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1. Solutions and hints of some problems from
the
Octogon Mathematical Magazine (V)
by D.M. Batinetu-Giurgiu, Bucharest, Romania

and

Neculai Stanciu, Buzau, Romania

PP.20706. If a,b,c >0, then 2-,/> (a+b)* >,/> a* +) a.

Solution. Applying the inequality m > X+Y, we have
\/Z(a+b)2 = \/Z(Zaz +> ab) > \/Zaz +\/Zab , S0 it suffices to show that
2-\/Za2 +2-\/Zab z\/Za2 +>a

= \/ﬁ +2. \/ﬁ >"a, add squaring we obtain

> a? +4Zab+4-\/W22a2 +2) ab, evidently true, and the proof is

complete.

4" -4 (n+1)(3n+8)
2

PP.20714. For all ne N the expression is divisible by 9.

(enunciation correction)

Solution. Since 2(4™* —4) -3(n+1)(3n+8) =2°"° —8-9n* —33n—-24 =

=22 19n” +3n+4-18(n* + 2n + 2) . So it suffices to prove that:

2™ 1+9n% +3n+4 is divisible by 18. Using mathematical induction for n =1 we have
2" +9+3+4=144=18-8. We assume that 2"*° +9n? +3n+4 is divisible by 18.

We have 2°"" +9(n+1D)* +3(n+1D)+4=2""" +9n* + 2In+16 =

= 22" £36Nn° +12n+16—27n* +9n =2%(2°""° +9n* +3n+4)-9n(3n—-1) which is

divisible by 18 (from the hypothesis of induction and the fact that n and 3n-1 has
different parities, so their product is even).
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S+rctg — )2

PP.20728. In all triangle ABC holds ZB—ZC < [—) :

Cctg —+ctg —

J 2 J 2

Solution. Something is missing from the statement, because LHS has degree one and
RHS has degree zero.

PP.20732. In all triangle ABC holds »_(a+b)* +4abc)d a>4» ab(a+hb)?.

Solution. Since (a+b)* >4ab, we have

3 (a+b)* = (a+b)?(a+b)2 > > 4aba+b)?,

which is stronger that given inequality, and we are done.
PP.20736. If x,y,2>0, x+y+z=1,then D x*+ > x* >3xyz+ > xy.

Solution. The given inequality is written successively:
DX+ X)) =3xyz + () %)

S X+ XD XY+ xy? 23xyz + D xPy+ D xy® +3xyz

< Y x® 2 3xyz, true by AM-GM inequality.

PP.20736. If x,y,z >0, then:
3[ [(x* +3y? + 2% +3xy +3yz + 2x) > 4(Zx)2<2x2 +32xy)2.

3(a+hb)
4

Solution. Applying the inequalitya® + ab+b* > , We obtain:

X2 +3y? + 27 43y +3yz + X = (X+ V) + (X+ Y)Y+ ) +(y+2)* >
J3(x+y+y+2)°  3(x+2y+2)*

4 4
written as follows:

3! .4_131_[(x+2y+z)2 24(ZX)2(ZX2 +32xy)2

<:>1_[(x+2y+z)Z%ZX(ZX2 +32xy), i.e. PP.21301, which we solved (see the

, and then the inequality from the statement is

solution from this Octogon Mathematical Magazine).
The proof is complete.

PP.20743. In all triangle ABC holds

9 1 5
——— =< < .
2> m, 2 m,+m, >.m,
Solution. The left inequality yields by Harald Bergstrom’ s inequality. Indeed,

3
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2
Z 1 S +1+° 9

m,+m,  >.(m,+m) 2> m,
For the right inequality we prove the following strengthening:
1 4H(m +m, —m,) 5

Zm +m, (Zm X[ T(m, +mb)) >om,

Because m_, m,, m, can be the sides of triangle, we can denote m, =y+z,m, =x+2,

1)

m, =X+ Y, with x,y,z>0. So, the inequality (1) becomes:
1 16xyz 5
> al @

2X+Y+7 (Zx)(H(ZXJr y+z)) 2y x

We have:

[T@x+y+2)=2>x°+7) x*y+7) xy* +16xyz;

D (2x+y+2)(x+2y+2)=5Y x*+11> xy, and

(ZXXZ(ZX+ y+2)(X+2y+ z)):SZX3 +16) X2y +16> xy? +33xyz .
After clearing the denominators the inequality (2) becomes:
10D x% +32> x*y +32) xy? +66xyz +32xyz <10>_x* +35> x*y +35> xy® +
+80xyz < > x*y+ > xy? = 6xyz,, which follows immediately by AM-GM inequality,
because D x*y>3xyz, > xy? =3xyz.
The proof is complete.

PP.20744. If x,y,z>0 and x* +y* +z* <1, then

>3
4

1
2 i+ x?
3J§_

: . . I 1
Solution. We will prove a stronger inequality, i.e. we prove that: Z >
V1+x?

Indeed, by Holder’s inequality we obtain:

e et ] st

27 1 >3J§_

Zi) T

and from hypothesis x* +y*+2° <1, we get[

The proof is complete.

PP.20755. If x,y,z € N such that x*> +y? + 2z = 2002, then x+y+2z<70.

Solution. We can assume that x <y <z. Because we have:

y+2<.2(y*+2?) <42-2002 <64, s0if x<6,then x+y+z<70.
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If x=7,then y+2z<2(y*+2%)<.2-(2002-49) <63 ,50 X+Yy+2z<70.
If x>8, after some algebra we get the solutions (9,20,39), (9,25,36), (15,16,39), so in all
these cases x+y+z <70, and the solution is complete.

PP.20762. If a,b,c > 0then:
4] [(@* +ab+b?) <(a—b)*(b—c)*(c—a)* +9> a’h*(a+b)?.

Solution. We have:
[[@*+ab+b?)=>a’h*+> a’h?+> a’bc+ > a’h®+2> a’b’c+
+2> a’bc’ + ) a’h’c?; (a—h)’(b-c)’(c—a)® =D a’b®+ > a’h’ -
-2> a’h®-2> a'bc—6a’hc’ +2) a’b*c+2> a’hc? .
The inequality from the statement is written as follows:
Ya'h?+> a’h*+2> a’h’ =D a’bc+ > a’b’c+ D a’bc’ +3a’h’c? (1)

By AM-GM inequality we obtain:

a'b?+a’'c* = 2a'bc = > a’h? +> a’h* > 2> a’hc 2)
a’bc+ab‘c+abc’ >3a’b’c? = > a*bc > 3a’h’c? (3)
a’b® +a’h® +b’c® > 3a’b’c
b’c® +b’c® +c’a’ > 3ab’c® = ) a’h® = > a’hbc? (4)
c’a’® +c’a® +a’n® > 3a’bc?

and similar > a’h® > a’b’c (5)

Adding up the inequalities (2), (3), (4) and (5) yields (1).
Remark. With Muirhead’s inequality, because (3,3,0) > (3,2,1) we obtain:

Y a’h® > a’b*c, whics means, using cyclic summation,\

sym sym

2> a’h® = > a’b*c+ > a’hc?.

