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OLIMPIADA DE MATEMATICA
ETAPA LOCALA - CLASA A XII-A

SOLUTII SI BAREM ORIENTATIV
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Problema 1. Calculati_[ (z

Gazeta Matematica nr 10/2023
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Problema 2. Pe M =(0,) se defineste o lege de compozitie astfel incat

1, 2y , X +1, . s
Xk ==y (Xx*y),Xx—==—(X*Yy) si (X*y)(x*64y)=( )°, oricare ar fi X,y eM. Sa se
y y 2 32xy
studieze asociativitatea, comutativitatea si existenta elementului neutru pentru aceasta lege de

compozitie.
Prof. Gabriel Daniilescu, Braila

2
Solutie. Dinx*ézy?(x*y), y—>2y:>x*£:2y2(x*2y):> Y2 (x*y) = 2y*(x*2y)
y
= X*y=2(x*2Y),(V)X,y € M. Demonstram prin inductie matematica
P(n):xxy=2"(x*2"y),(V)ne N.l. P(0): x*y=xx*y, adevarat. Il. P(k) = P(k +1).

k
P(k +1) X% y — 2k+l(X*2k+l y) 2k+l(X* 2k+l y) — 2k+1(x>x< 2 (2k y)) — 2k+l w — 2k(X*(2k y))
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x?+1 x?+1

« < X*Y\o 2
= X * Y, adevirat. Rezultd x * y = 64(x *64vy), dar (X * y)(Xx*64y) = 2 = ,
y y =64(x*64y), dar (x* y)(x*64y) (32Xy) ( 8 ) (32Xy)
2 2 2
x*y,x +1>O,deciﬂ:X +1,x*yzx+1,(V)x,yeM, .................................... 2p
8 32xy 8 32xy 4xy
5 D GE o YL . .
Dacd X* Yy =y * X, rezulta = ,adica X =y, deci legea de compozitie nu este
4xy 4xy
COMMUEALIVEA, ...ttt bbbt bbb e bttt e b et e e b e e r e e e s 1p
1
1. 2t s 1 .
(1*1)*2= E* 2= RVERETY 1 (1*2) =1>x<Z = 2, rezulta (1*1) * 2 = 1+ (1* 2),deci legea de
COMPOZILIC NU €STE ASOCTALIVA, . eeivvrriirieisiiieiiiriessiaeesteeesbeeesbeeesbeeesbeesssbeeassbeessbreesnsneeans 2p
3 . x*+1
Presupunem ca legea de compozitie are un element neutrue € M, Cu X*€ = X, e X,
X
X* +1=4x%, (1-4e)x* +1=0, (V)x >0, fals, rezulti ci legea de compozitie nu are element
LU L1 TR 2p

Problema 3. Fie (G,-) un grup abelian finit, G={a,,a,,...,a,},in care ecuatiat® = e, are solutie
unica, e fiind elementul neutru al grupului (G, -). Aratati ca exista b;,b,,...,b, €G,cu
b’a, =e,bja, =e,..,bla, =e. Calculati(a, -a,-...-a,)".

Prof. Carmen Botea si Viorel Botea, Brdila

Solutie. e* = e, deci unica solutie a ecuatei t* =e este t =e. Adica dint® =e =t =e.Fie functia
f:G—oG, f(X)=x’.Daci f(x)=f(y), x,yeG, X’ =y, X}(y*) " =e, (xy )’ =e, rezulti
Xy_1 =e, X =Y, rezulta ca functia f este injectiva, dar multimea G, este finitd rezulta ca functia f

este surjectiva, adicad (V)Y € G, ()X € G, CU F(X) = ¥, uuiiiiiiieiie et e 2p
Daciy=a'€G, (I)x=b eG,cu f(x)=y, b’ =a* adici b’a =e.Daciy=a,' G,

(Q)x=b, eG,cu f(x)=y, b =a," adicd bla, =e.......... Daciy=a,' G, (3)x=h, €G,cu

F(X) =Y, B2 =2a.",adich D28, = €, 1p
Daca pentrui # j, i, j=1n b =b, rezultib’a, =e,bja, =e, rezultia, = a,, fals, rezulta ca pentru

=], 1,] =1,n b =b;, G={a,a,,..,a,}={b,b,,...0b }, decia -a,-....a, =b -b,-...-0,.ccoc..... 2p

Inmultim celen ecuatii, b’abla, -...-b%a, =e, (703 -...-0%)-(aa,-...-a,) =¢,
(b-b,-...0,)°(a,-a,..-a,) =¢,
(@ @, @) (08, e B,) = (@78 e B, )T By e 2p
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a+b dX - \/E

Problema 4. Fie0<a<b<1.S3 se arate ca =

B \/(a+b)x 2Jabx? 124/ab’

Prof. George-Florin Serban, Briila

Solutie: u(x) = /1 2abX g 2Jabatb) o o 2vabx
a+b 2(a+b)y/a+b—2/abx a+b
2/abx _ a+b _1 2./abx . —Jaba+b) 1

>0, (arcsin(u(x)))' =

a+b ~2(a+b) 2’ a+b (a+b)\/a+b—2\/£x \/1_1+2x/£x,m
a+b

@rcsin(u(x))’ = ~yab(a-+by’ —Vab —Yab

J2abx(a+b)ya+b_2vabx  ~2x4/abya+b—2yabx \/_\/(a+b)x 2Jabx?

a+b
adab dx

a+b ~ \/_
Im \/(a+b)x T \/_J-M (arcsin(u(x)))'dx = \/a_ Jarcsin(U(—== \/%)) arcsin(u(——== \/_))]
fjﬂ dx \/E 7z w2

\/(a+b)X 2\/7)( \/T:) 4 3) 12%, .........................................................
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