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1. Solutions and hints from some problems from Octogon
Mathematical Magazine (VI)

by D.M. Batinetu-Giurgiu,
National College "Matei Basarab”, Bucharest, Ronania
and
Neculai Stanciu,
"George Emil Palade” School, Buziu, Romania

PP.20897.n all triangle holds) a®(b® +¢?) > 144sRPr?.

Solution. By AM-GM inequality we obtain:
> a’(b? +c?) 2 2) a’hc=2abcy a® =8Rrs) a’ = 4Rr(z a)(z a2)2

> 4ARr B/ abc By a’b?c? = 36Rr [Abc=144sR’r 2.

PP.20906Let ABCDEFGIJK be a regular 11-gon. Prove that:
1) AE? - AD? = AB[AE;

2AD _AE

AB AC

Solution. Let O be the circumcenter of the polygon. We assumethigatadius of circumscribed
circle is equal with 1. Because

DAOB=E,DAOD =6_72’ UAOE = 8n
11 11

11°
we have:
AB= Zsinﬁ, AE = 25in4—n, AD = Zsins—n, AC= 25in2—72 )
11 11 11 11
1) We obtain:AE? — AD? = ABLAE « sin® 22 —sin? 32 = sin L in2” .
11 11 11 11
8n 6n ..n . 4n 6n 8n .. . 4n
= 1-c0s— —-1+Cc0oS— =2Sin—SIn— < CO0S— —CO0S— = 2Sin—Sin—
11 11 11 11 11 11 11
- 25in7—nsin£ = Zsinﬁsinﬂ , which is true becausdn7—n = sinﬂ )
11 11 11 11 11 11
2) AD_AE =1le- 25in3—nsin2 - 25in£sin4—n = 25in£sin2—72
AB AC 11 11 11 11 11

7l 5n 3n 5n .71 . 27
= COS— —CO0S— —C0S— + C0S— = 2Sin—Sin—
11 11 11 11 11 1
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n 3n__, .. n_.2n .2n .. n_, . N _. 270N
& C0S— —CO0S— = 2Sin—sSin— < 2sin—sin— = 2sin—sin—, true, and we are done.
11 11 11 11 11 11 11
at 1
PP.20907If a,b,c>0,then)_ 2= a.
J2a(a+b)® +,20%(@% +b?) 6

Solution. By AM-GM inequality we have:

J2a(a+hb)® +,/2b%(a® +b?) = (a+b),/2a(a+b) +4/2b?(a® +b?) <

(atb)(2a+a+b) 2b* +a® +b?

= 2a’ + 2ab+ 2b?,

2 2
so by this and by Harald Bergstrom’ s inequali®igs that:
D a’ > lza—s - lz a* >
J2a(@+b)® +y2b?(a? +b?) 2 a*+ab+b® 27 a’+a’b+ab®

2 2
S L9 N
2 DZas +> a’b+> ab’
Therefore, it remains to prove that:
\?.(Zaz)2 2> ay a’+) ay a’h+) a)y ab’
= 3) a*+6) a’h*2) a’+> a’h+) ab’+> a’b+) a’bc+ ) a’h® +
+> ab®+> a’h® +> a’bc
=Y a'+2>) a’h? =) a’h+> ab’+) a’bc (1)
The inequality (1) yields from adding the followimgequalities (which was obtained by AM-
GM inequality):
a* +a’b® = 2a’;b* +b’c® = 2b%c;c* +c”a’® = 2ac’;
a’ +a’c’® = 2a’c;b* +b*a® = 2b%a;c* +c’b* = 2bc’;
a’b® +c”a’ = 2a’bc; a’b® + c’b® = 2ab’c; b’c® +c’a® = 2abc®.
The proof is complete.

PP.20910lf x, >0 (k=12,...,n), then
Z (Xl + XZ)(XZ + X3)(X3 + X4)(X4 + Xl) > 4i Xk ]

cyclic X X5 X5 + Xy X3 Xy + X3 Xy Xy + Xy X1 X, k=1

Solution. We have the inequalit(fl+ b)(b+c)(c+d)(d +a)
abc +bcd + cde + dak

algebra becomea®c® + b*d? = 2abcd, true.
Therefore:

>a+b+c+d which after some
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(X1+X )(X +X3)(X +X4)(X +X1)
4 .
c%cxlxx +XXX1+XXX1+X4X1X >C%C(X1+X +X +X) sz

PP.209121L et ABCDEFGHIXKLM be a regular 13-gon. Prove that
AC-AB _ AF
AD-AC AE’

Solution. Let O be the circumcenter with the radi%s

Since JAOB= i—g , denotinga = 1% , we haveAB =sina , AC =sin2a , AD =sin3a,
AE =sinda , AF =sinba .