The proof is complete.

PP.20765. In all triangle ABC holds:

s> —4Rr —r? 2_ s21r2+4Rr)
R? 2R? '

> (1-cos A—cos2A—cos(B —C))° :(

Solution. We have:
1-cos A—cos2A—cos(B—C)=1-cos2A—-cos A—cos(B-C) =
A+B-C A-B+C
CcoS 5

=2sin? A—2c0s =2sin? A—2sinBsinC =
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2

=2. -2 = be thus by > a® =2(s* —r? —4Rr) and

a bc a

4R? 4R? 2R2 " 2R?
Zab =52 +r? +4Rr we obtain that:

> (1—cos A—cos 2A—cos(B - C))* =Z(a2 —bcj -

2R?
1
a* —2a’bc+b%c?) =

=[2F1z2 2f —23 a?h? -2 abc+ (Y bc) -
-2) a’bc] = (Z 2) + 4;4 [—Z(Zab)2 +4Za2bc—42a2bc+(2ab)2] =

4R
_(Xa?) (Cabf as?-r’-4Rrr)? (s+r’+4Rr)’

4R* 4R* 4R* 4R*

2 22 2 2 2
S —4Rr —r S“+r°+4Rr
= n? - oR? , and we are done.

PP.20768. Prove that the following three statements
1)a,b,c are in geometrical progression

2)@ ) (Zab
3)(Zab) =abc(z

are equivalent, where a,b,c e R.

Solution. If we take a=1b=2,c=4( in geometrical progression) then &"az)2 =217
and (Zab)2 =14, s0 (1) and (2) are not equivalents.
We prove that (3) < (1). Indeed.
(> ab)’ —abc(3af =3 a’b® +3abc(> a%h+ Y ab? )+ 6ah?c? -
~ S a‘be-3abe(> a%h+ Y ab?)-6a%hc? = ¥ a’h® - > a‘bc =
=a’b® —a’bc +b3c® —abc* +a’c® —ab*c = a’b(b? —ac) +bc®(b* —ac) —
—ac(b* —a’c?) = (b* —ac)(a’b—ab’c+bc® —a’c?) = (b* —ac)(a® —bc)(ab—c?).
So (Zab)3 = abc(Za)3 < a’ =bc or b’ =ac or ¢* =ab, and we are done.

PP.20771. If a+b+c= 3k +1 and a® +b? +c? =1,then
K(k +1) k
i((az “be)? + (b? —ca)? + (% —ab)? )= N+2)
= (n+1)?
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(@a+b+c)’—(@*+b*+c?) 1

Solution. Since ab+bc+ca = = , we have:
2 k+1
(a® —=bc)? + (b* —ca)® + (c* —ab)® =
=a*+b* +c* —2abc(a+b+c)+b’c* +c’a® +a’h® =
=(a?+b? +c?)?-2> a%”’ —2acha+(Zbc)2 —2abc) a=
1
:——2 ab) +4abcS a+ (> bef == — )
(Z Z (Z k2 (k+1)2
Therefore,
4 101 1 1
a’-bc)® +(b* -ca)’ +(c’* —ab)? )= | w—-— |=l-— =
kz_;(( )+ )+ ) ) kz_ll(kz (k +1)2J (n+1)?
= n(n+ 22) , and we are done.
(n+1)
PP.20785. If a, >0 (i =12,...,n), k € {1,2,...,n} such that
aa,..a n
a,..a, =1, then 17277k < .
2,222, 2, |

oyl (L + af )L+ af)... L+ af) e

Solution. By Hélder’s inequality, we obtain that:

K
A+af)@+ay)..L+a))> él+ Kla‘as...a ) =(1+aa,..a,)",
so is suffices to show that
Z a,a,..4, < n - Z 1+aa,..8 1 < n
gacl+aa,..a, n+l  JHll+aa,..a, 1l+aa,..a n+1
1 n 1 n?
< & 2 :
gaclt+aa,..a, n+l  gagl+aa,.a n+l
But, by Bergstrom’s inequality (or AM-HM inequality) we have that:
1 n’ n’ :
> = , and the proof is complete.
srltaa,.a N+ aa,.a n+l

cyclic

< nN-

PP.20793.If x,y,z>0,ne N and (xy)"™" +(yz)"* +(zx)"*" =1, then

2n+l + y2n+l + Z2n+l > XyZ )

Solution. By well-known inequality > a® > > ab, we have:

-2 + y2n72 + Z2n72 — (anl)Z + (ynfl)Z + (anl)Z > (Xy)nfl + (YZ)ml + (Zx)nfl :l
By Chebyshev’ s inequality and AM-GM inequality yields that:

2n+l + y2n+1 2n+1 — X2n—2 . X3 + y2n—2 . y3 + Z2n—2 . Z3 >

7
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1

> —(x2”‘2 +yE ZXX +y +z ) =.1-3xyz = xyz , and the proof is complete.

00

PP.20795. If a,b,c > 0 then prove that the inequalities Zﬁ s% and
a+b+c

Z— >3 5 are equivalent.
b+c

Solution. We have successively'

a 3 3 1 a 3
—<_ = _ - _= > =
Z2a+b+c Z2a+b+c 2 4 2(2 2a+b+cj 4
@ZLZEQZ b+c >3 Z—>§ where we denote
2(2a+b+c) 4 (a+b)+(a+c) 2 y+z 2
b+c=x,a+c=y,a+b=z,and the proof is complete.
X2
PP.20809. If x,y,z>0, then %Z <> 93

X+Y 3y? +2yz+32 T 8xyz

Solution. By Bergstrom’s inequality we obtain:

> S S Y.
3y? +2yz+3z 3y’ +2xyz +3xz? 3 X2y +6xyz +3) xy?
_ (Zx)2 _ 4% x2+8) xy N 3D x*+9> xy _
3x+yY)y+2)(z+x) 12(x+y)y+2)(z+Xx) 12(x+y)(y+2)(z+X)
_X2+ZXY+VZ+ZXY+22+ZXY_(x+y)(x+z)+(y+x)(y+z)+(z+x)(z+y)_
B A4X+y)y+2)(z+X) B A4X+y)y+2)(z+X) B

:_Zx+y

For the right inequality we apply AM-GM inequality, i.e.

X2
3y? +2yz+3z2 >8yz, andthenz3y +2);z+3z <Z8))(/z:§xyz'

The proof is complete.

PP.20811. In all triangle ABC holds
5s* +r? +4Rr - a

2 2
—Z < S°—r —4Rr.
8s(s® +r? +2Rr) 3b? + 2bc + 3¢®

16sRr

Solution. Using the facts that » a® =2(s* —r” —4Rr), abc =4sRr and
D ab=s®+r?+4Rr, we obtain that:
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5s2+r2+4Rr = (Yaf +Yab=>a®+3% ab;

2s(s® +r? +2Rr) =2s(s* +r? +4Rr)—4Rrs = > "a) ab—abc =
=(a+b)(b+c)(c+a), and now the inequalities from the statement yields using
PP.20809.

