A" 1 T7.:la — (G —1)]
1_[(3;!- —x;) = (1" A" i - 1)!(n - 1)!

Astfel pentru polinomul de interpolare Lagrange se obtine relatia:

I-.[r-}=[[l'-]'_ (j- 1:']
P (6) = L s e ()
Rezulta astfel, urmatoarea aproximatie pentru integrala data:
f flx) = f P,_4(x)dx =X, Af; (8)
unde
A= M7, ;la—(j—-1)] _ R [a-(-1)ldg
e () -0 (CDT - D1
Notim 4; = (b — a)H,. Din relatia (8) obtinem formula de cuadratura Newton — Cotes:
b "
] flx) = (b —a) Zy Hif; )

Astfel pentru n=3 se obtin relatiile:
1 1 1 2
=-|(g—1)(g—2)dg=—; H,=—= —2)dg == ;
dj(cz Jg—2)dg=_; H, Efq(q )dg =~
0 _ o
Hy =7 [, a(lq—1)dqg=_;

Rezulta formula lui Simpson:

[ fo)dx ¥ 3 (fy + 4, + ) (10)
Pentru o mai bunad acuratete, generalizam relatia (10) si 1mpart1m intervalul [a,b]

printr-un numar impar, n=2m+1 de puncte echidistante x; = a + —. Aplicim formula

lui Simpson pentru fiecare din cele m subintervaleduble de Iunglme 2h: [x4, 23], [%3, %],
.y [%—2.x,], siastfelintegraladefinitapeintervalul [a, b] se poate scrie:
b

h h h

il
Regrupandtermenii, se obtine formula lui Simpson generalizata.

[JF0)dx ~ 2(f, + 46, + 26, +£,) (11)
Unde: 6, = E;:H}szfﬂ (12)
g, = E?:;ﬂu fa (13)

3. Aplicatie.

20
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In incheierea acestui articol, prezint un program realizat in C, care calculeaza
functia de eroare prin integrare numerica, bazata pe formula lui Simpson.
=

2 2
erf(x) =— | e™ du
»“TID
#include <stdio.h>
#include <math.h>

float Func(float x)
{
return exp(-pow(Xx,2));
}
float Simpson(float Func(float), float x)
{
float h, h2, s1, s2, y;
inti;
const float pi = 4.0 * atan(1.0);
intn=>51;

h = x/(n-1); h2 = 2*h;
s1 =0.0; s2 = Func(h);

for (i=1; i<=(n-3)/2; i++) {
y = i*h2;
s1 += Func(y); s2 += Func(y+h);

return 2*(h/3)*(1 + 4*s2 + 2*s1 + Func(x))/sqrt(pi);
¥

int main()

float x;
intn;
printf("x=");
scanf("%f", &x);
getchar;
printf(*\nerf(%.2f)=%2.6f\n", x, Simpson(Func, x));
getchar();
return O;

}
Bibliografie:
1. Titus Beu, “Calcul numeric in C”, EdituraAlbastra, 2004.
2. S. Dumitru, A. Armaselu, A. Boer, “Fizicaprobabilista — indrumar de

laborator”,
EdituraUniversitdtii Transilvania, Brasov, 2004.
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