Yields
Zsina cos%
AC-AB _AF  sin2a-sina _ sin5a 27" 9 sinba
AD-AC AE  sin3a-sinag sinda  ,. 0 . 50 sindg
2 2
o 23in4asin% = ZSin50'COSS7a
1l 5a 150 5a 11n 157
= SIN—/— +Ssin— =sin— +sin— < sin—— =sin——, true because
26 26
117 157
—+~— =77, and we are done.
26 26

PP.20917If a,b,c,d >0, then
(§+1)(9+1]( +1)(g+1j>(a+b+c+d)(1+£+l+lj216.
b C d a a b c d

Solution. After some algebra the first inequality beco%&%zz, true by AM-GM

inequality. The second inequality is the AM-HM indjty (or Cauchy-Buniakovski-Schwarz
inequality). The proof is complete.

PP.20920lf a, >0 (k =12,...,n), then L" (af +n-1)= (iakj .
+: k=1

Solution. By Holder’s inequality we obtain:

H (a; +n-) =(a] +1+..+h(1+a) +1+. .+ O.[QA+..+1+a)) =
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> (Q/aln ELD..EL+Q/1@§ 0.0+..+y10.00E) )n :(Zn:akj , and we are done.
k=1

n3

1+xk el

PP.20928If x, >0 (k=12,.. n)andz X, =1, thenz

Solution. For n = 1, we have equality. Fon= @e have:
! =+ ! ng«: 8x* —16x> +14x* -6x+120 -
1+x° 1+@1-x° 5
= (2x-D’[x* +(x-1)?]=0, true.
We prove that: ifx< landn= 3 then:
2 3
12S ? - 22n 2()(_1) (*)
1+x n°+1 (n°“+)) n
= (nx—-1)*(2nx—n* +1) <0, true because ik< andn=> 3 then:
2

x<l<) = 2nx-n®+1<0.

2n

n

Writing the inequality (*) forx;, X,,...,x, and adding where we taking account that, =1 we
k=1

obtain the desired result.

PP.20931If a, >0 (k=122,...,n), then > > a, .
k yzla -2,8, +a; ; ‘

Solution. We will prove that:
3 3 3 n
ZI a:l. + a2 + a3 J > 32 ak )
2 2 2 2 2 2
goid & ~8;ta; Ay~ ta 4 —ad, ta,;
In this aim, we show that fox,y,z> ,(holds:
3 3 3
X y + z >X+ty+z Q)

+
y?—yz+z® 727 -zx+x® X*-xy+y’®

(i.e. problem 24477 from Gazeta maten@aB¢2001, proposed by lon Nedelcu, with restriction
X, Y,z to be the lengths of the sides of a triangle). pkve that (1) occurs for ak,y,z>0.
Indeed,
x3(y+2) e Xy+xz-xy? -xz2
z _ZX Z( 3 3 _XJ_Z 3 3 -
y?-yz+27’° y +z y +z
zxy(x -y?%) ZXZ(X -7°) _ zxy(x -y )+ny(y -x%) _

y’+27° yl+27° y’+2° 22 +x

_ 1| X=X -yY) -
=D Xy(x* -y )(y i +x3j > 2N ) >0, and (1) is proved.

5
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Using the inequality (1) yields that:

3 3 3 n
ZI a + % + % Jz D (a, +a,+a,)=3) a,, and we are
cycli

2 2 2 2 2 2
a, —ata; a; - ta a —aa,ta, cyclic k=1
done.

_ a n
PP.20936lIf a, >0 (k=12,....n), then >—.
K (k=1 ) c%i‘caz +2a, 3

Solution. We will prove that:
> e T B .Y
cycli az + 2a3 as + 2a1 a:I. + 2a2

We have the inequality;

X Y 4% 5 (1)
y+2z z+2x X+2y

2

Indeed, by Bergsytrom'’s inequality and well-kno@ x)2 > 3> Xy, we obtain:
X y z X

2 2 2
+ + = + y + z = (ZX) >1.
y+2z z+2X X+2y Xy+2xz yz+2Xxy Xxz+2yz 32 Xy

Yields that: ZL 4 4% L & Jz 21: n, and we are done.
cycli az + 2a3 as + 2a:l. al + 2a2

cyclic
PP.20938If x >0 (i =12,...,n)andk ON" -{1}, then:

Zn:xik +an:§/7iz (k+1)Zn:xi .

Solution. Applying AM-GM inequality, we obtain:

a +kta=a“+Ya+¥a+. +¥azk+)a a) = k+11¥a™ = (k+Da.