2 4 8 16 2 2
PP.20819. If a,b,c >0, then 22—222—422—82%2(23 [ZEJ _

c

Solution. We take n =4 in PP.20820, or:
a’ a —a’ a’ a «—a’ a’ a’ a
ZbTZZ—? Zb72272z—i Zb—822—422—222—:and

me Z— > Zb“ Z WhICh by multiplying yields the inequality from

the statement.

PP.20820. If a,b,c >0, then ]:‘![Z(%T ] > [Z%NZEJ

c

Solution. Using the inequality x* + y* +z* > xy + yz + zx, we obtain:

aHI HNECH RIS

A (BRI I G G

c
22n+1

22n
> Ej ZZ% and Z(%) ZZE, and by mathematical induction easily yields
c

b
the desired result. The proof is complete.

k+1

PP.20824. In all triangle ABC holdszm—>2m§ forall ke N,
m, +m, —m,

Solution. We have:
k

LB L B

m, +m, m, +m, —m

=Z(ma(ma_mb)+ma(ma_mc)jzzm (m mb) Zm (m m)

m, +m,—m, m,+m,—m, m, +m, —m, m, +m, —m,




REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — IANUARIE 2015  RUMWAGEUST0iioR(s)

_Zm(m mb) Zm(mb m)

m, +m_ — m, +m, —m,
'ma(mc+ma—mb)—mb(mb+mc—ma):
(mb+mc_ma)(mc+ma_mb)

=> (m,-m

:Z(ma _mb)'

k k k k
_ Z(ma1 —m, )’ (M +m)+m, (m, —m,)(ms —mf)
(mb + mc _ma)(mc + ma - mb)

k k k k
(ma _mb)(ma +mb)+mc(ma _mb) _
(mb +m, _ma)(mc +m, _mb)

>0, Dbecause the expressions

m_ —m, and m{ —m} have the same sign. The proof is complete.

PP.20825. In all triangle ABC holds 5s* < 3r* + 2Rr .

Solution. The inequality from the enunciation is not true, for. e.g. if triangle ABC is
equilateral with the length of side equal with 1 we should have
2
5-g<3- ﬁ +2- £ £ E<1 1 , Which is not true.
4 6 3 6 4 4 3

2
>4s,

PP.20830. In all triangle ABC holds >’ a
s—a

Solution. By the inequality of Harald Bergstrom we have:
3 a’ S (@a+b+c)®  4s?

> =4s, and we are done.
s—a 3s—-a-b-c S

2

PP.20835. In all triangle ABC holds )’ maA >18Rr .

COS —
2

S(S a) =— |t suffices to show that:

Solution. Using m, >./s(s—a), cos—
Js(s—a) -\/E 9abc
Z( N3] > s < Y a) bc>9abc.

The last inequality yields from > a>3-%/abc, > bc >3-Ya’h’c? (AM-GM inequality)
by multiplying. The proof is complete.

10
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R(s® +r? +Rr)

PP.20836. In all triangle ABC holds > m, < g\/ 5
.

Solution. Let F be the area of triangle ABC . We use:
2 2 2
(Zx)2 <3 x*; ) m? = 3(a +2 +¢) ;ab+bc+ca=s?+r%+4Rr.

a

It suffices to show that:

2 2 2
9(a” +b” +c )sg-i(ab+bc+ca)<:>a2+b2+czSa—m-i(ab+b0+ca)
4 4 2r 4F 2F

< 16F?*(a’® +b” +c?) <abc(a+b+c)(ab+bc +ca)

<> (2a’b® + 2b%c® +2a’°c® —a* —b* —c*)(@® +b* +¢*) <abc(a+b+c)(ab +bc +ca)
<Y a’+) a’b’c+) a’bc’ >3a’h’c’ + ) a'h? + > a’v* (1)

By Schur’s inequality we have

Y a®+3a’h’c? > > a'b?+ > a’*, and from AM-GM inequality we obtain

> a’v’c>3a’h’c?, Y a’bc® >3a’h’c?, which by adding up yields the inequality (1),
and the proof is complete.

s vsncss m5(3/ 50 - 22)

Solution. Applying the well-known inequality x* + y* +z* > xy + yz + zx, we obtain

(a)z ab bc ca a.
Z —_ >t - 4 — . — = —,
b bc ca ab

2

23] o(2) (2] (5] -2() =2

and by multiplying we get the desired result.

PP. 20855. If X, >0 (k=12..n),and Y x, >n,then > x{" >n forall me N
k=1 k=1

Solution. By Chebyshev’ s inequality we obtain:

n n 1 n n n n
DX =D XX ==Y XX 2 Y T == ) x, = n, and we are done.
- - ne ‘& - -
k=1 k=1 k= k=1 k=1 k=1

PP.20861. Prove that for all n> 2 exist a,,a,,...,a, € N such that Zi = §

k=1 A

11
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Solution. For n=2 we have %+1=§; for n=3 we have }+l+l:§ and so on
1 2 2 1 4 4 2

using the fact anl = Zi” + 2i” easily follows the conclusion, and we are done.

PP.20865. Prove that:
((a® —2a)? + (2a% —1)% [(a® — 2a%)? + (2a* —1)?(a° —2a°)? + (2a° —1)? )=
=(@° +1)(@*+1(@* +1) forall acC.

Solution. We have:
(@®>-2a)* +(2a* -1 =a’ -4a* +4a* +4a* —4a* +1=a° +1;
(@®*-2a*)*+(2a* -1)* =a"* —4a’ +4a* +4a° - 4a* +1=a" +1;
(@®-2a%)* +(2a® -1)* =a'® —4a* +4a° +4a* —4a° +1=a" +1.
By above we obtain the desired result and we are done.

PP.20866. Prove that:

((a3 —2a)? +(2a® —1)2)~((a5 —2a®+2a)* +(2a* —2a’ +1)2)-

-((a7 —2a’+2a°-2a)* +(2a® —2a* +2a° —1)2)= @®+1n@"°+1@" +1)
forall aeC.

Solution. We have:

(a®—-2a)* +(2a®* -1)* =a’ —4a’ +4a° +4a* —4a* +1=a’ +1;

(a°—2a®+2a)’ +(2a" —2a* +1)* =a'® +4a° +4a* —4a° + 4a° —8a"’ +4a® +4a’ +1-
—8a® +4a* —4a® =a' +1;

(a’ —2a® +2a® —2a)* +(2a® —2a" +2a* -1)* =a'* +4a'° + 4a° + 4a® —4a'* + 4a'° -
—4a® -8a® +8a° —8a’ +4a'* +4a® +4a’ +1-8a'° +8a® —4a® —8a® +4a* —4a’ =
=a +1.

From the above we obtain the desired result.

