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1. Solutions of some problems from Octogon Mathematical
Magazine

by D.M. Batinetu-Giurgiu, National College *’Matei Basarab’’, Bucharest,
Romania
and
Neculai Stanciu, *’G. E. Palade’’ School, Buzau, Romania

PP.21151. In all triangle ABC holds:

2
1 2 3s® —8r* —32Rr

s?r?
2)s*>2r® +12Rr.

Solution 1. We take in (*) from solution 2 of PP.21149: x = i, y= i, Z= 1 , and we deduce
r, r, r

(1). By Bergstrom’s inequality we have

2 2
1 2 1 1 2 1
i S - _ - =—),
Z(r raJ 3[Z(r r, B 3r?
and from (1) yields (2), and we are done.

Solution 2. We have:
(1_3]2 _(i_ 2(s—a)j2 _4a’—4das+s’
ror, sr sr s’r? ’
and from > a® =2(s® —r? —4Rr), respectively 4> as =8s? yields (1).
The inequality (2) easily follows from the inequality (2) of PP.21150.

Solution 3. Denoting by F the area of triangle ABC , we have:

Z(l_ij =Z(%_@j :%Z(Za—s)zz L D (4a® —4as+s”) =

ror, s?r?
2 2
_ ! (8s* —8r? —32Rr —8s* +3s?) = 357 ~8r —32Rr , and we are done.
SZrZ SZrZ

PP.21152. In all triangle ABC holds:
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r AY’ r) 3’
1 2+ —-2C08° = | =| 24— | ——x;
)22[ 2R 2) ( 2Rj 2R?

3 2
2)(2+ rj S 21"

2R) T 16R?
Solution. We have: If x,y,z eR, then:
(*) (X+y+2)° +(X=y+2)°  +(x+y—2)° =(x+y+12)° —24xyz.
We take in (*) x = cos? g y = cos’ g,z = C0S° % and after some algebra we obtain (1). Also

we have:
r AY 1 r AY 1(, r Y
dYl2+-=-2cos? = | 2= D | 2+——-2cos’ = || == 2+—) , and from (1)
2R 2 9 2R 2 9 2R

3 2
2+ il > 27—52 , and we are done.
2R 16R

PP.21153. In all triangle ABC holds:

1) Y (s—a)*> =s*—2r*—4Rr;

2)s? >3r? +4Rr.

Solution.We take in (*) from solution 2 of PP.21149: x =a,y =b,z =c and we obtain (1). By

2

Bergstrom’s inequality we have: Z (s—a)? > %(Z (s— a))2 = S?, and from (1) we deduce (2)

and we are done.

PP.21154. In all triangle ABC holds ) (3a—b-c)? =16(s*> —2r? —4Rr).

Solution 1. The identity is not true. In fact we have the following identity:

D (3a—b—c)? =) (9a’ +b® +c? —6ab—6ac+2bc) =11) a* —10) ab=
zll(Za)z —22) ab-10) ab=44s? —32(s* + r? + 4Rr) = 4(3s* —8r” —32Rr),

and we are done.

Solution 2. We take in (*) from solution 2 of PP.21149: x=s—-a,y=s—-b,z=s-c.

PP.21155. In all triangle ABC holds:
3
1 2 s? —24r?
1 S| =
) z(r raJ s?r®
2) s> 34/3r
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Solution 1. We take in (*) from solution to PP.21152: x=i,y=£,z :i, and after some
r-a rb rc

3 3
algebra we obtain 1). We have: Z(l—zj ZE(Z[E—ED =9i3, so by (1) yields that
r

r r 91 “\r r

a a
5% —24r?
SZrS

> 913 , and finnaly s > 3+/3r, and we are done.
r

ror, sr s°r?

Y a®-3abc=(a+b+c)(@*+b?+c?—ab—bc—ca), Y a’ =2(s* —-r? —4Rr),
D ab=s®+r®+4rR. By above we obtain:

D (2a—s)®=8>"a’ 125> a’ +6s>> a-3s’ =

=8[2s(2s* —2r? —8Rr —s® —r? —4Rr) + 3abc] — 24s(s* —r®> —4Rr) + 9s® =

3 3 3
Solution 2. We have (E—EJ = (s 2(s a)j = (2a-5) . Also we have the relations:

8 2 g2
=s(s® —24r?), so ZG—%J :#, and (1) is proved.
. s%r

(2) is the item 5.11 (s* > 27r?) from Bottema.

PP.21156. In all triangle ABC holds:
r L, AY r) 3r
1 1-—-2sin = | =[1-—| - ;
)Z[ 2R 2) ( ZRJ 2R?
3 2
2) (1—LJ > 2

2R) 16R?

Solution. We take in (*) from solution to PP.21152 x =sin? g y =sin® % z =sin® % and after

some algebra we obtain (1). We have:
3 3 3
Z(l—L—Zsinzéj >1 2(1—L—23inzéj =£(1—Lj, and by (1) we deduce
2R 2 9 2R 2 9 2R

3 2
that 1—L > 27r and the proof is complete.
2R 16R

2!

PP.21157. In all triangle ABC holds:
1) s =(s—a)’+(s—b)*+(s—c)® +12sRr;
2)2s® > 27Rr.
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Solution 1. We take in (*) from solution to PP.21152: x =a,y =b,z =c and after some algebra
yields (1), than by

3 _ s—a
S EZSRr=Z( )? ( 3 (s a)) =_ , follows (2), and we are done.

Solution 2. We have:
s’=(s—a+s—-b+s-c)¥=(s—a)’+(s—-h)’+(s—c)®+
+3(s—a)(s—b)(s—a+s—-b)+3(s—b)(s—c)(s—b+s—c)+
+3(s—a)(s—c)(s—a+s—c)+6(s—a)(s—b)(s—c) :Z(s—a)3 +
s(s—a)(s—b)(s—c) _
S

+3)  (as® —abs—acs+ahc) +6-

=> (s—a)®+6s° —6s)_ab+9abc+6sr’ =
=> (s—a)® +6s° —65° —65r> — 24sRr +36sRr + 6sr’ =

=(s—a)®+(s—b)* +(s—c)* +12sRr, so (1) is proved.
The inequality (2) is the item 5.12 from Bottema. The proof is complete.