Using the inequalitg® +k /a > (k+Da for numbers x;,X,,...,X, and adding vyields the
inequality from the statement. The proof is comgplet

Remark. The inequalig® + k M/a = (k+1a can be proved without AM-GM inequality, so can
be used to prove by mathematical induction AM-GMqguality.

a_, 2@
PP.20944If a,b,c>0, thenzB 22+

Dab’
Solution 1. By Cauchy-Buniakovski-Schwarz inequality we have:

(%+9 +Ej(ab+ bc+ca)= (a+b+c)?, and then:
c a

6
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a Za +2) ab _ Za

b > ab Zab
Solution 2. By Bergstrom’s inequality we obtain:
a, b c_ a® b*> ¢ (a+b+c) > a’

—_—t—t— , and we are done.
b ¢ a ab bc ac ab+bc+ca > ab

PP.20945If x, >0 (k =12,...,n), then:

2
Z\/“ 6 . 3 sn+

cyclic X HX ¥ X5 XX + XX + XX zx
k
k=1

, and using AM-HM inequality (or

2
: : +X, + X
Solution. Since X X, + X, X; + XX, < (% * %, + %)

Bergstrom’s inequality) we obtain that:

6 3 6 9
> 1+ + > > |1+ + ==
cyclic X EX X0 XX, + X X5+ X% cyclic X X, + X (X1 X, * Xs)

2

-ZI1+X+X +X]-n+3mz >n+30c—

cycli cycl|cx1 + X + X Z (Xl + X2 + XS)
cyclic
n’ n’
=n+306— =n+——, and the proof is complete.
30> %, 2%
k=1 k=1

PP.209461f a,b,c>0, then6(>_a)(D>_ab) <18abc+ (> a)(D_ a*) +(D a)°.

Solution. The inequality from the statement is written sssively:

6> a’b+6) ab’ +18abc<18abc+ Y a®+ > a’h+> ab’+> a’+3) a’h+

+3) ab’ +6abc - 2) a’+6abc=2) a’h+2) ab’

= Y a®+3abc= ) a’n+> ab’, which is Schur's inequality. The proof is complet

PP.209491f a, >0 (k=12,...,n) ands=>a, , then:
k=

n(n—l)zn:af > (Zn:am/s—akj :
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Solution. We use Chebyshev’ s inequality, Cauchy-Buniako@&tiwarz inequality, and the

fact that) (s-a,) =(n-1)>_a, . Therefore, we obtain:
k=1 k=1
n(n-1)> a} =(n-)hY a’ @&, =(n- 1)Zak DZak Zak DZ(S a )=
k=1 k=1 k=1
n 2
> [Zakw/s—akj , and we are done.
k=1

PP.209511f a, >0 (k=12,...,n) ands=>a, , then:
k=1
= (S— ak) (n—1)2 x a '

Solution. First we prove that fox < s, we have the inequality:
X n(n+1) _  2n )
(s-x)*  s*(n-1° s(n-1)°
The inequality (1) is written successively:
s?(n-1D3x=s’n*(n+1)x—2s? (n+1)x* + n*(n+1)x°> — 2ns’® + 2ns’x + 2ns¥

o (NP +n?)x®*-2snn® +n+1)x* +s°(@n* —n+1)x-2ns* <0

2
o (x—EJ ((n +1)x - an) <0, true because < s (thus(n+1)s<2sn).
n

We write the inequality (1) foa,,a,,...,a, an summing yields that:

Z“: 8, _n(n+) & 20’
S(s-a)’ S(n-D°EF " sn-1)°
2 _9n2 2
_n(n+1) 32n = n , and the proof is complete.
s(n-1)

(n_l)zzn:ak

PP.20952If x, >0 (k =12,...,n), then:

DX X+ Ex/_ZXk 2% 22X XX

cyclic cyclic

Solution. Using the inequalitya® + ab+ b* > , we obtain:

3at+h)’
4

z\/xf+xfx22+x§22—\/§(xf+xzz) Z(X1+Xz) \/_zxk-

cyclic cyclic 2 cyclic

For the right inequality we apply the inequalityméans.

8
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X425 + XX, = [BV(3X1>(2x1+x2x3>< ﬁi’ms

2

2

2
+X3

X

g S+ 1
<0 2 =~ (0x2+x2+x2). Yields that:

V3 2 4«/_
D Xy 2XF + XXy < Z(le1 +x2+x3)—mﬂ22xk— SZn:x,f,

cyclic cycllc

and the proof is complete.

PP.209571In all nonisosceles triangl&BC holds:

- 4 -
3 sin AS'nE _r(3s*-r?-4Ryr)
. A-B . A-C 4R®

sin sin
2 2

(correction).