PP.20867. If a,b,c,d € C, then:
> ((@+b)® +(a+c)* +(a+d)’ +(a-b)’ +(a—c)* + (a—d)°)=6(>af> a?).

Solution. We have:
Z((ajtb)3 +(@+c)’+(@a+d)?+(@-hl+(@-c)? +(a—d)3):

=Y (6a’ +6ab” +6ac’ + 6ad’) = 6(Z(a3 +ab® +ac? +ad 2)): 6(ZaXZa2), and we
are done.
2k+2 2k+2 n

PP.20869. If X,>0 (i=12,..,n)and ke N, then []2—2>T[x.
cyclic Xl + X2 i=1

12
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2k+2 2k+2
Solution. We have ————>ab < (a-b)(@**" —b**) >0, true.
a“ +b
2k+2 + X2k+2
Yields that H 2 —>]Ixx, = HX- , and the proof is complete.
cyclic X1 + X cyclic

PP.20870. If x, >0 (i=12,...,n)and k € N, then:

ZZX2k+2 > 3 XX (O +X5) 2 D XIS (P + XY =2

cyclic cyclic

> le"x2 (X +x3) 22D %t

cyclic cyclic

Solution. For t >2,t e N and x,y > 0we have:

X +y' 2xy(xP+y) o (X -y ) (x-y) >0, true because x"'—y'' and
X — y have the same sign. Repeatedly applying this inequality we deduce that:

22 XHP = (P X7 2 Y XX (XY = D I ()P X)) 2>

cyclic cyclic cyclic

> .2 Xy (X +%5) = 2D x x5 ™, and we are done.

cyclic cyclic

PP.20875. Prove that the equation X; +X; +X5 +X; +X. =0 have infinitely many
solutions in Z .

Solution. We think something is missing from the statement, because as it is too easy.
We have infinitely many solutions on form (k,—k,0,0,0), where k € Z .

PP.20876. Prove that the equation X/ +XJ +X{ +X; +x. +X{ +x/ +xJ =0 have
infinitely many solutions in Z .

Solution. We think something is missing from the statement, because as it is too easy.
We have infinitely many solutions on form (k,—k,0,0,0,0,0,0), where k € Z .

PP.20880. If x, >0 (i=12,...,n)and k e N", then:

ZZXZM > 3 XX, (X xET) 2 DRI (P + x> 2

cyclic cyclic
k
> le X5 (X, +X,).

cyclic

Solution. For t >2,t e N and x,y > 0we have:

13
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X'y 2 xy(xP+y) o (X -y ) (x—y) =0, true because x' —y'* and
X —Yyhave the same sign. Repeatedly applying this inequality like in the solution of
PP.20870 we deduce the inequality from the statement.

PP.20892. If a,b,c >0, then 3V6(3 a* ~ > ab) > (Y ja-b|f .

Solution. Because 36 > % and » a’->"ab>0, we prove that

*) %(Z a’-> ab)> (Z|a - b|)2, which is stronger than the given inequality.

WLOG, we assume that a<b<c;let x,y>0 suchthat b=a+x,c=a+x+Yy.
Because

> a’ —Zab:%((a—b)2 +(b—c)? Jr(c—a)z):%(x2 +yi+(x+ y)2)=x2 +XY+Y2,

then (*) is equivalent with
16(x* + Xy +y?) =3(X+ Y+ X+ Y)* < 4(x—y)* >0, evidently true, and the proof is
complete.

PP.20895. Prove that the sum:
(n® +2n+1)% +(n* +8n+16)° + (9n” + 42n + 49)° + (9n” + 48n + 64)°
is divisible by 2n? +10n+13 forall ne N .

Solution. Since a** +b** = M (a+b), we have:

(n? +2n+1)° +(9n? +48n+64)° = M (10n? +50n + 65) = M (5- (2n? +10n +13)),

and (n® +8n+16)° + (9n? +42n +49)° = M (10n? +50n +65) = M (5- (2n? +10n +13)),
which by adding yields to conclusion, and we are done.

14
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2. Other solutions for some problems
from math journal
Mathematical Reflections 5 2014

By Nela Ciceu, Rosiori, Bacau, Romania
and
Roxana Mihaela Stanciu, Buziau, Romania

J313. Solve in real numbers the system of equations
ry+z—2)=yz+z—v)=z2(x+y—2%) =1

Proposed by Titu Andreescu, University of Texas at Dallas, USA

Solution:

We write the system as follows
Xy +xz=1+x"

Xy +yz=1+y*.
yZ+xz=1+z2"
Adding up the equations of the system and applying AM-GM inequality and then
well-known inequality
X*+y>+2° > Xy +yz+ 12X,
we obtain
20y + YZ +2X) =1+ X +1+ Yy +14+ 2% 2 2(X2 + yZ +2%) > 2(Xy + YZ + 2X).
So, we have equality all over, i.e.
x=y=zand x>=y*=z"=1,ie. x=y=z=10or x=y=z=-1.

J315. Let a, b, ¢ be non-negative real numbers such that a + b+ ¢ = 1. Prove that

ViaF 14+ Vab+1+VicF 1= v5+2.

Proposed by Cosmin Pohoata, Columbia University, USA

Solution:
We prove first that if xy >0, then v1+x +,1+y >1+./1+x+Y, (1).

15
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Indeed, by successive squaring we have

VI+X+1+y =21+ J1+x+Yy
S1+X+1+y+2@+X)A+Y) 21+1+X+y+21+X+Yy

S A+X)A+y) =21+ x+y
< xy >0, true.
Applying (1) it suffices to prove that

Vi+4a +1+1+4b+4c >2++5

o V1+4a+/5-4a>1++5

o 1+4a+5-4a+2,/(1+4a)(5—4a) =6+25

< (1+4a)(5—-4a)>5

< a(l—a) >0, true.

We have equality if and only if one of variables is 1 and the other two variables are 0.

J316. Solve in prime numbers the equation
r’ + 1y + 2% +u® + 0% + 0’ = 53353,
Proposged by Titu Andreescu, University of Teras at Dallas, USA

Solution:
We assume that x <y <z <u <v<w. By the reasons of parity, an odd numbers of

these 6 numbers are even (i.e. equals with 2). We deduce easily that y <19 and w<37.
By method "trial and error” (or using the computer) we obtain the solution
2% +3%° +5° +7° +13° +37° =53353.

J317. In triangle A BC', the angle-bhisector of angle 4 intersects line BC' at D and the circum-
ference of triangle ABC at E. The external angle-bisector of angle A intersects line BC
at F' and the circumference of triangle ABC at . Prove that DG L E'F.

Proposed by Ivan Borsenco, Massachusetts Institute of Technology, USA

Solution:

Suppose that the triangle ABC is not isosceles at A. The point D is the middle point of
the arc BC which does not contain the point A, so it belongs to the perpendicular bisector
of BC. From similar reasons the point G belongs to the perpendicular bisector of BC .

We have: FD L GE and EA L FG. So, D is the orthocenter of AFEG . Hence,

GD L FE.

