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Etapa locala — Constanta, 3.02.2024
Clasa a Xl-a

Barem de corectare si notare:

SUBIECTUL 1

01
Rezolvati in M;(Z) ecuatia X** =10 0 1
1 0
Gazeta Matematicd, nr. 6-7-8/2023
Solutie:
010 a b c
Fie A=|0 0 1|=>AX=XA=X=|Cc a b|;abCceZ i, 2p
100 b ¢ a
010
X®2 =10 0 1|=(detX)™ =1=detX =1
1 00
Dar det X = (@+b+¢)(@* +b* +C* =D —aC—DC) ..covevirriiireicieiecece s 2p

Cum a’+b*+c’—ab—ac-bc>0=a+b+c=1 a*+b*+c*—ab—ac—bc=1
a+b+c=1=a’+b*+c’+2(ab+ac+bc)=1

Deducem a®+b*+c? =1, ab+ac+bc=0= (1,0,0),(0,1,0),(0,0,2) ...oec0evrrrrrrrrrrrrrrrrrrerrrrrrrrne. 2p
010 0 0 1
X=1,X=001,X=/1 0020
1 00 010
010
Verificd doar X =] 0 0 L [ 1p
1 00
SUBIECTUL 2

Fie A, BeM,(R).
a) Sa se arate cd det(1,—x-AB)=det(1,-x-BA), oricare ar fi xeR.
b) Sa se arate cd dacd existd a, feR, (¢ —1)-f#0, astfel incat AB+a-BA=f-1,, atunci
det(AB—BA)=0.

Catalin Zirna
Solutie:
a) Cum Tr(AB) =Tr(BA) si det(AB) =det(BA), din teorema Cayley-Hamilton deducem ca

det(1,—x-AB)=det(l,—x-BA) oricare ar fi X € R .......ccccormurmrurmrrimrrrrrrrereeeesciseeeseenne. 2p

b)

AB+a-BA=f-1,= AB—BA=f-1, - (a+1)BA=> det(AB—BA)=det(-I, - (a +1)BA)
AB+a-BA=f-1,= a(BA-AB)= -1, (a+1)AB = o’ det(AB - BA)=det(4-1, - (a+1)AB)



Din punctul a) se deduce ca det(S-1, —(a+1)AB)=det(S-1,—(a+1)BA) siavem

det(AB — BA) = &¢” EL(AB = BA) ..ottt 1p
Daca a =-1= AB—-BA= fl,, relatie imposibila pentru ca Tr(AB—BA)=0=28=Tr(f51,).

Pentru cd o # 1= det(AB —BA) =0 .oooeiieeceee e e 1p
SUBIECTUL 3

n

1
Fie 51rul A )y =) o, vn=>1.
(@)1 §2k+21-k+3

a) Aratati ca sirul (a,),., este convergentsica lima, ==

1 8n
b) Calculati lim2" (( )2 —(%j ]
Cristina Homentcovschi
Solutie:
< o 1 1 1 1 1
a)Searatdcd ————=—7 - Y& =" > =
+27°+3 2" +1 2°+1 2 2"+1no>=2
Deoarece limita exista si este finita, rezultd $ir CONVETZeNt ........cceevveriiieriiiiiiinee e 4p
Observatie Daca se aratd doar convergenta:
a,,—a,= ﬁ >0, Vn>1= (a,),., sir strict crescator
2" +27+3 )
; L =0<a, <z —1——<1:>(a) sir marginit
X125 13 2 ret SIS
Deci $irul €ST8 CONVEITGENT. ... ..ottt e e sne e nreennee s 2p
b)
1 ay ay
IimZ”((an)Z—( j J—IlmZ”(\/_ \/7 \/:—(—j J:IimZ”[\/_ \/7J+I|m2 (\/7 (%] J
..................................................................................................................................................... 1p

lim 2" T L 1p

N—o ( n_ EJ n—o0 \/7

mz[ (1)) s n_i@ o1 m2
n—w 2 2 N—>00 2 _1 2n+1 2
Ilmz([(j] |Im2(\/,J . ( J N

. L 1Y") -1-In2
Deci lim2"|(a_ )2 —| = o et et e eet e —eeeeaa—eeaeaaeeeteaaa——teaaaaeetaaaaenaeeaaneaaeeaaaannas 1




SUBIECTUL 4

1
e CUX >0, VneN" si X, =X, +(x,)", Yne N". Demonstrati ca:
a) limx =w.

Fie sirul (X, ).

n—oo
b) limyx, =1.
n—oo
. X -n 1
c) lim———==.

Nelu Chichirim
Solutie:
1
Xpo1 — X, = (X, )% >0, ¥n>1= sir strict crescitor, deci are limitd L (0, o]. Presupunem c e

1 1
convergent siavem L =L+L" = L" =0, contradictie. Deci liImX, =0 .......ccccvvviiiiiviiniennn 2p
n—oo
X o 1 .
M2 =1im| 1+ ——— [=1= liMYX, =1 2p
n—o0 Xn n—o0 1-— n—o0
(Xn) n
- . . . - . 2 . o IR
Cum limx, =+ si este sir strict crescator, atunci (Inx,)” — oo, strict crescator. Aplicam
n—oo
criteriul Stolz-Cesaro:
1 Inx,
. X.,—-Nn-1-x+n X, )5 —1 e’ -1 In x 1
lim >— =lim < (*,) =lim———- . <
eI, —Intx, S (Inx,, +Inx,) T X1 0%y gy Zast
Xn Xn
In| 14 Xt 1 Ity
Inx,,—Inx, . X . Inx e -1
I el ~=1lim . =0=lim—L=0=lim————=1.....ccccoere, 1p
n—oo X _X n—o0 X n—oo X nN—oo —_—n
n+1 n X [ n+l _lj n Xq
n
Xn
In x In x 1 1
| L= n =—— D 1p
Xy #IN Xy gy Dot 4 24 In = 42
X, Inx, X,
X X
|n(1+“+1 1] In(1+”+1—1] nx .
X X X o L X, —N
X, In =L = - (X =%, ) = - e —1.Deci lim——==...1p
X, Xni1 -1 Xns1 -1 n—e (ln Xn) 2
Xn Xn

Nota : Orice alta solutie corecta, diferita de cea din barem, va primi punctaj maxim.