Solution. We use the formulas:
A-B a-b C A B C _ s°4

sin =~ COS—:C0S—COS—COS— =——
C 2 2 2 2 abc’
4
za— = a% +b? +c? +ab+bc+ca. We obtain that:
(a—-b)(a-c)
sin* Asiné 2sin? Asin?cosz
sin? " Bgin A€ 2R RAC 50 0B cosC
2 2 (o b 2 2 2
_ abc bcsin® A abc bc@® B
2s°r ~ (a- b)(a - c) 2s°r 32R5(a -b)(a-c)
212 A2 2
_ a‘b°c 16Rr a2+2ab):

64s°rR® 2 (a- b)(a c) 64srR°
_r(2s*-2r*—-8Rr+s*+r*+4Rr) _r(3s° -r*>—4Rr)

4R® 4R®
PP.20958In all nonisosceles triangl&BC holds:
sin® Asiné
3 2 _ St
. A-B . A-C R?*’
sin sin
2 2

Solution. We proceed like in PP.20957, and in addition wethedact that:
3
za— =a+b+c. Therefore, we have that:
(a—-b)(a-c)

www.mateinfo.ro

, and we are done.
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sin® Asiné 2sin® Asinécosé
> 2_=% e 2 =
sin? " Bgin A€ ZEIa;bEIa;CEOSﬁCOSECO%C
2 2 2 2
_ abc bcsin®* A abc abc a’ _ 16R%r? _sr
=— 42 4EJZs——2, and we are
2sr < (a-b)(a-c) 287 16R (a-b)(a- c) 2s°r 6R R

done.

PP.20960.1n all nonisosceles triangl&BC holds:
A
S'nf R(s +r? +4Rr)

sin® AsinA_BsinA;C S°r

Solution. Using well-known formuls in triangle we obtain:

A-B :\/(S—b)(S—C) $(s=b) _ [(s-a)(s=¢) S(s-a) _

sin

2 bc ac ac bc
s-b-s+a C a-b C
=— — —  COS—=——C0S—.
C 2 C 2
Yields that:
. A . A
sin— sin—
sin? Asin® " Bsin®7C  ginAsin®cos® P eosC P CcosP
2 2 2 2 c 2 2 2
bc

2(a-b)(a-c) Eﬁ RIO%A cosE cos£
2R 2 2 2

_ _ _ 2
BecausecosécosEcosE :\/ S(s a)s(zs 5 t;)s(s ©) =St , Wwe obtain:
2 2 2 a‘b-<c abc
sin A
9 _ Rab
2 a A—I23 . B Cza(a b)(a—c) @)
sin? Asin 5 sm 2

After some algebra we also obtain that:
bc?(c-b)+c’a’(a-c)+a’b*(b-a) = (ab+bc+ca)a-b)(b-c)(c-a), and then by (1)

taking account byab+bc+ca=s”+r? +4Rr, yields the relation from the statement, and we
are done.

PP.20982If a,b,c,A >0 anda+b+c= 1 then:

10
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JA®? +c?)+be /A3 ab+31-A)abc

Solution. By Holder’s inequality we have:
a 2
{Zw(bz +c2)+bcj{z\//l(b2 — )+bcj(2a[/|(b +c?)+bd])2 (T a)*.
a S 1
JA®? +c?) +be /Y alA(b? +c?) +hd]
AY ab+3(1-A)abcz A1) a(b? +c?) +3abc, but
AY ad ab-3dabcz A) a(b®+c?) = > ad ab-3abcz > a(b? +c?), true because in
fact " a> ab-3abc=> a(b® +c?).

, and it suffices to prove that:

Thereforez

PP.209841f a, >0 (k=12,...,n), then 3 a >1.
cyclic\/a.z2 + (n2 - 2)a2a3 + 332

Solution. We will prove that:

z a + a, + a >3
cycIIJai +H(n*-2aa +al  (al+(n -2aa +a & +(n°-aa, +al J
Indeed, we have the inequality:

g S 2a,
JaZ+(n*-2aa, +a> N(@ +a,)
Then, by Nesbitt’s inequality yields that:

= (n®*-4)(a, —a,)* =0.