J318. Determine the functions f : B — B satisfying flz — y) — of(y) < 1 — x for all real
numbers x and .

Proposed by Marcel Chirita, Bucharest, Romania

16
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Solution:
We note that the function f(x) =1 satisfies the relation from the statement.

For x=0 we obtain f(-y)<1,so f(x)<1 for any real number x, (1).

If we take x =2y, with x>1 (i.e. yz%), then

f(y)-2f(y)<1-2y & 2y-DA-f(y)) <0.
Since 2y >1, yields that 1- f(y) <0< f(y) >1.

By (1), we deduce that for y > % f(y) =1, (2).

Now, let y < % Evidently we can choose x > 0(e.g. |y + %) such that x —y > % . For

this x, by (2), we have f(x—y) =1 and the relation from the statement becomes
1-xf (y) <1-x < xf(y) > x < f(y)>1, and using (1) again, yields that f(y)=1.
In conclusion, the only function which satisfy is the constant function f(x)=1.

€313, Let a, b, e be nommegative real numbers sueh that /& + 8 + /¢ = 3. Prove that

Via+b+De+2)+J(b+e+1)a+2)+leta+1)(b+2) >0

Proposed by Titw Andrecseu, University of Tezas at Dallas, USA

Solution:
Applying Cauchy-Buniakovski-Schwarz inequality we obtain
(a+b+1)(c+2)=(a+b+D(1+1+c)=(a++b++/e)* =9. 0
Jla+b+1)(c+2) =3 .

and other two similar which by adding vields the given inequality.

S314. Let p, g, x, y. 2 be real numbers satisfying

:a':‘}y + ygz + 22x = p and .:f:g,r2 + yz':‘} + 2’ = q.

Evaluate (2% — 4%)(y® — 2%)(2® — 2%) in terms of p and ¢.

Proposed by Marcel Chirita, Bucharest, Romania

Solution:
We have:
P’ —q° =x°y° +y°2° +x°2° +3x*y 'z +3x%y°z® +3x°y?z® +3x*yz* +3xy*z* +
+3X2y225 +6X3y323 _X3y6 _ y326 _XGZS _3X2y522 _3Xy4z4 _3X4y4z_
C3x%y22% —3x2y225 —3xtyzt —6x%y32 = X0y  — x3ye —23(x — y®) + 28 (x° — y?) =
= -y )XY’ =X’ -y’ +2°) = (¢ — Y)Y’ - 2°) -2 (y* - 2%)] =
=—(x* =y )y’ -2°)@Z° - x%).

17
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Hence, (x® —y*)(y°® -2%)(2® - x®) =q® - p°.

S315. Consider triangle ABC with inradius r. Let M and M’ be two points inside the triangle such that
LMAB = ZM'AC and /M BA = ZM'BC. Denote by dg, dy, d. and dy, d}, d,. the distances from M
and M’ to the sides BC,CA, AB, respectively. Prove that

dadyd.d,dyd, < r°.
Proposed by Nairi Sedrakyan, Yerevan, Armenia

Solution:

Vom folosi notatule obisnmte intr-un triunghi.

Nowm ) AMNBC,E=BMnCAF=CMnAB,
D' =AM'NBC,E'=BM' NCA,F' =CM’' nAB
_BD _CE __AF .,_BD ,_CE .. _ AF
=Y TEA*TFRY TDCY TEA* TFB

Cu teorema Iwi Van Aubel obtinem

AM _ 1 AD _yzty+tl d. _ MD

W—E+Z=MD po , 8t atunct = AD

Obtmem % ’ %sr
d“=—Lyz+y+1 e st similar da=—Lyrzf+yf+1 o

Aplicand teorema lwi Steiner pentru perechile de drepte 1zogenale (AD, AD"), (BE.BE"). (CE.CF".

rezulta
’ Cz ’ 2 ’ 2
rxr =b2,yy _cz,zz =a2.

Putem scrie succesiv:

dd=— Y Yy

foptytl e Y2ty +1l o«
_a" 48 1
- 1 2

¢4 ettty gty ty Ay 4]
Deoarece

Hlyy'zz"tyy'z+yz+yy'z +yy tyty'z’ +y' +1) =

— b add iy @ P _
-e(cg+c2 z+ o2 +yz+y'z +Cg+y+y +1) =
=b"+a’(z+2)+c'(yz+y'z’ ) +a*+ct(y+y')+ct =

>a*+ b+ +2a% 2z + 207 Syy'zz + 207 Sy =
=gag*4+b*+c*+ 2ab+ 2bc+ 2ac = 48*

rezulta ca dad'a. 5 ?"2

de unde obtinem inegalitatea dorita.

18
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5317, Let ABC be an acute triangle inseribed in a circle of radius 1. Prove that

tan A n tan B n tan ' - 1 N 1 N 1 3
tan® B tan®C  tan®A T " \a2 0 B2 2

Proposed by Titu Andreescu, University of Texas ot Dallas, USA

Solution:

4 cos® A
AR ZA 1T o
4R“sin“ A sin“ A
Denoting x=cot A, y=cot B,z =cotC, we have x,y,z >0 and we must to prove that

y3 Z3 XS
R - B G
X 'y z
Using Cauchy-Buniakovski-Schwarz inequality (*’...SQ form’”) and well-known
inequality x* +y® +2z° > xy + yz + zx, we obtain
3 3 3 4 4 4 2 2 2\2
RARVE S S A S S (220 N
X Yy z Xy yz X Xy + YZ + ZX
S (X* +y? +2%)(Xy + yz + 2X)
a Xy + yZ + zX
We have equality if and only if x =y =z, i.e. the given triangle is equilateral.

Since R =1, we have iz—lz =cot? A.
a

= x> +y*+17°.

Olympiad problems

0313. Find all positive integers n for which there are positive integers ag. aq, ..., a, such that
ag+ai+---+an =5(n—1) and

1 1 1
44— =2
ap ay an

Proposed by Titu Andreescu, University of Teras ai Dallas, USA

Solution:
We use the inequality

k=0 Sk

(*)[iakj(iaiJ > (n+1)°.

Since ) a, =5(n—1) and Zai: 2, we obtain
k=0 k=0

k
10(n—1) > (n+1) which yields thatn € {2,3,4,5,6}.
We assume that a, <a, <a, <a,<a, <a,<a,.

19
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If a, =1, then by (*) it must that
(B(n-)-1)>n*<=n’-5n+6<0<2<n<3,

1.F0rn:2Wehavea0+a1+a2=5,i+i+i=2.Weobtain2si,soa0:1.
aO ai a2 a0
Yields the solution
1+2+2:5,1+1+1:2.
2 2
2.F0rn:3wehavea0+a1+a2+a3:10,i+i+i+i:2.Weobtain Zsi,
a0 a'l a2 a3 aO
so a, < 2. For a, =1yields the solution
1+3+3+3=1O,1+1+1+1=2.
3 3 3
3.Forn:4wehavea0+a1+a2+a3+a4:15,i+i+i+i+i:2.We
a0 al a2 a3 a4
obtain 2 < > , S0 &, = 2. Yields the solution
aO
2+2+2+3+6=15,£+l+1 1+l:2.
2 2 3 6
4.F0rn:5wehavea0+a1+a2+a3+a4+a5:20,i+i+i+i+i+i=2.
a, a a, a,; a, a

We obtain Zsi, so a, < 3. We take a, =2 and we deduce that gsi, so a, <3.
a, &
We take a, = 2and yields the solution

1,1,1

2+2+4+4+4+4=20’§+2+ =2.