PP.21158. In all triangle ABC holds ) (-a+3b—c)® =8s(s* —24r?).

Solution 1. We have ab+bc+ca=s?+r? +4Rr,abc=4Rrs,
a®+b®+c®—3abc=(a+b+c)[(a+b+c)*>—3(ab+bc+ca)]=

=2s(s®* —3r?> —12Rr).

So, > (-a+3b—c)® =) (4b—25)° =8> (2b-53)° =

=8-[8)_a’ —24abc+24abc-12s) a* +6s°) a—3s’] =

=8-[16s(s* —3r* —12Rr) +96Rrs—125(2a)2 +24s) ab+12s° —3s°] =
=8s-[16s® —48r* —192Rr + 96Rr — 48s® + 24s” + 24r* + 96Rr +9s°] =
=8s(s? — 24r?), and we are done.

Solution 2. We take in (*) from solution to PP.21152: x=s—a,y=s—-b,z=s-cC.

PP.21159. In all triangle ABC holds:
3
1 2 s? —12Rr
1 | =
) z(r haJ s?r®
2)2s® > 27Rr.
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Solution 1. We take in (*) from solution to PP.21152 x =

l y:i,z:i and after some
h,”” h,’' " h

algebra we obtain (1). We have:

3 3
1 2 1 1 2 1 s?—12Rr _ 1 I : :
g Z—— || =—,5%0 > , Which is equivalent with (2).
Z( h j 9(2( h j} 3 2.3 9r3 q ( )

A Sr

Solution 2. Denoting by F the area of triangle ABC by PP.1157 we have:
Y (s—a)® =s®-12sRr.So,

S RN

r h, s°r® s°r

The inequality, (2), i.e. 2s® > 27Rr is the item 5.12 from Bottema, and we are done.

PP.21160. In all triangle ABC holds (3" a?) <23 a* + 163

Solution. Because (Za)4 =Y a*+4) a’b+4> ab®+6) a’h* +12)> a’bc, the inequality
from the statement becomes:

27y a’ +54) a’h? <54> a’ +> a*+4> a’b+4> ab’ +6> a’h* +12) a’bc
o7y a'+> a%+> ab’ +3> a’hc>12> a’h’ (1)

Applying Schur’s inequality we obtain:
Y a*(a-b)(a-c)=0< > a’+> a’bc>> a’h+ > ab®, and with AM-GM inequality we

deduce D a’b+> ab’®>2> a’h?,s0 Y a’+> a’hc=2> a’h’.
We use also the inequality > a*>>"a%’.
By above yields that:

7y at+ > a%h+ Y ab® +3Y a?he =3(> a* + Ya%hc)+ Y a’b+ Y ab’ +43 at >

>6) a’h®+2) a’h*+4> a’h® =12> a’v?, and the proof is complete.

PP.21163. Prove that (x + y)*"™* — x*"* — y*"* is divisible by
xy(x+vy), forall ne N.

Solution. We have:

2n+l + y2n+l _ (X+ y)(XZH _ X2nfly +.— Xyanl + y2n) ’ SO
(x+y) —x"t — y?™ s divisible by x+y @)
On the other hand, he have:
(X-l- y)2n+l 2n+l _ y2n+1 —
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2n+1) , 2n+1) , ., 2n+1) , . (2n+1) ,
= Xy + XY 4L+ Xy + xy " 2
( 1 ] y ( 2 j d 2n-1 d 2n d @

From (1) and (2) follows the desired result.

PP.21164. In all triangle ABC hoIdsthg?(l—ctgzgj[l ctg® Zj ﬁ

. A s-a A A .
Solution. It well-known that ctg — = —— and ctg— =] | ctg —. We obtain
95 = ad g =[]eg5

A_(s-a)(s—b)(s—c) s(s—a)(s—h)(s—c) s’r® s,
thgE_ ré - sr® st
b

Z(Ctgzgctgg+ctg§ct92%)zz(s—a)gs—b)‘s—a+s_

r r

Z%ZC(S—a)(S—b) Zr—132(820—acs—bcs+abc) -

B r_l?’(233 ~ 25 ab+3abc) = rig (25 — 2s® — 2sr? —8Rrs +12Rrs) = 4Rsr_;2rs ,

r+4R

and zctg’_;ctg}zwziz(s —4s” +> ab) =
r

.
Yields that: > ctg g(l— ctg® g](l ctg® (Z:J

- thgg—Z(ctg2 écth+ctg§ctg2 %J+Hctg§thg§ctgg:

5,2 _24RS 210 TAR 45 , and the proof is complete.
rr r

r r

(x+y) =x’ —y 343{2 )
(Xx+y)®—x*—y® 125"
Solution. After some algebra we obtain that:
7 _ g/
(x+y)5 X5 y5 =Z(x2 +xy+Yy?), so the inequality to prove is equivalent, successively
(x+y)" =x* -y
with:
(X2 +xy+ Y)y* +yz+2°) (2% + 2x+ X*) = (Xy + Yz + 2X)? *)
S Xy Y XY 3Py 42D Py 2+ 2D Yzt + ) Xy 4 ) xfyz >
> x°y? +3) x°y?z+3) x’yz’ +6x%y’z?
oY xhyz+) Xy Y Xy =Y Yz 4 ) xPyz? +3xPy %z’
Because » x*yz >3x?y®z?, it remains to show that:

PP.21165. Ifx,y,z >0, then [ |
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D oxty2 4y Xyt 2y z+ ) Xz’ (1)
But (4,2,0) > (3,2,1) and applying Muirhead’s inequality, we obtain:
D x*y? =) x*y?z, ie. exactly (1).
sym

sym
Other proof for (1) is with the AM-GM inequality. Indeed, we have that:
X*y2+x2z2% > 2x3yz% y 2 + xty? 2 2x2y3z 20X + 2%yt > 228y

yAxZ +2°x* 2 2x3y2z 2ty  + X 2 227y X x P zt + yPzt > 228 yx?,
which by adding up yields (1), and the proof is complete.