& + % + % 2
dod a2 +(n? -2a,a, +al  JaZ+(n’-2aa +a’ 4Jal+(n?-2)aa, +a’

>z (a - L 4+ % J>—z§ 293— 3, and we are done.
2 3

cycllc a:]_ + as a1 + az n cycllc2 n
PP.20992If a, >0 (k=12,...,n) andZak =n, thenz <1.
in+l-a,
Solution. For n= 1we havey, =1 and% =1, so we have equality.
n+l-a

For n= 2we havex® +y?> = 2soxy<+/2 and we must to show that:

11
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i + 1
3-x 3-y
Becausexy < V2 we can squaring and (1) is equivalent with:
B-2x)22y*(2-X)? = B3-2X)?=2(2-x))(2-%)* =
o X' —4x®+6x*-4x+120 = (x-1* =0, evidently true.
Let n> 3. We prove that for anx with x < Jn we have the following inequality:
1 x>  2n-1
n+1—xS 2n? * 2n? @
= 2n° <x*(n+)-x*+(@2n-1)(n+1D - (2n-Dx
= X—-(n+Dx*+(@2n-Yx-(n-1) <0
= (x=1)%(x—(n+1)<0.
The last inequality is true because foe an@ x < Jn we have:
Jnsn-1- n?-3n+120 < n(n-3)+1=0.
Writing the inequality (2) fora,, a,,...,a, and summing yields that:

> L, 122ak E—lz—l—— 2071 1 The proof is complete.
mn+tl-a  2n° g 2n? 2n 2n

Sle 9-3X-3y+xy=26-x-y < 3-2x2y(2-x) (1)

0 1 0 1
PP.20994If a, >0 (k=212,...n) and Y ———=1,then) —————<1.
“ ( ) ;n -a, ;n+1—a|f

Solution. For x > Owe have the following inequality:
X 2-n n-1
< + Q)
n—-1+x n-1+x n
= n(n-Dx+nx* <-n(n-2)(n-D -n(n-2)x* +(n-1)° +(n-1)*x+
+(N-1)°x*+(n-Dx°
= (N-Dx}-(n-Dx* -(n-Dx+(n-1)=0 = (n-1)(x-1)*(x+1) =0, true.
Writing the inequality (1) fora,, a,,...,a, and adding we obtain that:

Y ———=<(2- n)z ! +n[P_1:2—n+n—1:1,andwearedone.
k1n+1 ak in-1+a, n
n_
PP.20995If a, >0 (k=122,...,n) and =n, then
k (k=1 ) Zak n, z +ak 1+/1

Solution. The inequality is not true without an additionahdaion for A .

Indeed, forn= 21 :%, a, :%, a, :g it should that

12
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1 1 2 4 4
+ < - —+—<—, false.
+1 3 11 3

We give a solution foh 22n+ 1
We have the inequality
o L A+3 2X
*) 7 S 2 2
A+x® (A+D)° (A1 +))
which from some calculations is equivalent with
(x-1)?%(2x-(A1-1))< 0, true forx< n (becausn< - L

Writing the inequality (*) fora,, a,,...,a,, by summation yields that

z 1 _nA+3 2 Zak:n)l+3n—2n= n ., and we are done.
k=1

SA+al @1+ @+A)? A+ A)? 1+

PP.20998If a,b,c>0, then Y 2 >1.

Ja?+3ab+30% +2bc

Solution. We have:
Y a(a® +3ab+3b* +2bc) = Y a’+3> a’h+3) ab® +6abc= (Za)s.
Applying Holder’s inequality we obtain:

[Z a J[Z 2 J(Z a(a’ +3ab+30? +2b0)) 2

Ja? +3ab+3b2 + 2bc Ja? +3ab+3b? + 2bc

3

a a

> ) 3 B! [@a(a® +3ab+ 3b* + 2bc)
(Z\/Jaz +3ab+3b? +2bc +/a® +3ab+3b? + 2bc

] (z —t j(z) (5 a) e

+3b% + 2bc
a

Ja? +3ab+3b? + 2bc

>1, and the proof is complete.

a

Va+2b

Solution. Applying Holder’s inequality we have:

[Z Jard j(Z e Mzﬁj@ a(a+20))> (", but

_ 2 a " n-1
D a(a+2b) = (Za) : so( MJ > (Za) , and we are done.

PP.21000If a,b,c>0, then(z J >(>a)™, whemON,n>2.

13
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a n-2
PP.21001If a,b,c>0, then [Z > (Za) , when
%a? +3ab+30% + 2ch

NON, n=2.

Solution. We havez a(a® +3ab+3b” +2bc) = (Za)s, and by Hdlder’s inequality we obtain:

a2 +3ab+3b2 + 2bc \ “ Va? + 3ab+3b? + 2bc /a2 +3ab+3b? + 2bc

n
n
a n-2
2(Za) , and we we

5 b 3b2 b > n+l -
[(Za(a +3ab+3p° +2 C))>(Za) (ZQ/a2+3ab+3b2+2bc

are done.

2
PP.21008lf a,b,c>0, theny ——> > (> a)s.
a+

Solution. We have)_ a(a+2b) = ( > a)2 , and by Hoélder’s inequality we obtain:
a a a .
e +2b))=

3
- ( . aizbJ > (Za)2 - 23 aiZb > (Za)g, and the proof is complete.