1 11
S e

4 4 4
5.For n=6 we have a, +a, +a, +a, +a, +a; +a; =25,
i+1+i+i+i+i+i=2.Weobtain Zsl,soaoss.
a'O a1 a'2 a'3 a4 a‘S a‘G 0

We take a, =3 and we deduce that > < E so a, <5.
a‘1
We take a, = 3and yields the solution

1,11

3+3+3+4+4+4+4=25,—+—+ +1+l+l+£:2.
3 3 4 4 4 4

In conclusion, the values of n are 2, 3, 4, 5, 6.
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0315. Let a, b, ¢ be positive real numbers. Prove that

(a®+ 30 +5)(8* + 3c¢® + 5)(c* +3a® +5) = 27(a + b+ ).
Proposed by Tituw Andreeseu, University of Teras at Dallas, USA

Solution:

Applying the inequalities a® +2=a*+1+1>3a, b®+2>3b,c® +2>3c (which
yields by AM-GM inequality) and then by Holder’s inequality we obtain

(@®> +3b* +5)(b® +3c* +5)(c® +3a® +5) > 27(a+b* +)(L+b+c?*)(@* +1+c) >

> 27(%/a-1-a2 +3b% -b-1+%1-¢? ~c)3 =27(a+b+c)?, g.e.d.

3. Progresii aritmetice cu siruri de numere
naturale

Prof. Ciobica Constantin- Colegiul Vasile Lovinescu , Falticeni
Prof. Ciobica Elena

1. Fie (an )n <N* un sir de numere reale In progresie aritmetica de ratie r si sirurile

m ‘-1 o . P
(bp )peN* eN M= 1’ S de numere naturale de ratii Vs M= 1s . Demonstrati

egalitatea:
1
_I_
n n
Z(abﬁ a2+t ablf )'Z:(abﬁ+1 + abf+1 +"'ab§+l)
k=1 k=1
1
_I_
n S n S
+
2| 2y, | 20| 2oy,
ket \t=2 ') k=1\lt=1
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_ k_l{t_l [al +(ot, —1)r ~a, (b —1)r] _ kn_l{
{S [blt+kn_b1t_(k_1)rt]r}zzn:(ts rn = () =

1 —
n n =
o o boa )3, 12+, )
k=L kel
_ 1 1 ) 1
(41t 1) [ & L s
s abﬁ Z Z:abﬁ+1
| k=1 \ t=1 k=1 \ t=1 |
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= ;{; la, + (b, 1) —a, - (bt —1)r]} = ;{g[(% b, )r]} _
B T B -

=nr(r, +1, +...+1,)

1

3 (e ) 32 )

1 1 ~ 1

(e +6,+..41) | &< n (&
171 s (ZlabﬁuJ Z(Zabﬁﬂj

R SRR 3D (R S

2
{Z[t (k+i)r —by —(k+i- 1)n]r} n {in r} nre(n 40, +.t1,)

k=1 (t=1 k=1 t=1
1
n ( s j n ( s j -
a, 222
bt"" bt+'+
ka\t=r ) k==
_ 1 1 1
nr(n +1, +..1,) | &< n (S
Zablt(Jri Z Zabl&+i+1
k=1 \t=1 k=1 \_t=1 |

23



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — IANUARIE 2015  RUMWAGEUST0iioR(s)

1 11

S=nr(r r r,)
At l) | & N
h Za) 3]

k=1 =1 k=1 \_t

n S n S n S
zz%—Z&w{z%;m:

k=1\ t=1 k=1 \ t=1 k=1[ t=1

la, + (b, 1) —a, ~ (b} —1)r]} n Z[bk“+l b;]r}z

k=1 ( t=

B e = = e = 3543 -

k=1 L t=1

=Sr(i+1r+r,+..+r)=nr(i+1)-(r,+r,+..+1,)

S _ 1 | nr(i+1)r +1, +...+1,)
(4 4 tr) & n (S
L o Ay |2 2y
k=1 \_t=1 k=1 \_t=1
— +1 VieN,vneN',seN”
n S n S
Z Zablt( . Zablﬁ+i+l
k=1 \_t=1 k=1 \_t=1

2. Fie (an )neN* - un sir de numere reale Tn progresie aritmetica de ratie r si sirurile :
- (bm )meN* sir de numere naturale in progresie aritmeticd de ratie ry

- (C p )p on*  Sir de numere naturale Tn progresie aritmetica de ratie r;

- (d s )SEN* sir de numere reale in progresie aritmeticd de ratie r3
Demonstrati egalitatea:
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+1 YieN,vne N~

- n
(abk + ack T adk ) Z(abk+i+1 + ack+i+1 T adk+i+1 )
k=1 k=1

=}

Rezolvare:
n

n
o z(abk + aCk + adk )+ Z(abk+l + aCk+1 + adk+l ):
k=1 k=1

= a'bn+1 B ab_l. + aCn+1 - acl + ad

=a, + (bn+1 —l)l’ - _(bl —1)[’ +a +(Cn+1 _1)r - _(Cl —l)l’ +a +(dn+1 —1)[’ -
—a, —(d, -1)r=d,,r—d,r+c,,r—cr+b ,r—br=(d, +nr,)r—d,r+(c +nr,)r—cr+

_ad —

n+1 1

+ (b, +nr)r —br =nr,r +nrr +nor =nr(n +r, +1,)

1
n n =
Z(abk + ack + adk ) (abk+1 + aCk+1 + adk+1)
k=1 ~ k=1 _
B 1 | 1 B 1
Cnr(n+r,+r) | < n
' ’ ’ Z(abk + ack + adk ) Z (abk+1 + aCk+1 + adk+1 )
| k=1 k=1 ]
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n n

Z(abk+2 + ack+2 + a.dk+2 )_ z(abkﬂ + aCk+l + a.dk+l ):
k=1 k=1
- abn+2 B abz + aCn+2 B aCz + adn+2 B adz -

=a1+(bn+2 _1)r_a1_(b2 _1)r+a1+( Chiz 1)I’— _(Cz —1)I’+
+a1+(dn+2 _1)r_a1_(d2 —1)I’—( n+2 -b )I’+( Chiz _Cz)r+(dn+2 _dz)rz
:[b1+(n+1)r1_b1_r1]+[cl+(n+1)2 G — 2] [d1+(n+1)r3_d1_r3]:
=nrr+ner+nrr=nr(f +r, +1,)