PP.21166. Prove that (x + y + z)°"™* — x*™* — y*"™ _ 22" s divisible by
X+ y)(y+2z)(z+x) forall ne N.

Solution. Because a" —b" is divisible by a—b and a*"™* +b*"** is divisible by a+b, we have:

(x+y+2)""" —x*" is divisible by x+y+z—x=y+z and y*"* +z*"*" is divisible by y+z,
SO (X+y+z)Mt—xP oyt g2 s divisible by y+z and  similarly
(X+y+2z)2Mh - x2m —y2t g is divisible by X+Y, respectively
(X+y+2z)*" — x> —y? 722" s divisible by z + x, and the conclusion follows.
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2. Other solutions from some problems from The Pentagon journal

By Nela Ciceu, Rosiori, Bacau, Romania
And

Roxana Mihaela Stanciu, Buzau, Romania

Problem 722. Proposed by Tom Moore, Bridgewater State University,
Bridgewater, MA.

Characterize those positive integers n for which 2 + 1 may be a prime
number.

Solution:

For n=1, 2" +1=3 is prime number.
We shall prove that if nis not a power of 2, then 2" +1is composite.

Let n=2"'-s,where t >0 and s >1 is odd.
We have that:

2" 41= (2? T +1= ((2? +1)—1)5 +1=M (22‘ +1)+ (-1)° +1=
—m(2? +1)
necessary but not sufficient for that

2" 41

to be prime number is that n=2", with t > 0.

Yields that a
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Problem 723. Proposed by Tom Moore, Bridgewater State University,
Bridgewater, MA.

Prove that there are mfimtely many primifive Pythagorean triples
(@, b, c), like (5,12 13), with hypotenuse ¢ such that the odd leg 1s a pen-
tagonal number and the even leg 15 consecutve with the hypotenuse.

Solution:

A primitive Pythagorean triples is on form
a=m’-n®,b=2mn,c=m?+n?,
where mand n are coprime, with different parity and m > n. Because band care consecutive
we have m* +n® =2mn+1< (m-n)®> =1,s0 m=n+1. The odd leg i.e. a=m?—n?must be
pentagonal n umber , i.e. we must find k such that
o+l k(3k —1) - 3k*® —k—2.
2 4
Because n is positive integer we can take k = 4k + 2, where t is positive integer.
We obtain:
n=12t> +11t+2 and m=12t> +11t + 3.
The numbers m, n are consecutive, so is coprime and with different parity.
Therefore, yields the following family of Pythagorean primitive triangles with the properties of
enunciation:
a Bt 2)[3(2‘“ 27U paa? 11+ 222 +11 = 3),
C=2(12t* +11t + 2)(12t* +11t +3) +1.

Remark. We can take also k = 4t +1, and we obtain other family of triangles with n=12t* + 5t

and m=12t> +5t +1.
The proof is complete.

Praoblem 724. Proposed by Tom Moore, Bridgewater State University,
Bridgewater, MA.

LetT, = ”{"2_] ) be the nth triangular number. Prove that the fraction
T TyTe - Toy
NI5T5 - T

1s always an integer.

Solution:

10
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We have:
T,T,..T,, 2-3-4-5-..-(2n)(2n +1)

= =2n+1, and we are done.
TT1,.07,,, 1.2-3-4-..-(2n-1(2n)

Problem 725. Proposed by Tom Moore, Bridgewater State University,
Bridgewater, MA.

It 1s known that each integer n > 11 1s the sum of two composite
numbers but the usual proof of this uses two different expressions, one for
n even and one for n odd. If we restrict our attention to certain sequences
of the natural numbers, then we can find one expression for each of the
numbers 1n the sequence as a sum of two composite numbers, regardless
of parity. Do this for the squares greater than 9 and the triangular numbers
oreater than 10.

Solution:
We have:
e n°=4+(n-2)(n+2);for n>4,the number (n—2)(n+ 2)is composite
@ = 6+&2(n+4) ; for n>5, n—3and n+4 have different parity so the
number (n=3)(n+4) is composite.

The proof is complete

Problem 726. Proposed by Jose Luis Diaz-Barvero, BARCELONA TECH,
Barcelona, Spain.

Let z, y, and = be positive real numbers. Prove that

(1+]+1)( Ty N yz N zX )9
r y =z y+z z4+zx x4y 2

Solution:

Solution 1. We denotes: x:l, y :%,z :1 with a,b,c >0 the inequality of the enunciation
a c

becomes:

C 9
LHS =(a+b+c > —
( )Cy%;a(bJrc) 2

(1)

We have:

11
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2

LHS = (a+b+c)z Z

cyclic a(b +C) o b +C (i
_ Z Z ac+bc z zc(a+b) @)
gmeab+ac gmab+c) gmcab+ac ggea(b+c)
By the inequality of Harald Bergstrom we deduce that:

bc c
Za(|o+c)+Z

saecab+ac

Z c? (a+b+c) (a+b+c)? _ 3(@b+bc+ca) 3
g ab+ac z (ab+ac) 2(ab +bc+ ca) 2(ab+bc+ca) 2°
cyclic

so from (2) we obtain that:
3 c(a+b) AM;GM§+33\/c(a+b) a(b+c) b(c+a) _3

LHS>—+  — > =
2 gaea(b+c) 2 a(b+c) b(c+a) c(a+b) 2

9
3=—,QED.
> Q

Solution 2. We have:

1 1 1 y X Xy Nesbitt
LHS =| —+—+— + >
(X y jcycllcy'i'z c%:cy"'z c%;:y"'z c%%:z(y"'z)
Nesbitt AM -GM
S §+ny+yz =_Jrzy(x+z) 5 §+33i/y(x+z).z(y+x).x(z+y)=
2 cyclicz(y+z) 2 cyclic Z(y+Z) 2 Z(y+Z) X(Z+X) y(X+ y)

3 9
=—+3=—,Q.E.D.
2 2 Q

Problem 727. Proposed by Jose Luis Diaz-Bairvero, BARCELONA TECH,
Barcelona, Spain.