PP.21010Solve in Rthe following system:
11(x* + y?) + 4xy +9yz+ zx= (3x+ 2y + 2)°
1U(y* + %) + 4yz+9zx+ xy = By + 22+ X)° .
11(z° + x*) +4z+9xy + yz= (32 + 2x + y)?

Solution. Adding the equations of the system we get:
8(x*+y*+7°-xy-yz-z) = 0
Yields that the solutions of the system &aea,a , wjth allR.

2
PP.210631In all triangle ABC holds(4R+ rj >

<l+—.
S 8r?

Solution. By the item 5.5 from Bottema we ha9e(4R+r) < 3s?, i.e.

14
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+ )
AR+ si. It remains to show that:
S 3r
2 2 2
S 1+ L 0<1v—>
or? 8r? 72r?

true and we are done.

PP.21070Solve inR the following system:
X3+ y® + 2% +3xyz=yz(y + 2) + zt(z + 1) + ty(t + y)
y® + 2% +1° + 3yzt = zt(z +t) + tX(t + X) + XZ(X + 2)
Z° +1° + X7 + 3ztx=tx(t + X) + xy(X + y) + yt(y +1t)
%+ +y? +3txy = xy(x+ y) + yz(y + 2) + 2z + X)

Solution. Addind up the equations of the system we obtain:

(x3 +y2 + 2% +3xyz— xy(x+y) - yz(y+ 2) - zx(z + x))+

(y3 + 722 +t% +3yzt—- yz(y + 2) - zt(z +t) - ty(t + y))+

(23 +1° + %% +3ztx— zt(z +1) —tx(t + X) — xz(x + z))+

(t3 +x3 4y +3txy —tx(t + X) — Xy(X+y) — yt(y+t)): 0.

By Schur inequality, all brackets above aee . Therefore we hawe=y=z=tor if

x =y =2zt=0 yields by the first equation of the system tBaf = 2x*, which is impossible. In
conclusion, the only solution i&,a,a,a With aldR, and we are done.

+
+
+

PP.21121Prove that
{(x, Y)OZxZ|2xy+3x+y+2= 0} :{(x, y)OZxZ|2xy+x+3y+8= 0}.

Solution. The statement is not true, fore.g(Xy) =(- 8@ have
2xy+3x+y+2=- 2Z2and2xy+ x+3y+8= Q and we are done.

PP.21129Jf a,b,c>0then ) +a® +b? +3Z«/a2 ~aby3+b? =/2(a+b+c).

Solution. We have:

2 2 _ a’ +b? atb _ . .
> Ja?+b? =423 5 22 5 =J2(a+b+c), which is stronger that

given inequality, and we are done.

PP.21133Prove that for alnO N, the equatiorx® + y* + z> =14" has integer solutions.

Solution. If n=2t, then14® =4' [{(7)* =4'(8-1)* =4'(8k + 1).
If n=2t+1, then14?* = 4' 2072*) = 4'(2@8-1)*") = 4' 8k - 2) = 4' (8K’ +6) .

15
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Therefore, by the theorem of three squares (sesdhion of PP.21440), the numhk4" can
be written as a sum of three integers squarespiidad is complete.

PP.21142Prove that
{3a+1a0z}n{sb+3b0Z}N{7c+4c 02} ={105d -17d 0 Z}.

Solution. A particular solution of the equatioBa+1=5b+3 = 3a-5b= B a=4,b=2.
General solution i =5k +4,b=3k+ *vherekOZ.
Yields that{3a+1a0z}N{5b+3b0 2} = {15« +13k 0 Z}.

We proceed analogously with the equalih+13=7c+4 = 7c-15k = , a&d we obtain the
particular solutionc =27,k = 12and thenc =15d +27,k =7d + 12

Yields 7c+4 =105 +189+ 4, i.e. 7c+4=105d" — 17 and we are done.

PP.211451f B,A OP(M) (k =12,...,n), then:

1)B—@&J=Q(B—Ak):

2)8—@@:0(8—&)-

k=1

Solution. We have that:

1) xO B—(ﬂAkj - x0OB andxO( A - xOB and existk such thatx( A,
k=1 k=1
- xOB-A = xO(J(B-A).
k=1

2) xO B—(UA(] = x0OB ande(OAk] = xUB and for anyk,x A,

k=1 k=1

= foranyk,x0B-A, = xO()(B-A), and the proof is complete.
k=1

PP.21146If a,b,cOC, then determine athO N such that:
(a+b+c)"+(-a+b+c)"+(a-b+c)"+(a+b-¢)" =2"(@" +b" +c").