1

n n

Z (abk+1 + ack+1 + adk+1 ) Z (abk+2 + aCk+2 + adk+2 )

1 1 1

nr(r, +1, +1,) ”( ) ”( )
Z abk+l + aCk+1 + adk+1 Z abk+2 + ack+2 + adk+2

| k=1 k=1

n n

Z(abk+i+l + ack+i+1 + adk+i+1 )_ Z(abk+i + ack+i * adk+i ):

k=1 k=1

n+i+1 n+i+1 i+1 Ci+1 i+1
=a + (bn+i+l —1)I’ -8 — (bi+1 )I’ +a, +(C ( n+i+1 1)I’ - — (C|+1 1)r +
+a, — (d n+i+l —1)I’ -8 — (di+l )r = (bn+|+1 i+1 )r + (Cn+i+l Cia )I’ +( n+i+l di+1 )r =
=[b, +(n+i)r, —b, —ir,Jr +[c, + (n+i)r, —c, —ir, Jr +
+[d, +(n+i)r, —=d, —ir, Jr = nrr + ne,r +neyr = nr(rl 1, +)

n+i+1

1 —
n n o
; (abk+i + a'Ck+i + a'dk+| ) ;( bk+|+1 Ck+i+1 + a.dk+i+l)
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1 ' 1 1

nr(r, +r, +1,)

1 1 ) 1
Cnr(n 4 +r) | &

>

(abk+i+1 T ack+i+l T adk+i+l )J

n

n
( bk+|+l Ck+i+1 + adk+i+l )_ Z(abk + aCk + adk )

=1 k=1

kZ:[(abk+l+l o ab ) (ack+i+1 o aCk )+ (adk+i+l o adk )]

[(bk+|+1 b )r + (Ck+i+1 —Cy )r + (dk+i+1 - dk )r] =

=
S
iN

o, +(k+i), =b, —=(k =D, Jr +[c, +(k+i)r, ¢, = (k =Dr, Jr + (i +Dr,r } =

=~
S
LN

[ +2D)rr+ G +Drr + (i +r,r]=n(i +21)(r, +1, +1;)

B 1 n(i +1)r, +1, +1,)
ndq+g+g)”( ) ”( )
Z abk t aCk T adk Z abk+i+1 t ack+i+1 t adk+i+1
k=1 k=1
1+1 . .
= VYieN,VheN

n n

(abk + ack + adk ) Z(abknu + ack+i+l + adk+i+1 )

k=1 k=1

3. Fie (an )n > lun sir de numere reale in progresie aritmetica de ratie r si (bm )mﬂ e Nun
sir de numere naturale Tn progresie aritmetica de ratie q. Demonstrati egalitate:
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1 1 1
+ + ...+ =
n n n n n n
Z abk ) Z a.bk+1 Z abk+l ) Z a.bk+2 Z abk+m ) Z abk+m+1
k=1 k=1 k=1 k=1 k=1 k=1
m+1 *

= — - VmMme N, vVhe N

Z abk ) Z abk+m+1

k=1 k=1
Rezolvare:

n
> a, =a, +a, +..+a,
k=1

n+1

n
da, =a, +a, +..+a,

k=1
n n
DA, — > A, =a, —a, =
k—1 k—1
=a, +(b,,, —1r—a, — (b, ~r =b,,,r —b,r = (b, + ng)r —b,r = ngr
1 1 1 1

n n - ngr n n

Z abk ) Z abk+1 Z abk Z abk+1
k—1 k—1 k=1 k—1

n
kZ:abm =a, +a, +..+a,
=1

n
Z:abm1 =a, +a, +..+a,

k=1
n n
Zabm _Zabk+1 =8, , 8, =

= +(bn+2 _1)r -8 _(bz —1)[‘ = (bn+2 _bz)r = [bl +(n+1)Q]r _(bl +q)l’ =
=b,r—ngr+qr—-br—qr=ngr

28



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 — IANUARIE 2015  RUMWAGEUST0iioR(s)

1 1| 11
n n o ngr n n
Zabk+1 DAy D, DAy,
=1 k=1 k=1 k=1
Z By maa _Z Bem - Ropns b,

k=1
- al +( m-+n-+1 1)r - a’l - (bm+1 l)r = bm+n+1r - bm+1r =
= [b, + (m+n)q]r — (b, + mg)r = ngr

1 1 1 1

n n nqr n
DI N X M D 28y
k=1 k=1 k=1 k=1
, )

1 . 1 1

n

n
nqr z abk Z a'bk+m+l
\_ k=1

S:

k=1 Y,
n n
; ay " ; ap = (abmz —a, )+ (abmg —a, )+ et <abm+n+1 —dy, )

=[a, +(b,., ~Dr —a, — (b, ~1)r]+[a, + (b, ~Dr —a, — (b, ~L)r]+....
+[a, + (b, —Dr —a, — (b, —1)r]=

( me2l — b I’)—l—( m+3 _bZ)r+""+(bm+n+l _bn)r =
={lb, + (m+2)a]r —b,r}+{o, +(m+2)q)r —b,r —qr}+...+
+[o, +(m+n)g-b, (n—l)q]r:(m+1)qr+(m+1)qr_+...+(m+1)rq:(m+1)nqr
s_ 1 (m+1)nqr B m+1

nqr L s ,
Z ab Z By +m+1 Z abk ) é abk+m+1
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4.Cateva aplicatii la formula radicalilor compusi

Prof.Roman Rozalia loana

Scoala Gimnaziala Preluca Veche, Maramures

1. Formula radicalilor compusi

Fie asi b doua numere reale, b = 0. Are loc relatia:

Vatb= ||E:Ei ||E:, undec® =a® — b

Demonstratie:
Rezolvam pe rand cei doi membri ai egalitatii.
Notimt =+va+ Vbt = 0 =

t>?=a+Vbundet=0 (1)

Notams = ||E:E+ fE;E,SEDﬁ

S=J2{a+c]+\f2{a—c] -
2 2

2s=+2(a+c)++2(a—c) =
(25)° =(w.,’r2{a:+ c) +1,.’{2{a,—c))2 =

a4s? = 2(a+ )|+ 2y2(a+c)-J2la— )+ |2(a—0)| =

4s? =2(a+ )+ 2(a—)+ 4f(a+c)la—c) =

45 = 4a + 4/(a® — c?) &

sf=a+ m

Din relatia din ipoteza stim ci ¢ = a* — b= b =a® — ¢*,
Deci, relatia de mai sus se poate rescrie astfel:
sP=a+vb (2)

Din egalititile (1) si (2) obtinem ci t* = s°.

