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OLIMPIADA DE MATEMATICA
ETAPA LOCALA - CLASA A XI-A

SOLUTII SI BAREM ORIENTATIV

Problema 1. Se considerd matricea A e M, (Z) astfel incat det A=9. Aritati cadet(A’ +5A+91,)

este un patrat perfect.
,Supliment Gazeta Matematica nr 11\2023

Solutie:  Aplicim teorema lui Hamilton-Cayley, A*—(TrA)A+(det A)l, =0O,, rezulti

A?+91, =(TrA)A. Tr(A) e Z, [Tr(A)+5] e Z, [3Tr(A)+15] e Z, decarece Ae M, (Z), ............ 2p.
det(A* +5A+91,) = det[(TrA) A+ 5A] = det[(Tr(A) +5) A] = (Tr(A) +5)* det A= 9(Tr(A) +5),
det(A? +5A+91,) =[3Tr(A) +15]* este un PAtrat PErfect. ..........oovvvrrresreeeiesesesneeseeseesssessenens 1p

(2n+1) (N> =2n+2) (N>

Problema 2. Fie sirul cu termenul general, a,,
(n* +1)-(n* +4)

n
a)Sa se calculezelim ) a, .
) nﬁmz K

b)Sa se demonstreze inegalitatea: H(1+ a,)< Je.
k=1

Prof. George-Florin Serban, Braila
Solutie: X* +4=x*+4x2+4—4x? = (x> +2)® = (2x)? = (x* + 2x+ 2) - (X* = 2x+ 2)

(2x+1)-(x* —2x+2) _ (2x+1)- (x> —2x+2) ~ 2x+1 1p

(P+2)-(x*+4)  (P+D)-(2-2x+2)- (X +2x+2) (X°+1)-(x>+2x+2)
2x+D)-(X*=2x+2) _(*+2x+2)-(x*+) 1 1 1

P+ (X +4) (D (P +2x+2) x4l (x+DPe1TT '

1 1 1 1

a, = —— Italim > a ==, .o, 2p.
Z Z(k2+1 ki)l 2 (edral amz 2 P
F0I03|m inegalitatea IN(L+X) <X, (W)X >0, ciiiiiiiiccceere e 1p

1 1 1 1

In 1+a Inl+a )< ) a ————————<==In+/e,

H(+ )= Z (d+a) Z <= Z(k2+1 kiD)P oD 2 (nediel 2 Ve
rezultd H(1+ a,)< eE RS 2p

k=1
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Problema 3. Fie sirul (a,),., definit astfel: a, =0,a,,, =e™ +1,(¥)n € N. Calculatilima, si

In a‘n+l

Prof. Carmen Botea si Viorel Botea, Brdila

Solu‘;ie: Folosim inegalitatea e* >x+1,(V)xeR. a,,,—-a,=¢e* —a,+1>a,+1-a,+1=2>0,

a . (V)n e N, deci sirul este strict crescator si existalima, =a.Dacda e R, trecem la limita

in relatia de recurenta si obtinem, a =e® +1, fals,decarecea=€* +1>a+1+1=a+ 2. Demonstram
prin inductie matematica P(n):a, >0,(¥)ne N.

I. P(0):a, =020, adevarat.

Il.P(k)=P(kk+1), P(k+1):a.,>0,(v)neN.a,, =e* +1>0+1=1>0,adevarat. Rezulta

n+1

<e*™ (V)ne N.Rezulta e* +1<e™™, e*(e—1)>1, adevirat

n+l —

Demonstram inegalitatea a
deoarecee™ >e° =1 sie—1>1, adicie > 2, adevirat. Demonstrim inegalitateaa,,, >e™,(V)ne N.
<e*™ (V)ne N, rezultd

n+l —

a,,=e"+1>e" (V)ne N,adevarat. Am demonstrat cae™,< a

In . 1 .
Ine* <Ina,, <Ine*" a <Ina ,<a +1, 1<—"L S , (V)neN’, lim+—=) =1, din
an n e aﬂ
. : - . Ina
criteriul clestelui,rezulta calim S e 4p
n—oo an

2023 2024 2024
Problema 4. Fie matricea A=| 2024 2023 2024 |. Demonstrati ca Tr(A** —1,):2024.
2024 2024 2023
Prof. George-Florin Serban, Braila

2 -1 -1 111
Solutie: Fie matriceleB=| -1 2 -1|,C=(1 1 1|, BC=CB=0,.Scriem A=aB+hC,

-1 -1 2 111

< . -1 6071 _, ) .
a,b e R, rezulta 2a+b=2023,—a+b =2024,decia= ?,b = B° =3B, C” =3C, prin calcul
direct. Se demonstreaza usor prin metoda inductiei matematice ca B" = 3”*1 B,C"=3""'C,........ 2p
Aplicdm binomul lui Newton la matrice, A" = (_?1 %C) = ZC ( B)n K 60371C)k,
_ n-1 —_
n 2024

+ZC (— )n k(6071) B"*" 1(BC)Ck + ;) B+ OO ¢ _ pn, poo :%B+6O7§ C,..3p

Tr(A2°24 —1,) =Tr(A®*)=Tr(l,) = 2+ 60712 —3 = (M,,, —~1)™ 1= M, +1-1= M, :2024,..2p
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