Solution. For a=b=c=1, we have 3"+3=32" - 3" =2"- 1 which is true for
n=1n=2.If n>3, by mathematical induction esily yields tigi" >2" - . 1

So, it remains to verify the relation from the staent forn 0{1,2} .
()Forn=1,a+b+c-a+b+c+a-b+c+a+b-c=2(a+b+c), true.

(ilFor n=2;(a+b+c)®>+(-a+b+c)>+(a-b+c)®> +(a+b-c)* =2%(a”* +b* +c?), true. In
conclusion we obtain0{12}, and we are done.

16
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PP.21147I1f a,b,c,d 0C, then determine alhJ N such that:
(-a+b+c+d)"+(@a-b+c+d)"+(a+b-c+d)"+(a+b+c-d)" =
=2"@"+b"+c"+d").

Solution. For d = 0 we obtain the relation from PP.21146, so we musteiofy the relation
from the statement only far= dndn = 2 which easily follows is true.

PP.211481In all triangle ABC holds:

2 2 2 _ 92
1)2(1—L—23inzéj _12R +4Rrjr 2s°
2R 2 4R

2) sV3<4R+r.

Solution. We have the formulas:
ab+bc+ca=s®+r?+4Rr ;a® +b*+c® =2(s’* —-r* - 4Rr),
a®+b®+c®>-3abc= (a+b+c)[(a+b+c)2 -3(ab+bc+ ca)]z 2s(s* —3r? —=12Rr);

R+r
COSA+ cosB + cosC =

1- Zsinzg = COSA.
Therefore,
r

2 2 2
.. A r r 3r
z 1-—-2sin>—| = z COSA-— | = E cos A——E COSA+ =
( 2R 2) ( ZRJ R 4R?

r(R+r) . 3r* 12R*-a’-b*-c®-4Rr—-4r* +3r% _

=3-Y 'sin’ A-

Z R? 4R? 4R?

_12R*-28° +2r* +8Rr—4Rr—4r? +3r? _12R* +4Rr+r? - 2s?
4R? 4R? '

2) The inequalitys\/§ <4R+r is the item 5.5. from Bottema.
The proof is complete.

PP.211491n all triangle ABC holds:

) A e
2R 2 4R? ’

2)5\/§S4R+r.

Solution 1.We use the formulas from PP.21148.
Becausecos’ g =1+ cosA, we obtain:
Z(2+L—Zco§ AJZ = Z(l—cosA+Lj =3+ cos’ A+ 3 ~2) cosA+
2R 2 2R 4R?
roor . 3> 2(R+r) 3r r R+r
+ZZE—EZCOSA= 6-> sin” A+ preci ( = ) +E_EEB? =
17
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_24R*-2(s*-r*—4Rr)+3r*-8R*-8Rr+12Rr-4Rr-4r* _

4R?
_16R*+r?+8Rr—-2s* _ (4R+r)? -2s°
4R? 4R? '

2) The inequalitys\/§ <4R+r is the item 5.5. from Bottema.
The proof is complete.

Solution 2. We use the following:
If x,y,zOR then:

(*) (-x+y+2)*+(x-y+2)’ +(x+y-2)° +(x+y+2)* =4(x* +y* +2°).
We take in (*)x = coszg, y= coszg,z = COSZ%, and after some algebra we deduce (1). By

Bergstrom'’s inequality we have:

2 2
ro A 1 ro A)) _ (4R+r)? .
2(2+ﬁ 2cos’ Ej 25(2(2+ﬁ 2cos ZD =R and by (1) yields (2).

PP.211501n all triangle ABC holds:

2
1 2) s*-2r*-8Rr
1’2[?7}‘ g

2)s* 23r? +12Rr.

Solution 1. We take in (*) from solution 2 of PP.21149= hi y= hi,z :hi , and we deduce
b c

a

2 2
(1). By Bergstrom’s inequality we havg(E _hij > %(Z(E —%D :3—12, and from (1)
roh, r h r

we obtain (2), and we are done.

Solution 2. Using the item 5.8 from Bottem(@* > 16Rr —5r? it)suffices to prove that:
16Rr-5r>>12Rr+3r* = 4Rr=8r*> = R>2r,i.e. well-known Euler’s inequality.

18
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2.0Other solutions from some problems from
SSMJ

By Nela Ciceu, Rgiori, Bacau, Romania
and
Roxana Mihaela Stanciu, Bu#u, Romania

e 5313: Proposed by Kenneth Korbin, New York, NY
Find the sides of two different isosceles triangles if they both have perimeter 256 and

area 100X,

Solution:

Let 2a,2b,2b, with a < 2b the sides of triangle.