Cumt,s =0 =t == adica:
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P — —
Va+yb= |Z£4 22 (ged)
R E

2. Aplicatii rezolvate

Enunturi:

1. Aratatica V5 —2v6 —+/5+ 2v/6 + /16 + 83 este numar natural.

2. Calculati:

1 1 1 1
51: i .—+ i .—+ I .—+ f —
V3IT+2V2E A5+ 2ve AT+ 212 9+ 2vy4-5
1 1 1 1
5.,= + + 4

&

i — i — i l—-I [
V3+2Vv2 A5+ 2vWe 7+ 2v12 Nllzn_i_l_i_szm
3. Aratatican i 101, unde:

1 1 1 1
+ + -+ =99,

I — I — ! — ' —————
W3+ 242 A5+ 246 47+ 2412 N||2ﬂ+1+2w-'n[:n—|— 1)

4. Aflatin € N* astfel incat

1 1 1 1
N = + + et

V34242 Js+2ve J7L2y12

[
ﬂ,,'l 2n+1+2/nm+ 1)

sa fie numar natural mai mic decat 10.

—— | .——1_2 ——— | .——1_:
[3+2v2+ /(3 +2v2) \ +[w’5+2w’6—ﬂq|[5+2w“6) \ +

|I — . | —1 L[] — | — 1]
+|{7+2v12+ (7 +2v12) +|J9+2v20— (9 +2v20) +

5. FieN =

, -2
+ lf 11+2y/30 + N|' (11+ z».,=ﬁ)'1| +

— |I ——1 -
[ﬁ.,f 13+ 2v42- [(13 + 2/42) |
. Aratati ca numarul N este rational.

6. Aratati ca pentru orice valoare reala pozitiva a lui g, valoarea expresiei
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E_J3a+1+ﬁﬁa+1 1+Vea+1
2 YN

este constanta.

Solutii:

1. Pentruaarata cé«.."rS —2V6— 1.."5 +2V6 + xfiﬁ + 8v/3este numir natural,

aplicam formula radicalilor compusi pentru fiecare termen in parte:

J5—2E=J5—E=‘]5:1—‘]5;1=ﬁ—ﬁ

J5+2JE=J5+J2_=‘]5:1+‘]5;1= 3+42

J1ﬁ+a£=z\]4+xﬂ§=z ‘]4:2+‘]4;2 =2(vV3+1)

Obtinem ca:

J5—2¢E—J5+3£+J1ﬁ+a£=
V3—vV2—-(V3+vV2)+2(V3+1)=2€N

2. Calculam S; aplicand formula radicalilor compusi pentrunumitorii

fiecarui termen:
1 1 1 1

N J3+zﬁ+J5+z£+J?+zm+Ja+zm

3+1  (3—-1
J3+zﬁ=J3+\E=‘] > +J —=vV2+1

J5+2E=J5+¢?=‘]5:1+‘]5;1= 3+42

Sy
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J?+2JE=J?+J4_=‘]?;F1+‘]?;1=@+£

J9+2W=J9+ﬁ?=‘]9;1+‘]9;1=£+ﬁ

1 1 1 1

M1 BNz YAiv3 VBt va
ﬁ—1+ﬁ—ﬁ+ﬁ—ﬁ+ﬁ—ﬁ

2.1 3-2 4—3 5—4
5, =V2—14+V3-vV24+V4-345-V1
5,=v5—-1

Pentru a calcula Sy, se procedeaza in mod similar, obtinandu-se:

1 1 1 1
2Tl Bz VA3 Vmiitvm
ﬁ—1+ﬁ—ﬁ+ﬁ—ﬁ+_"+\fﬂ+1—ﬁ

P 2—-1 3-2 4-3 n+l—n
S,=V2—1+V3-V24+Va-V3+--+vn+1-yn
S,=vn+1-1

Retinem acest rezultat incat va fi util in rezolvarea urmatoarelor cerinte:

1 1 1 1

+ + et =vn+1-—1
J3+2vZ Js+2ve 7+ 212 J3"+1+3 TCEEY

3. Folosim rezultatul obtinut cu ajutorul formulei radicalilor compusi in

calculul sumei Sz de mai sus:

LR S S 1

V3+2V2 Js+2ve J7+2viz J2ﬂ+1+2m
=Vn+1-1

Se obtine:

Vnt+1-1=99 <=

Vn41=100 =
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n+ 1=10000 <

n =9999: 101

4. Se foloseste rezultatul obtinut Tn calculul sumei S».

1 1 1 1
= + + ot
J3+2v2 Js+2ve J7T+2v12 J2ﬂ+1+2m

=vVvn+1-

Se obtine:
Vn+1—-1€{0;1;2;3;4;5;6;7;8; 9}
Vn+1€e{1;2;3;4;5;6;7;8;9; 10}
n+1E{1;4;9;16;25; 36;49; 64; 81; 100}
n £€{0;3;8; 15;24; 35;48;63; 80;99}
5. Aplicand formula radicalilor compusi pentru fiecare radical dublu in

parte, se obtine:

N=(E+1+

—2 —2

+(v’§+ﬁ—

JE1+ 1) ﬁ)

(\f'_+*f_+‘r F)_ ++(F+~F N \r)_z

—2

(£+r+ (V74 Ve

V6 + f) V7 + F)
N=(2+1+V2-1) +(3+VZ2-V3+2)
+(VE+VE3+VE—VE)  ++(VE+Va—VE+VE)
+(V6+V5+V6—5)  + (V7 +V6—VT+6)

2 2z Z

e R AR AR E RN
1 1 1 1

1 1
N==4-4+—+—+—+—
58 16 16 22 2a

N_1+1+1 11
T 48 12 24 €Q
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[
|3a+1+3a

[
6. 1,.."f3ﬂ.+1+".,.'l'—6ﬂ.+1: [3a+1 n ||3a+}—3a :-,Eurz':1+%
N2 N2 v
voa+ 1 1 1++ea+1 1
= —— +—— — = — — constanta
2+/2 242 242 V2
3. Probleme propuse
1. Sase arate ca:
( 6 + 42 6— 42 )
— —— + —  —— =8
V2+6+402 V26— 42
2. Aflati x, v € R astfel incat:
|I |I |
74+ 2410 7 —2v10 = _[47 + 2+ 90.
x,.ql + 2 +}rﬁq| v *.4' + 2v
| —— |I | ——
3. Arataticav4+ 2v3 +"~.|| 11— 84— 2/3 € N,
4. Aflati numerele intregi a pentru care
J19+8V3—+/8+ 215+ 46— 2v5 .
€
a—2
5. Aflatin € M*® astfel incat sa aibad loc egalitatea:
1 1 1 1
+ + .+ = 49,

r — r — f e I —
V3T 2¥2 O+ 2W6 v7+2v12 N,'zﬂ_l-ngn[n—l]

Bibliografie

[1] Fianu M., Perianu M., Savulescu D., Matematica pentru clasa a VIII-a,
editura Clubul Matematicienilor, Bucuresti, 2012

[2] Morar, Dana-Maria, Modele de teste pentru Evaluarea Nationala:
Matematica,Editua Delfin, Bucuresti, 2013

[3] Ganga, Mircea, Matematic3, clasa a IX-a, editia a 2-a, Editura

Mathpress, Ploiesti, 2000

35