Let &, 5, - be the measure of the angles of a tnangle ABC. Prove that

Z S i l
‘ 4sin3+5\/sinasmB 3

cyeclic

Solution:
We have:
sina AM ~GM 2sina
LHS = > . - : =
C%‘é4sin,8+5./sinozsin,8 Cycznc85|n,8+5(sma+sm,8)
i in2 Bergstrom
_ SIhx _9 SIN‘ o 9Z

Gael3sin g +5sina cyclicSSin2 o +13sinasin §
Bergstrom 5 (Sin a +sin ﬂ +sin 7)2 _
- Z(Ssin2 a +13sinasin f)

cyclic

12



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2015 www.mateinfo.ro

_o. (sina +sin B +siny)® B
5(sin® a +sin? B +sin® y) +13(sinasin B +sin Bsin y +sin ysin a)
_ (sina +sin B +siny)?
5(sina +sin B +sin y)? + 3(sinasin B +sin gsiny +sinysina) '

and because
(sina +sin S +siny)® > 3(sinasin B +sin gsiny +sin ysina),

we obtain that:

(sina +sin S +siny)? _2(sina+sinf+siny)® 1 QED
5(sine +sin B+siny)? + (sina +sin S +siny)?  6(sina+sin B+siny)? 3"~

uzx>2.

13
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3.Inegalitati cu radicali

Prof. Ciobica C Constantin, Colegiul Vasile Lovinescu , Filticeni

1. Sase demonstreze inegalitatea:
J3n+2m+1++/5n+2m+3<2-J4n+2m+2; vne N,vme N

Rezolvare:
Ridicam la puterea a doua si obtinem:

3n+2m+1+5n+2m+3+2,/(3n+2m+1)- (5n+2m+3) <16n +8m+8
2-J(Bn+2m+1)-(5n+2m+3) <8n+4m+4 =

J@n+2m+1)5n+2m+3) <4n+2m+2
Ridicam la puterea a doua si obtinem:
(3n+2m+1)-(5n+2m+3) < (4n +2m +2)°

15n% +6nm+9n +10nm+4m? +6m+5n+2m+3<16n° + 4m? + 4 +16nm+16n +8m
n?+2n+1>0=(n+1)°>0;vneN

2. Sa se demonstreze

inegalitatea: /(2p +)n+5+./(2p+3)n+15<2/(2p+2)n+10; vne N,vpe N
Rezolvare:

Ridicam la puterea a doua si obtinem:
2pn+n+5+2pn+3n+15+2-,/[(2p +1n+5]-[(2p +3)n+15]| <8pn+8n +40
2-J[2p+1)n+5]-[(2p+3)n+15|<4pn+4n+20=

= /(2pn+n+5)-(2pn+3n+15) < 2pn+2n+10
Ridicam la puterea a doua si obtinem:

(2pn+n+5)-(2pn+3n+15)< (2pn+2n+10)°
4p®n? +6pn* +30pn+2pn® +3n* +15n+10pn+15n+75<
<4p®n® +4n® +100+8pn® + 40pn +40n

n?+10n+25>0=(n+5)° >0,vne N
3. Sa se demonstreze

inegalitatea: \/an+ p +./bn+q sz-JaTanr p;q;Vne N,a,b, p,qeR";

Rezolvare:

Ridicam la puterea a doua si obtinem:

an+ p+bn+q+2-/(an+p)-(bn+q) <2(a+b)n+2p+2q

14
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2-J(an+p)-(bn+q) <an+bn+p+q
Ridicam la puterea a doua si obtinem:
4-(an+p)-(bn+q)<(an+bn+p+q)’ =
(4an+4p)-(bn+q)<an? +b’n? + p? +q* + 2abn? + 2anp + 2anq + 2bnp + 2bng + 2pq
(4an+4p)-(bn+q) = 4an® + 4anq+4pbn+4pq
a’n® +b’n’ + p? +q* — 2abn’® + 2anp— 2anq— 2bnp + 2bng—2pg >0
(an—-bn+p-q)*=0; VvneN,ab,p,qeR’

4. Sdse demonstreze

inegalitatea:

Jep+n+2m+1+/2p+3n+2m+3<2-/2p+2n+2m+2 ;vneN
,Vpe N,Vme N

Rezolvare:
Ridicam la puterea a doua si obtinem:

2p+1n+2m+1+(2p+3n+2m+3+2-J2p+n+2m+1-/2p+3)n+2m+3 <
<4(2p+2)n+2m+2]
2pn+n+2m+1+2pn+3n+2m+3+2,/[(2p+1n+2m+1]-[(2p+3)n+2m+3] <
<8pn+8n+8m+8

2[2p+1n+2m+1]-[(2p+3)n+2m+3] <4pn+4n+4m+4
J@p+n+2m+1]-[(2p+3)n+2m+3]<2pn+2n+2m+2

Ridicam la puterea a doua si obtinem:
(2pn+n+2m+1)2pn+3n+2m+3)<(2pn+2n+2m+ 2y’

4p®n® +6pn* +4pnm+6pn+2pn® +3n% +2mn+3n+ 4 pnm-+3mn +4m? +6m+2pn+

+3n+2n+3<4p?n® +4n® +4m” +4+8pn® +8pnm+8pn+8nm+8n+8m
=>n?+2n+1>0=(n+1f° >0, vne N

5. Sase demonstreze inegalitatea:n++/3n% +4 <2-4/2n° +2; VneN.
Rezolvare:

Ridicam la puterea a doua si obtinem:
N +3n° +4+2nV3n° +4 <8n° +8

2n/3n2 +4 <4n®> +4=nJ3n* +4 <2n? +2

Ridicam la puterea a doua si obtinem:

' +4n° <4n' +8n> +4=n'+4n? +4>0= (> +2) 20,vneN
6. Sa se demonstreze

inegalitatea: (p +1)n ++/(p +1)°’n? +4 <2-/(p+1)’n*+2;¥vneN,vpe N

Rezolvare:

15
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Ridicm la puterea a doua si obtinem:

(p+1Fn? +(p+1¥n?+4+2-(p +l)n\/m <4(p+1)/°n*+8
2(p+ny(p+1)°n? +4 <2(p+1)°n +4

(p+1ny(p+1)°n® +4 <(p+1)°n? +2

Ridicam la puterea a doua si obtinem:
(p+1)'n* +4(p+1)°n? <(p+1)'n* +4(p+1)n*+4=4>0;Vne N,Vpe N
7. Si se demonstreze inegalitatea: an + Jbn? +1< \/(Zaz + Zb)n2 +2 ;vVneN,abeR;
Rezolvare:

Ridicam la puterea a doua si obtinem:
a’n® +bn’ +1+ 2am/bn® +1 < 2a’n’® + 2bn® + 2
2anvbn® +1<a’n® +bn® +1

Ridicam la puterea a doua si obtinem:
4a2n2(bn2 +1)s a’n® +b%n* +1+2a’n*b+2a’n? + 2bn?
0<a’n’ +b’n* +1-2a’n*b-2a’n? + 2bn’* = (azn2 —bn? —1)2 >0;vneN,a,beR;]

8. Si se demonstreze inegalitatea Jn?+2a+vVn2+2b<2-Jn2+a+b:vneN,abe R’
Rezolvare:

Ridicam la puterea a doua si obtinem:

n? +2a+n?+2b+2,/(n’ +2aXn2 +2b)<4n? +4a+4b

J(n?+2a)fn?+2b)<n? +a+b

Ridicam la puterea a doua si obtinem:

(n? +2a)n?+20)<(n® +a+b)

n* +2n’b+2n’a+4ab<n* +a’+b*+2n’a+2n°b+2ab

a’+b?-2ab>0=(a-b)’ >0;Va,be R,

9. Sa se demonstreze

inegalitatea: v2an” +1++/2bn”> +3<2\/(a+b)n*+2; vneN,abeR’
Rezolvare:

Ridicam la puterea a doua si obtinem:

2an? +1+2bn? + 3+ 2,/(2an? +1)2bn? + 3) < 4an? + 4bn? + 8

J4abn® +2bn? +6an? +3 < an? +bn? + 2
Ridicam la puterea a doua si obtinem:
4abn® +2bn? + 6an® +3<a’n* +b’n* + 4+ 2abn* + 4an” + 4bn?

0<a’n*+b’n* —2abn* + 2bn” —2an? +1=> (an> —~bn? —1f > 0;va,b e R’

16
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10. Sa se demonstreze inegalitatea:

2 2
\/§+\/%+\/1_1+...+1/2n ;n+1 > 2n :3n,Vne N”

Rezolvare:

\/—+\/7 i+ / +n+1 0, 12k +k+1
= 2
/2k +k+12k+l
2 4

Demonstram inegalitatea ridicdnd la puterea a doua:
2
M >k 2 + K + i | 2
2 2 16
2k? +k +1> 2k? +k+%:>12%(A)

2
Z 2k" +k+1 Z k+1 =1+1+2+l+...+n+1:1+2+...+n+ﬂ=
2 k=1 4 4 4 4 4

n2+n+n_2n +3n
2 4 4

17
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4. Sume cu siruri de numere reale in progresii geometrice
( generalizari)

Prof. Ciobica Constantin.Colegiul Vasile Lovinescu Falticeni
Prof. Ciobica Elena. Colegiul Mihai Bacescu Falticeni

1. Fie (bn) € R"un sir de numere reale in progresie geometrica de ratie q =1, atunci

neN”
demonstrati egalitatea:
1 q°
n n + n n +
Z k3 T b2k+l Z 2ke5 T b2k+3 Z(b2k+5 + b2k+3)’ (b2k+7 + b2k+5)
k=1 k=1 k+1 k=1
2i
+ot — g - =
Z(b2k+2i+3 + b2k+2i+1)' (b2k+2i+5 + b2k+2i+3)
k+1 k=1
2i+2
:q2 _1- 1 - 1 . VieN,vne N~
q _1 n n
(b2k+3 + b2k+l) (b2k+2i+5 + b2k+2i+3)
k=1 k=1
Rezolvare:
Z(bzms + b2k+3)_ (b2k+3 + b2k+l) = (b2k+5 - b2k+1) = (bl : q2k+4 - b1 : q2k ):
k=1 k=1 k=1 k=1

n

=>b -q* -(q4 —1): b, -(q4 —1)-(q2 +q°+q° +...+q2”)

k=1

=b, '(qz _1Xq2 +1)'q2 '(1+ q°+q* +...+q2"*2):

1: b, .(qzn —1)'((3]4 +q2)

b, -(q? ~1)- (a7 +1)-q7- &, =2

q° -1
1 =
Z(b2k+3 + b2k+1)' Z(b2k+5 + b2k+3)
k=1 k=1
_ 1 . 1 3 1
- b, . 2n ~1) 4 2 n n
! (q ) (q i ) Z( 2k+3 Jrb2k+1 z 2k+5 +b2k+3
k=1 k=1
Z(b2k+7 +Dy.5 )_ Z(b2k+5 +Dy.5 ) = Z(b2k+7 — Dy ) =
k=1 k=1 k=1

18
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n

(bl-q2k+6—bl-q2k+2)=b1-q2-(q4— )_(q2+q4+q6+m+q2n):
k=1
bl-q2-(qz—l)-(q2+1)-q2-(1+q2+q4+...+q2”‘2)=

2n
:bl.qZ_(q2_1),(q2+1),q2.(2]2_]:-|' b, (q +q Xanl)

2

q _
Z(b2k+7 + b2k+5)' (b2k+5 + b2k+3)
k=1 k=1
- 1 . 1 - 1
- b, . 2n 1) 4 2 n n ’
! (q ) (q " q ) (b2k+5 + b2k+3) (b2k+7 + b2k+5)
k=1 k=1

(b2k+2i+5 + b2k+2i+3)_ (b2k+2i+3 + b2k+2i+l) =
-1

F
|

N
=

=}
=}

= (boszies ~Dazin) = (bl Lq2et _p L g2k ):

k=1 k=1

:bl_qzi '(CI4 _1Xq2+q4+q6+ +q2n):