We have
a+2b= 128ndav4b®-a* =1008.
Since
2b=128-a, yields4b® —a® = (2b+ a)(2b — a) = 256(64— a)
then

a\4b” —a® =1008 - 16ay/64—a =1008 = a/64—a =63
and denoting
64-a=x°
we obtain the equation
64-x*)Xx=63 = x> -64x+63=0 = (x-D(x* +x-63) =0.
* For x = lyields the triangle with the sides 126, 65, 65.

* Forx= %’ (the valuex = _1_—2253 it is not possible)yields the triangle with
the sidesl++/253, 255_2' 253 255_2‘ 253

19
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e 5314: Proposed by Roger Izard, Dallns TX

A biker and a hiker like to workout together by going back and forth on a road which is
ten miles long. One day, at 8 AM, at the starting end of the road, they went out
together. The biker soon got far past the hiker, reached the end of the road, reversed his
direction, and soon passed by the hiker at 9:06 AM. Then, the biker got down to the
beginning part of the road, reversed his direction, and got back to the hiker at 9:24 AN
The biker and the hiker were, then, going in the same direction. Calculate in miles per
hour the speeds of the hiker and the biker,

Solution:

Let b biker’s speed anthhiker's speed. We use the fact tdattance= speedx time
As from 8 AM to 9:06 AM we have 1.1 hours, and frérB6 AM to 9:24 AM we have 0.3 hours

we have the equations:
11b+11lh= 2003b=11h+11h+03h.

We obtainb :@and h :1—50.
77 77

e 5315: Proposed by Tom Meore, Bridgewater State University, Bridgewater, MA

The hexagonal numbers have the form H, = 2n® —n, n = 1,2,3,.... Prove that
infinitely many hexagonal numbers are the sum of two hexagonal numbers,

Solution:

We want to finda, b, ¢ such thatH, =H, +H_.
We choosea =b+ Jand we get
2(b+1)? -(b+1) =2b*-b+2c®*-c = 4b+1=2c’-c.
If we takec = 4n+ 1 yields thatb =8n” +3n and is easily to verify that
H =H +H,,

8n2+3n+l 8n2+3n

so there is infinitely many hexagonal numbers wlashthe sum of two hexagonal numbers.

o 5316: Proposed by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain

Let {un}n=0 be a sequence defined recursively by

[ g2 2
: =t Uy + Uy
“‘ﬂ—l =— ‘V T.

Determine lim wuy in terms of ug., u;.
M—rO0

20
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Solution:

We note that the given sequence has positive terms.
The equatior2x* - x—1= (has the root4 and —%.

After some algebra, we obtain
2 _Ug+2uf  2(-1)" (U5 -uf)
" 3 3[2" '

Hence,

e 5317: Proposed by José Luis Diaz-Barrero, Barcelona Tech, Barcelona, Spain

Let ag,bp > 0, 1 < k < n, be real mumbers such that a; + a2 + ... +ay = 1. Prove that

1 T 5 n o

\ k

= (Z"’*) =
R‘:l .{.‘:l

Solution:

Applying Holder’s inequality we obtain

£ Ee Sl S e{EfE mnaa)

from where easily yields the given inequality.
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3.Dreapta lui Gauss

Prof. Alexandru Elena-Marcela, gradul didadki
Scoala Gimnazial nr. 3 Baia, structura Bogata

Definisie: Fie patrulaterul conveABCD. Daa AB(YCD={ g si BC(1 AD={ B atunci
ABCDEFse numegte patrulater completiar segmentel@AC] , [BD] si [EF] se numesc
diagonalelepatrulaterului complet.

Mijloacele diagonalelor unui patrulater complet $woliniare. (Dreapta lui Gauss)

Demonstrae: E OB

Prin puncteleg, F, B, Csi D se construiesc
paralelele la laturile opusgse consider notgiile
din figura afiturati.

Af

. . . . 1 /02 P
Fie omotetia de centrsi raport 2. Atunci &P 70 AN —’L“Da
pentru a ata i M, N, P sunt coliniare revine la / M\N E/\/ ?
a afita & puncteleC, D, si A sunt coliniare. P :
G4 B F

Sestie ci: Intr-un paralelogram o congdee necesaf si suficienti pentru ca un punctis
aparina diagonalei este ca paralelogramele determinat@uiectsi varfurile ce nu apatn
diagonalei g aiba ariile egale.

e
Vi f;ff////’/ﬁf/ifé ;%‘//// 1"/
L L2
Astfel se demonstreaza A ;5 = Acpoc, SAUA e, = Ao -
Din CUEB rezul cd A, ¢ 5 = Ao p iar dinCODF rezulica Appe = Accea
ceea ce trebuia de demonstrat.

Bibliografie:
Liviu Nicolescu, Vladimir Boskoff Probleme practice de geometrieditura Tehnig,
Bucursti, 1990
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