“b,-q* (0 ~1fo? +1)-¢*- 2 =, -q7(g* + 4% g™ ~2)

q° -1
2i
+ont— a ; -
Z(b2k+2i+3 + b2k+2i+1)' (b2k+2i+5 + b2k+2i+3)
k+1 k=1
— 1 . 1 1
= b o ) 7 2 n T
1 (q Xq + q ) (b2k+2i+3 + b2k+2i+l) (b2k+2i+5 + b2k+2i+3)
k=1 k=1
S = ! : : a -
= (e 1) (a° + a2 n n
1 (q ) (q + q ) Z(b2k+3 + b2k+l) (b2k+2i+5 + b2k+2i+3)
k=1 k=1

Z(b2k+2i+5 + b2k+2i+3 )_ Z(b2k+3 + b2k+1) = b2i+7 - bs + b2i+5 - b3 +

k=1 k=1
+b2i+9 _b7 + b2i+7 _bs +.. +b2n+2i+5 _b2n+3 +b2n+2i+3 _b2n+l =
=bl'q2i+6_bl'q4+b1'q2i+4_b1'q2+bl'q2i+8_b1'q6+b1'q2i+6 _bl’q4+
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+...+bl'q2n+2i+4 _bl.q2n+2 +bl_q2n+2i+2 _bl_an —

=D, _q4<q2i+2 _1)+b1 .qz .(q2i+2 _1)+
+b1-q6(q2”2 —1)+b1-q4(q2”2 _1)+

+m+b1q2n+2(q2i+2 _1)+ b, g (q2i+2 _1):
2n

_ bl(q2i+2 _1xq4 +q2)_ (1'2

-1
2i+2
-1 1 1 . .
s=9 N — VieN,vneN
q (b2k+3 + b2k+l) (b2k+2i+5 + b2k+2i+3)
k=1 k=1
2. Fie (bn )neN* € R"un sir de numere reale in progresie geometrica de ratie g 1, atunci
demonstrati egalitatea:
5 5i
! + g +..+ q =
n n n n n n
Zb5k+3 'Zb5k+8 Zb5k+8 : b5k+13 Zb5k+5i+3 'Zb5k+5i+s
k=1 k=1 k=1 k=1 k=1 k=1
5i+5
:q5 1- 1 - 1 .VneN", VieN.
q _1 n n
Zb5k+3 zb5k+5i+8
k=1 k=1
Rezolvare:

Zb5k+8 _Zb5k+3 =bg.s —bg =b, -q°"" —b, -q" =b, -q’ '(qsn —1)
k=1 k=1

1 ~ 1 11
n n - b, . 7 (50 1 n n
zb5k+3' b5k+8 14 (q ) b5k+3 b5k+8
k=1 k=1 k=1 k=1
b5k+13 - b5k+8 = b5n+13 - b13 = b1 'an+12 - b1 'qlz = b1 'qlz _(an —1)
k=1 k=1
q° B q° 11
n n - b 12 (50 1 n n
b5k+8 b5k+13 ! q (q ) b5k+8 b5k+13
k=1 k=1 k=1 k=1

20



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2015 www.mateinfo.ro

q° 1 |1
n b . 7 . 5n _1 n n
b5k+8 ' b5k+13 14 (q ) b5k+8 b5k+13

1 k=1 k=1 k=1

By sive — D Psiisivs = Dsnisive —Dsive =By ‘q5n+5i+7 —b, 'q5i+7 =b 'q5i+7 ‘(an _1)
)

M-

=
S

k=1

q5i q5i 1 1
n n = a5+ 50 | Tn T Th '
Zb5k+5i+3 ' b5k+5i+8 bl q (q 1) b5k+5i+3 Zb5k+5i+8
k=1 k=1 k=1 k=1
q” B 1 1 1
n n “h.a’ (A5 _ | T T Th )
Zb5k+5i+3 : b5k+5i+8 bl q (q 1) Zb5k+5i+3 Zb5k+5i+8
k=1 k=1 k=1 k=1
S 1 1 1
- b. 7 5 _q I T T
! q (q ) Zb5k+3 b5k+5i+8
k=1 k=1

n n
Zb5k+5i+8 - Zb5k+3 =D5,05 =0 +0505 =B+ D55 5 — b5 =
k=1 k=1

5i+17 5n+5i+7 5n+2

=b,-q®" -b,-q" +b - g —b,-q¥ +..+Db, -q —b -q°"* =
_ b1~q7 _(q5i+5 —1)+b1-q12 _(q5i+5 —1)+...+b1-q5”+2 .(q5i+5 _1):

=b,-q’ _(q5i+5 _1X1+q5 +qY +...+q5"‘5)=
i+ q5n -1
=bl.q7.(q5 5_1). q5 _l
B 1 'bl~q7-(q5”5 _1Xq5n _1). 1 1
- b, . e 1 5 1 n n
! q (q ) q Zb5k+3 zb5k+5i+8
k=1 k=1
5 5i
n . n + n q n Tt n q n =
Zb5k+3 'Zb5k+8 Zb5k+8 ’ b5k+13 Zb5k+5i+3 ' b5k+5i+8
k=1 k=1 k=1 k=1 k=1 k=1
5i+5
:q5 11- nl - — 1 .VneN", VieN.
q b5k+3 b5k+5i+8
k=1 k=1
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3. Fie (bn )nEN* €R un sir de numere reale in progresie geometrica de ratie q =1 , atunci
demonstrati egalitatea:

2 i
n 1n + n q n + n q n Tt n q n =
Zbk 'Zbk+1 Zbk+l ’ bk+2 Zbk+2 ) bk+3 bk+i ) bk+i+l
k=1 k=1 k=1 k=1 k=1 k=1 k=1 k=1
i+l
-4 _11- - 1n ,Vne N, VieN.
- Zbk ’ bk+i+1
k=1 k=1
Rezolvare:
Dby~ Db, =b,, —b =b,-q" b =b,-(q" -1)
k=1 k=1
11 11
Sb, 3, 20U Sn S
k=1 k=1 k=1 k=1
Zbk+2 _Zbk+1 = bn+2 _bz = b1 'qn+l _b1 q= b1 'q'(qn _1)
k=1 k=1
q _ 1 1 B 1
n n b . n _ n n
z bk+l bk-¢—2 ! (q ) bk-¢—l bk+2
k=1 k=1 k=1 k=1
bes =D b =bps —by=b -q"? —b -q* =b, - q° (qn— )
k=1 k=1
q° _ 1 1 1
n n b n _ n n
zbk+2 bk+3 ' (q ) Zbk+2 zbk+3
k=1 k=1 k=1 k=1
it = D Bt =boyi —by =y 4" by -0 =b, g+ (q" 1)
k=1 k=1
q _ 1 11
n bk+i n bk+i+1 bl.(qn - ) n bk-¢—i n bk+i+1
k=1 k=1 k=1 k=1
s 1 |1 1
b n _1 n n
b (q ) Zbk zbk+|+l
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n n

Zbk+|+l Zbk_b b b +. +bn+|+1 b =

k=1 k=1

=D, (q'*1—1)+b -q-(q'*1—1)+...+b -q“-(q”l—l):

=h, - ( i 1X1+q+q +..+q" ) b, - (q‘*l—l)-qqn—_l1
i+1 n
S=b (1n_ >.b1 (q _11Xq —1) n1 : 1 N
! q q bk bk+i-¢—l
k=1 k=1
2 i
n 1n + n : n + n . n Tt n qn =
Zbk Zbkﬂ Zbk+l bk+2 zbk+2 Zbk+3 I0k+| Zbk+|+1
k=1 k=1 k=1 k=1 k=1 k=1 k=1 k=1
i+1
_9 _1- 1 .VneN",VieN.

1 n
q Zb Zbk+|+l
=1

4. Fie (bn )nZl € R"un sir de numere reale in progresie geometrica de ratie q =1 si

(am )mZl e N "un sir de numere naturale in progresie aritmetici de ratie r € N, atunci demostrati

egalitatea:
1 r
+ 9 +
n n n n
Zbak ) Zbak+1 Zbak+l ) Zbak+2
k=1 k=1 k=1 k=1
ir (i+)r
+— qn :qr 11- nl —nl VieN,vne N~
Zbakn ) Zbak+i+l q - Zbak bak+i+l
k=1 k=1 k=1 k=1
Rezolvare:
n

Z A1 _Zb - Ani1 _bal -

_b1 qnﬂl_b1 q _bl.qa1+nr—1_b1'qa1—1:
:bl'q b (an _1)

23



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2015 www.mateinfo.ro

1 _ 1 11
n bak n bak+1 bl qal_l(q ) _1) n bak n bak 1
k=1 k=1 k=1 k=1

Zn: CHP Zn: bak+1 - ba 2 baz -

q’ _ 1 1 1
b, -3, At @l sy Sy
= k-1 = k+2 =] k+2 = k-1
Zn:baknﬂ o Zn:bakn - ban+k+i o bai+1 -

k=1

_ b1 . qanml—l _ b1 . qai+1—1 _ b1 ) qa1+(n+i)r—1 _ b1 ) qa1+ir—1 _
b1 . qa1—1 ) qlr (an _1)

q" - 1 11
b, -3, At -l sy sy
=] k+ =) k+i+1 =] k =] k+i+1
1 1 1
S=b . al—l( nr _1) n  n
' q q Zbak Zbak i+1
k=1 k=
n n
Zbak+i+1 _ bak = l:)ai+2 o bal + bai+3 o b":12 Tt ban+i+1 o ban:
k=1 k=1
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=, g by gt by g by g g b gt
:bl.qa1+(i+l)r—1 bl q -|- +b qal+ n+i)r b qa1+ (n-1) -1 _
:bl.qal [ (i+1)r 1] [1+q . +q ]
:b1°qa1_l[q(i+l)r _1].qr —1

q —1
1 N q .
= 4 n n n
Z bak ) Z bak 1 bak 1 Z bak )
k=1 = k=t k=l
ir (i+)r
T3 qn =q r 11 nl T ! ,ViEN,VnEN*
Zbak' | Ay i q B Zbak i
et Rt e T i = o

25



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2015 www.mateinfo.ro

5. PROBLEMA BILIARDULUI

Prof. Andrei Dobre

Si consideram doua bile asezate pe o masa de billiard, ca in figura urmatoare. in ce directie
trebuie lovita bila asezata in punctual A astfel incat dupa ciocnirea cu o latura a mesei sa
loveasca bila asezata in punctul B?

Stim de la fizica ca,in cazul unei ciocniri elastic, unghiurile (ascutite) facute de AM si BM cu

respective laturd sunt congruente. Astfel, am putea reformula problema noastra in limbaj
matematic in felul urmator:

1.Fie A si B doua puncte situate de aceeasi parte a unei drepte FG (ca in figura de mai jos). Sa se

determine pozitia unui punct M pe dreapta astfel incat unghiurile £ AMFsi £ BMG sa fie
congruente.

.oB

F M G
in locul acestei probleme, vom formula alta, echivalenta (dupa cum vom vedea) cu ea:
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2.Fie A si B doua puncte situate de aceeasi parte a unei drepte XY. Sa se determine pozitia unui
punct M pe dreapta astfel incat suma AM+MB sa fie minima.

B

:B*

Solutie: Fie B’ simetricul punctului B fata de dreapta si M’ un punct arbitrar pe acesta. Din
simetrie, BM’= B’M’, prin urmare rezulta caAM ’+M B=AM’+M’B’. Ultima suma este minima
atunci cand punctele 4, M’ si B’ sunt coliniare, asadar punctul cautat este punctul M, intersectia
dintre dreapta si segmentul4B’.

Daca dreapta ar reprezenta suprafata unei oglinzi, atunci o raza de lumina care pleaca din
punctul A in directia punctului M se va reflecta de oglinda si, respectand legile reflexiei, va
ajunge in punctul B. Astfel, intelegem de ce se spune ca “lumina merge pe drumul cel mai scurt”.

Sa examinam cateva probleme in care sunt folosite ideile precedente.
3.Fie ABCD un patrulater convex. Sa se arate ca daca exista punctele M, N, P, Q situate,

respective, in interiorul laturilor AB, BC, CD, DA astfel incat perimetrul patrulaterului MNPQ sa
fie minim, atunci ABCD este un patrulater inscriptibil.
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C

Solutie: Mai intai, se pune intrebarea: nu intotdeauna exista punctele M, N, P, Q avand
proprietatea ceruta, indiferent dacaABCD este inscriptibil sau nu? Da , exista intotdeauna , dar
nu neaparat in interiorul laturilor respective .Daca ludm 1n consideratie doar patrulaterele MNPQ
pentru care punctele sunt in interiorul laturilor lui ABCD , este posibil sa nu existe un patrulater
avand perimetrul minim ( in mod similar , nu exista un numar minim in intervalul deschis ( 0,1)!)

Revenind la problema , sa observam ca daca presupunem cd perimetrul patrulaterului MNPQ
este minim , atunci ZAMQ= ZBMN, ZBNM =/CNP , ZCPN =/DPQsi ,in fine,
/DQP =/AQM .

Intr-adevir , daca , de exemplu, ZAMQ =~BMN , putem deplasa punctul M pe latura AB astfel
incat suma QM+MN sa se micsoreze (demonstrati aceastd afirmatie !) , si, deci , perimetrul
patrulaterului MNPQ sa fie mai mic .

Un calcul simplu al masurilor unghiurilor conduce la egalitatea m( £ A) +m( £ C)=m(ZL
B)+m( £ D), ceea ce reprezinta conditia necesara si suficienta pentru ca patrulaterul ABCD sa
fie inscriptibil.

4. Se considerd un triunghi ascutitunghic ABC si M un punct situat in interiorul laturii BC . Sa

se determine pozitiile punctelor P si Q pe laturile AB si AC astfel incat perimetrul triunghiului
MPQ sa fie minim .

28



REVISTA ELECTRONICA MATEINFO.RO ISSN 2065-6432 - MARTIE 2015 www.mateinfo.ro

Solutie Fie M' si M" simetricele punctului M fata de laturile AB si , respectiv, AC . Punctele P
si Q cautate sunt punctele de intersectie sintre dreapta M'M" si laturile AB si AC. Sd observam
ca, intr-adevar , luand alte puncte , P 'si Q' pe AB si AC, din cauza simetriei , perimetrul
triunghiului MP'Q', MP'+P'Q'+Q"™ este egal cu M'P'+P'Q'+Q'™" , iar lungimea liniei frinte M'-
P'-Q'-M' este minima cand punctele M',P,'Q',M" sunt coliniare , adica atunci cand P'=P si Q'=Q.

Observatie. Se poate demonstra ca triunghiul cu perimetru minim ale carui varfuri sunt situate
pe laturile triunghiului ABC este triunghiul ortic ( triunghiul ale carui varfuri sunt picioarele

indltimilor

Bibliografie:

Mircea Becheanu, Bogdan Enescu “Inegalitati elementare ... si mai putin elementare” GIL
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6.Asupra unor probleme cu matrici

Prof. Alexandru Elena-Marcela,
Scoala Gimnaziala nr. 3 Baia, structura Bogata

Xl X2 X3 x4
. . X2 X3 X4
1) Calculati determinantul D = :
X3 X4 Xl X2

X4 Xl X2 XS
unde X, X,,X,, X, sunt solutiile ecuatiei x*+ax*+bx+c=0.
Rezolvare: Adunand toate coloanele la prima se obtine:
1 X, X X,
5 % X
X, X
X, X

D=(X+X,+X+X,) si din relatiile lui Viéte rezulta X, + X, +X; + X, =0. Deci

X
X
N

1
1

el

w

D=0.

2) Fie M :{A:(X yj,undex,yeR} i functia f:C— M, f(x+iy):[x yj.
-y X -y X
Aratati ca:
a) f este bijectiva;
by f(z+z)=f(2)+f(z") si f(zz)=f(z)-f(z"),oricarearfi z,z'eC.
Rezolvare:

X

a) Se verifica faptul ca functia g : M — C definita prin ¢ (( yn = X+ Yi este inversa
X

functiei f ;
b) Fie z=x+1iy si z'=x"+iy".

. o . ( X+X' y+y'J_
f(z+z2)=f(X+x)+i(y+Yy)) = ,lar

—(y+y) x+x'
f(2)+f(z")= x + X o O , de unde rezulta ca
-y X -y' x' —(y+y) x+x'

f(z+2)=1f(0)+f(z),V 2,2'€C,
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XX'—=yy'  xy+x'y ior
—(xy+xy) xx-yy' )

f(Z)-f(Z')ZLXy yj-(x , yJZ[ Xy X yJ,deunderezulté

f(2:2) = f((XX'—W')+i(Xy'+x'y)):(

x)-y" X
caf(zz)="1(2)-f(z), Vv z,2'C.

—(xy+x'y) xx'-yy'

X
3) Fie matricea A :(

yj astfel incat 0< x> +y* <1.
X

X
a) Aratati cd matricea A" este de forma ( RARE
_yn Xn

b) Demonstrati ca sirurile X, si Yy, sunt convergente si au limita zero.
Rezolvare:

n

X
a) Din exercitiul 2) rezulta ca A" este de forma [ ) j cu X, +iy, = (x+iy)";

Yo X
b) 0<x*+y?® <1 este echivalentd cu |X+iy|<1. Atunci sirul de numere complexe z, = (X+iy)"

tinde la zero, ceea ce inseamna ca X, >0 si y, > 0.

Pentru a nu folosi convergenta sirurilor de numere complexe se utilizeaza scrierea
trigonometrica: X-+iy = p(cosé+isin#). Din ipoteza rezulta cd p <1, iar din a) si formula lui

Moivre se obtine: X, = p" cosné, y, = p"sinng. Astfel ca |x,|= p"|cosnd| < p" si

|y,|=p"|sinng|, de unde x, -0, y, — 0, deoarece lim p" =0.

n—oo

Bibliografie:
Probleme de algebra — pentru liceu — Universitatea ,,Al.1.Cuza” lasi,
Facultatea de Matematica, coord. lect.dr. Eugen Popa, 1981
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